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viii Preface 

concepts discussed in the book. Two appendices, one on linear topo¬ 
logical spaces and the other on limit spaces, are included. 

Nearly every definition is followed by examples illustrating the use of 
the abstract concept in some fairly concrete situations. This device 
makes the book suitable for self-study. It also enables the instructor who 
uses the book as a text to proceed rapidly to those parts of the subject 
that he deems of greater importance. 

Remarks, in small type, call attention either to further developments, 
or to direct applications in other branches of mathematics. 

The problems, which are given at the end of each chapter, can all be 
solved by the methods developed in the book. Moreover, no proof in 
the text relies on the solution of any problem. Some of the problems are 
routine. Others are important theorems that complement the material 
in the text; these are accompanied by hints for their solution. 

The notation of symbolic logic used throughout the book is given 
immediately after the table of contents. 
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I also wish to thank Mrs. L. Syfritt, for her tidy and meticulous typing 
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Basic Notation 


Throughout this book, the notation of symbolic logic will be used to 
shorten statements. If p and q are propositions, then: 

p V q (read: p or q) denotes the disjunction of p and q. The assertion 
“p V q” is true whenever at least one of p, q is true. 

P A q (read: p and q) denotes the conjunction of p and q. The assertion 
P A Q” true on ly in case both p and q are true. 

— i q (read: not q) denotes the negation of q. The assertion “~i q” is true 
only if q is false. 

p => q is read: p implies q. By definition, “p => q” denotes “(—i p) V q” . In 
particular, the statement “p => q” is true if and only if the statement 
“(-i q) => (-1 p)” is true. 

po q is read: p is logically equivalent to q. By definition, “p o q” denotes 

“( P => q) A (q => P)"- 

An expression p(x) that becomes a proposition whenever values from 
a specified domain of discourse are substituted for x is called a prop¬ 
ositional function or, equivalently, a condition on x; and p is called a 
property, or predicate. The assertion “ y has property p” means that 
“p(y)” is true. Thus, if p(x) is the propositional function “x is an 
integer,” then p denotes the property “is an integer,” and “p(2)” is true 
whereas “p( 1/2)” is false. 

The quantifier “there exists” is denoted by 3, and the quantifier “for 
each” is denoted by V. The assertion “V x 3 y V z: p(x, y, z)” reads 
“For each x there exists a y such that for each z, p(x, y, 2 ) is true”; its 
negation is obtained mechanically by changing the sense of each quanti¬ 
fier (preserving the given order of the variables!) and negating the 
proposition: thus, "3 * Vy ^ p(x, y, z)”. 


XVI 



Elementary Set Theory 

i 


In this chapter, we shall first discuss a part of set theory informally and 
then give an axiomatization adequate to support both this and the 
subsequent development. 

I. Sets 

Intuitively, we think of a set as something made up by all the objects 
that satisfy some given condition, such as the set of prime numbers, the 
set of points on a line, or the set of objects named in a given list. The 
objects making up the set are called the elements, or members, of the 
set and may themselves be sets, as in the set of all lines in the plane. 

Rigorously, the word set is an undefined term in mathematics, so 
that definite axioms are required to govern the use of this term; one 
such system is given in 8 . Although we shall deal with sets on an 
intuitive basis until then, whenever we apply the label set to something, 
we shall later prove this usage to have been formally justified. 

The membership relation is denoted by e and sets are generally 
indicated by capital letters: "a e A” is read “a belongs to (is a member, 
element, point of) the set A”; -n(a e A) is written ae A. The notation 
a = b will mean that the objects a and b are the same, and a # b denotes 
— 1 (« = b). If A, B are sets, then “A = B” will indicate that A and B 
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2 Chap. I Elementary Set Theory 

have the same elements; that is, V x: (x e A) o (x e B); —,(A = B ) is 
written A ^ B. 

A C B (or B D A), read “A is a subset of (is contained in) B,” signifies 
that each element of A is an element of B, that is, V x: (x e A) => (x e B); 
equality is not excluded—we call A a proper subset of B whenever 
(A C B) A (A ^ B). The following statements are evident : 

1.1 A C A for each set A. 

1.2 If A C B and B C C, then ACC (that is, “ C ” is transitive). 

1.3 A — B if and only if both A C B and B C A. 

Of these, 1.3 is very important: the equality of two sets is usually proved 
by showing each of the two inclusions valid. 

The axioms of set theory allow only two methods for forming subsets 
of a given set. One of these is by appeal to the axiom of choice, and will 
be discussed later. The other is by use of the following principle: If A 
is a set and p is a property that each element of A either has or does not 
have, then all the x e A having the property p form a set. This sub¬ 
set of A is denoted by {x e A j />(#)}; it is uniquely determined by 
the property p. Clearly, {# 6 A | p(x)} C {x e A \ #(;*:)} if and only if 
V x e A : p(x) => q(x) ; thus two properties determine the same subset 
of A whenever each object in A having one of them also has the other. 

Ex. 1 If A is the real line, the closed unit interval is {x e A | 0 < x < 1}. 

Ex. 2 If A is the real line, {x e A ] x 2 = 1} = {x e A | x 4 = 1} even though 
the defining properties are different. Note that if A were the set of complex 
numbers, these two properties would not determine the same subset. 

Ex. 3 For each set A, {x e A \ x — x} = {x e A \ x e A} = A. 

For each set A, the null subset 0 A C A is e A | x # #}; it has no 
members, since each x e A satisfies x = x. 

1.4 All null subsets are equal. Thus there is one and only one null 
set, 0 , and it is contained in every set: 0 C A for every set A. 

Proof: Let A, B be any two sets. If 0 A C 0 B were false, there 
would be at least one element a in 0 A not in 0 B ; in particular, we would 
then have an a e A such that a # a, and this is impossible. In the same 
way, 0 B C 0 A ] therefore, by 1.3, 0 A = 0 B and all null sets are equal. 

If A has only the finitely many members a lf • • •, a n , we say that A is a 
finite set and write A = {a lt • ■ •, a n }. Observe that for any set A (A 
may even be the null set), {^4} is a set containing exactly one element, 
and A e {A}. 
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Sec. 2 Boolean Algebra 

Because of their frequent occurrence, the following special symbols 
will be used for certain sets: 


Z = set of all positive and negative integers, and zero. 

Z + = {n e Z j n > 0}. 

N = {n e Z | n > 0}. 

Q = set of all rational numbers, and Q + = {q e Q \ q > 0}. 

E 1 = Euclidean line. The closed interval {x e E 1 \ a ^ x ^ b} is 
written [a, b ]; the open interval {xe E 1 \ a < x < b} = ]a, b[, 
and ~\a, b\ ([a, 6 [) is the left (right) half-open interval. The unit 
interval [0, 1 ] is denoted simply by I. 

E n = Euclidean M-space. We shall use vector notation: If 


X = (* 1 , • • •, *„) e E n and y = (y lf ■ • •, y n ) e E n , 


then x 4 - y = (aq 4 - y lt • • •, x n 4 - y n ), and for any real A, 


Ax = (A#!, • • •, Ax n ). We write |#| 



so that the distance 


between x and y is |jc — y\. The unit «-cube I n is the subset 

{(*!,. • •, x n ) e E n | 0 < x t < l,i = 1, • • •, »}. 

S n = the unit w-sphere in E n + 1 = {x e E n + 1 | |x| = 1). Thus S 1 is 

the circumference of the unit circle in E 2 \ observe that S° = 

{jc e E 1 | .v = 4 1). 

V n = the unit «-ball in E n = E E n j | jc] < 1); its boundary is *S n_1 . 


2. Boolean Algebra 

The elementary set-theoretic operations are defined in this section, and 
a list of standard formulas, which are convenient in symbolic work, will 
be indicated. 

2.1 Definition Let T be a given set, and A, B two subsets. The 
union , A U B, of A and B is {.x e T | x belongs to at least one of 
A, B}. The intersection, A D B, of A and B is (x e T | x belongs 
to both A and B}. 

Ex. 1 Let A — [0, 1] C E 1 and B — ] 1, 2]; then A vj B = [0, 2] and A n B — 
0 . Note that it is precisely because of the null set that the intersection of two sets 
is always a well-defined set. 

Ex. 2 For every set A, A u 0 = A and A n 0 = 0. 

According to the definition, a necessary and sufficient condition for 
two sets A, B to have elements in common is that A n B # 0 ; if 
A n B = 0 , the sets A and B are called disjoint. The following two 
statements are immediate consequences of 2.1 : 
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Chap. I Elementary Set Theory 
For any two sets A, B, always AnBCACAuB. 

2.3 If A C C and BCD, then A\J B C C\J D and A n B C C n D. 
The formal properties of the operations U and n are given in 

2.4 Theorem Each of the operations U and n is: 

(1) . Idempotent: VA: AuA = A = AnA. 

(2) . Associative: A U (B U C) = (A U B) U C and 

A n (B n C) = (A n B) n C. 

(3) . Commutative: A U B = B U A and A n B = B n A. 

Furthermore, n distributes over U and U distributes over D: 

An(BuC) = (An B)u (An C ), 

A u (B n C) = (A u B) n (A u C). 

Proof: Verification of (l)-(3) is trivial. To give an example of a set- 
theoretic proof, we establish distributivity of n over u. Using 1.3, we 
find that the proof decomposes into two parts: 

(a) . Left side C right side: 

x e A n (B u C) => (x e A) a {(xe B) v (x g C)] 
=>(*ein5) v (xe A n C) 
x e (A n B) u (A n C). 

(b) . Right side C left side: All implications in the above string are 
reversible. 

Because of associativity, we can designate A U (B U C) simply by 
A U B U C. Similarly, a union (or intersection) of four sets, say 
(A U B) U (D U C), can be written A U B U C U D because, by 
associativity, the distribution of parentheses is irrelevant, and by com¬ 
mutativity, the order of the terms plays no role. By induction, the same 
remarks apply to the union (or intersection) of any finite number of sets. 

n 

The union of n sets, A lf • • •, A n , is written (J A if and their intersection 

71 1 

is n a* 

i 

The relation between n, u, and C is given in 

2.5 The statements (1) A C B, (2) A = A n B, and (3) B — A U B 
are equivalent. 
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Sec. 2 Boolean Algebra 

Proof: As an example in the use of 2.2-2.4, we prove only (1) o (2), 
leaving the rest for the reader. If (1), then we have 

A = AnACAnBCA, 

which proves (2). Conversely, if (2), then A = A n B C B, establishing 
(1). 

2.6 Definition The difference A — B of two sets is e A | x e B}. 

Ex. 1 If A = [0, 1] and B = ]1, 2], then A - B = A. 

Ex. 2 A — 0 = A and A-B = A — (An B). 

The difference operation does not have formal properties so simple as 
those of U and n : for example, since (A U A) — A ^ A U (A — A), 
the location of parentheses in A U A — A is important. To construct a 
suitable calculus involving the difference operation, we introduce the 
complementation operation: 

2.7 Definition If B C A, the complement *& A B of B with respect to 
A is A — B. 

Note that the complementation operation is defined only when one set 
is contained in the other, whereas the difference operation does not have 
such a restriction. The relation between 2.6 and 2.7 is given in 

2.8 For any two sets A , B, if the complement is taken with respect to 
any set E containing A U B, then A — B = A n <€ E B. 

Proof: Since A U B C E, we have 

A — B = {x e E \ (x e A) a (*e 5)} 

= {x e £ | # e .4} n e £ | # g Z?) = An E B . 

The following properties of complementation are immediate: 

2.9 If E is any set containing A U B, then: 

(1) . A n <g E A =0, A u ^ e A = E. 

(2) . V e (V e A) = A. 

(3) . V E 0 = E, V e E = 0. 

(4) . A C B if and only if ^pB C ^ E A . 

We write instead of *€ E whenever the set E has been specified and 
is to be kept fixed. The basic relation between U, n, and ^ is 

2.10 Theorem (De Morgan) If complements be taken with respect 
to any set E containing A U B, then: 

(1) . <€{A u B) = (VA) n (&B). 

(2) . <€(A nB) = (VA) u (&B). 



6 


Chap. I Elementary Set Theory 


Proof: We have 

x e *£{. A u B) o x e A u B o (x e A) A (xeB) 
o x e (tfA) n (VB) 

and this establishes (1). The proof of (2) is similar; it can, however, be 

deduced from (1) by “complements”: 

u VB] = WA n WB = A n B, 

and apply 2.9(2). 

2.11 Remark The formulas in 2.2-2.5 and 2.8-2.10 comprise a short list of 
results useful for formal calculations with sets; the role of 2.8 is to change 
differences to complements. As examples, we prove: 

a. (A — B) (B — A) = (A 'u B) — (A r\ B). For taking complements 
with respect to E = A u B, and using 2.4, 2.5, 2.9, 2 . 10 , gives 

(A - B)v(B - A) 

= (An <£B) vj (B n <#A) 

= (A u B) n (A u <gA) n (VB u B) n <&B u VA) 
= A ufi n <£{B n A) = (A u B) - (A n B). 

b. If A u X — E and A n X = 0 , then X — *€ E A. For, 

X = EnX = (A v <$ e A) nX = AT n % E A 
= (A n V e A) v (X n <# E A) = (A u X) n 
— E r\ <g E A = <£ e A. 

2.12 Remark A Boolean algebra 5 is a set together with two binary operations 
+, •, and a unary operation ', satisfying the following axioms: 

1. Each operation +, • is commutative. 

2. There exist elements 0, 1 with a + 0 = a, a-\ = a for every a e B. 

3. The distributive laws 

a -{b + c) = a- b + a-c, 
a + (b-c) = (a + b)-(a + c) 

hold. 

4. a-a' = 0 and a + a' = 1 for each a e B. 

(It is not necessary to postulate associativity of the + and • operations; 
this is a consequence of the axioms.) The collection of all subsets of a 
fixed set E, with +, 0, 1 interpreted as u, n, E , 0, E, respectively, 

evidently forms a Boolean algebra. By observing that the systematic inter¬ 
change of + with • and 0 with 1 in the axioms simply gives the same set of 
axioms, we obtain the duality principle: For each formula true in a Boolean 
algebra, there is a true "dual” formula obtained by replacing each occurrence 
of +, •, 0, 1 with •, +, 1, 0, respectively. This is the “method of 
complements”; observe that each one of De Morgan’s rules follows from 
the other by duality. 

The theory of Boolean algebras is equivalent to that of commutative 
rings with unit, in which each element is idempotent, a-a = a, (that is, 
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Boolean rings). Indeed, given a Boolean algebra B, define operations ©> O 
by a © b = ( a-b') + (a' -b), a Q b = a-b [cf. 2.11(a)]; with ©, Q» B is a 
Boolean ring, r{B). Conversely, from a Boolean ring R, one obtains a 
Boolean algebra b(R) by using the operations a + b = a © b - (a Q b), 
a-b = a O b in R. These transformations are inverses in that i[r(B)] = B 
and r[&CR)] = R. 


3. Cartesian Product 

The cartesian product is one of the most important constructions of set 
theory: it enables us to express many concepts in terms of sets. 

With each two objects a, b, there corresponds a new object (a, b), 
called their ordered pair. Ordered pairs are subject to the one condition: 
(a, b ) = (c , d) if and only if a = c and b = d; in particular, (a, b ) = 
( b , a) if and only if a — b. The first (second) element of an ordered 
pair is called its first (second) coordinate. 

3.1 Remark The concept of an ordered pair can be expressed in terms of sets by 
defining (a, b ) = {{a}, {a, b }}; the reader can easily show that {{a}, {a, 6}} = 
{{c}, {c, d}} if and only if a = c and b = d. For the sequel, we need only 
know that ordered pairs are uniquely determined by their first and second 
coordinates; the means for accomplishing this are immaterial. 

3.2 Definition Let A, B be two sets, distinct or not. Their cartesian 
product, A x B, is the set of all ordered couples {{a, b) | a e A , b e Bj. 

Ex. 1 Let A = B = Z\ then A x B can be represented as the set of lattice 
points in E 2 . 

Ex. 2 Let A = B = E 1 ; then A x B, being the set of all ordered couples of 
reals, can be represented as the points in E 2 . 

Ex. 3 Let A = S 1 , B = [0, 1]. A x B can be regarded as those points of 
E 3 lying on a cylinder of altitude 1. Similarly, S 1 x S 1 is represented as the 
points on a torus. 

We have the basic 

3.3 A x B = 0 o [A = 0 ] v [B = 0 ]. 

Proof: If A x B ^ 0, we can display some (a, b) e A x B; then 
aeA, beB shows A ^ 0 and B # 0. Conversely, if A # 0 and 
B 7 ^ 0 , we can display some a e A, b e B\ by displaying ( a , b), we show 
A X B 0. 

In similar fashion, the reader can show 

3.4 If C x D 7 ^ 0 , then CxDCAxB if and only if 

[CCi]A[DC B]. 
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It follows at once from this and 1.3 that for nonempty sets A, B , 
A x B = B x A if and only if ^4 = B; the operation A x B is there¬ 
fore not commutative. 

The relation of x to U and n is summarized in the following trivial 

3.5 Theorem x distributes over U, n, and — : 

Ax (BuC) = AxBuAxC, 

A x (B n C) = A x B n A x C, 

A x (B - C) = A x B - A x C. 

The cartesian product of three sets A, B, C is defined by A x B x C = 
(A x B) x C, and that of n sets by induction: A x x ••• x A n = 
(A x x • • • x J n -i) x A n ; an element of A x x ■ • • x A n is written 
(a lt • • •, a n ), and a { is called its fth coordinate. One should note that the 

operation " x ” is not associative: (A x B) x C ^ A x (B x C) in 

general. 


4. Families of Sets 

If to each element a of some set stf # 0 there corresponds a set A a , 
then the collection of sets {A a \ a e s/} is called a family of sets, and stf 
is called an indexing set for the family. It is not required that sets with 
distinct indices be different. Observe that any set 3F of sets can be con¬ 
verted to a family of sets by “self-indexing”: one uses the set 3F itself as 
indexing set and assigns to each member of the set ^ the set it represents. 
In this section we extend the notions of union and intersection to 
families of sets; it should be noted that this is not done by any limiting 
process, but rather by independent definitions that reduce to the previous 
ones whenever the family is finite. 

4.1 Definition Let T be a given set, and { A a | a e s/} a family of sub¬ 
sets of T. The union U A a of this family is the set 

a 

{x eY \ 3 a e stf: x e A a j, 
and the intersection P) A a is the set 

a 

{xerjVaej/;jce A a }. 

We frequently denote U A a by IJ A a and by u{A a | aes/j; similarly 

a aejV 

for n A a- 

a 
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Ex. 1 For any set X, X = u {{#} | * e X). 

Ex. 2 In the case of infinite intersections and unions, some nonintuitive situa¬ 
tions can arise: 

a. Let A k = {n e Z \ n > k), k — 1,2, • • •. Note that A\ D A 2 D • • • is 
a descending sequence of nonempty sets, each containing its successor; 
yet n A„ = 0. 

n 

b. For each n e Z + , let A n = [0, 1 — 2 _n ] and B n = [0, 1 — 3“"]. Note 
that each A n is a proper subset of B n , and that no A n equals any B k . 
However, \J A n = [j B n = [0, 1[. 

n n 

From the definitions, it is evident that the union and intersection of 
a family of sets does not depend on how the family is indexed; This is 
expressed by saying (J, p) are unrestrictedly commutative. Similarly, 

a a 

if the indexing set itself is expressed as a union, stf — U j/ a , it is 

Ae-S? 

immediate that [J{A a | a g stf} = [*. J{A a \ a e A |] and 

C\{A a | a e stf} = P) [^{A a | a e A }], 

A6J2P 

which expresses that 1J, P| are unrestrictedly associative. 

a a 

For these extended notions, 

4.2 Theorem (1). distributes over n and P) distributes over U: 

a a 

[{J{A a \ae^}\n[\J{B,\^E^]\ 

= yj{A a n B e | (a, |8)gj/ x 38). 

[0{A a | « e[pi^ \Pe@}] 

= C]{A a u B b I (a, P)es/ X 38). 

(2) . If complements be taken with respect to T, then 

*(U A tt ) = PI VA a and 9f(p| A a) = U ^ 

a a a a 

(3) . U and P) distribute over the cartesian product; 

a a 

{J{A a |«gj*} x \J{B,\peO} 

= U{A a x B 8 \(a,p)es/ x 38). 

(~]{A a | a g .5/} x Pj{5 5 \P^38} 

= (~]{A a x B 0 \ (a, P)es/ x 0g). 

The proofs are all trivial and are therefore omitted. 

The general distributive law of P) over 1J is more delicate, and will be 

a 0 

considered in 9.7 and 9.8. 
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So far, we have assumed that sY ^ 0 ; there are formal advantages in 
allowing the indexing set to be the null set. If s/ = 0, the definition in 

4.1 gives that PJ | a E ^ } = since no x e T satisfies the condition 

a 

3 a e stf : x g A a ; similarly, we find that f') { A a | a e sY } = T, where T 

a 

is the specified domain of discourse. In the future, we will call a family 
{A a | a e sY] nonempty whenever we wish to emphasize that the indexing 
set sY 0\ this, of course, does not exclude the possibility that some 
A a = 0 . 

5. Power Set 

5.1 Definition Let A be any set. Its power set 3?(A) is the set of all 
subsets of A. 

Ex. 1 For any set A, 0 e t^(A) and A e 0(A). 

Ex. 2 B C A is equivalent to B e &(A); ae A equivalent to {«} e &{A). 

Its relation to the set operations is 

5.2 Theorem P| and SP commute: P) £P(A a ) = A a ). Though 
|J and do riot commute, A a ) C ^(U 

a a a 

The simple proof of the first part is left for the reader. To see that 
PI and & do not generally commute, let A x — {1}, A 2 = {2}; then 

a 

Pj ^(Aa) has three elements, whereas £P([J A a ) has four. 

a a 


6. Functions, or Haps 

The notion of a map (or function) is basic in all mathematics; it is here 
defined in terms of the primitive concept “set” by identifying functions 
with their graphs. 

A map of a set X into a set Y is determined by sending each x e X 
to some y e Y; since to say “x is sent to y” can be expressed simply by 
’‘( x >y) an or d ere d couple,” a map is determined by specifying what 
the ordered couples are, that is, by specifying a subset of X x Y. 

6.1 Definition Let X and Y be two sets. A map/: X —> Y (or function 
with domain X and range Y) is a subset / C X x Y with the 
property: for each x e X , there is one, and only one, y e Y satisfying 

(*, y) 
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To denote (x, y) e/, we write y = f(x) and say that y is the value / 
assumes (takes on) at x, or that y is the image of x under /, or that / 
sends x to y. 

Since maps are sets (of ordered couples), two maps /, g are equal if 
and only if they have the same domain X and f(x) = g(x) for each 
x g X. The usual way to define a map is to specify its domain X and 
value at each, x e X: if the value at x e X is r(x) e Y, the map 

{(*, r(x)) \ xeX} 

is written x —>• r(x). 

Ex. 1 A map /: X —>• Y sending all x e X to a single point, b e Y, is called a 
constant map. Note that a map need not send distinct points of X to distinct points 
of Y, nor need it take on all values in its range. 

Ex. 2 The map x —> x of X onto itself is called the identity map of X, and is 
written 1: X-> X, or l x . If A C X, the map i: A - > X given by a —> a is called 
the inclusion map of A into X. 

Ex. 3 Assume that at least one of X, Y is 0, so that X x Y = 0 by 3.3. If 
X = 0, there is exactly one map 0 —> Y, since 0 = 0 x F is a subset as 
required by 6.1 (the assertion that 0 is not a map is false). However, if X ^ 0 and 
Y = 0, then 0 is not a map (there can be no y £ 0). 

Ex. 4 For any sets X, Y, the map p x : X x Y —> X determined by ( x , y) -+ x 
is called “projection onto the first coordinate”; p 2 : X x Y —>■ Y, where p 2 (x, y) = y 
is “projection onto the second coordinate.” 

6.2 Definition Let f:X->Y. Then: 

(1) . For each A C X, f(A) = {f(x) \ x e A} C Y is called the 
image of A in Y under /. 

(2) . For each B C Y, f~ 1 (B) = (x | f(x) e Bj C AT is called the 
inverse image of B in X under /. 

Ex. 5 Let X = [-1, 1], Y = [0, 2], and f: X -> Y be x -* * 2 . Then/[0, ±] = 
[0, i] and/“TO, *] = [-*, *]. 

Ex. 6 If X = 0, the unique map 0 —> Y has image 0. 

Ex. 7 Let/: X —> Y. If p u p 2 are the projections in Ex. 4, we have/(^4) = 
p 2 [f n (A x Y)] and f~\B) = p x [f n (X x B)]. 

Let /: X —> Y be given. Then / induces a map (still denoted by /), 
/: ^(X) —> Y) by A —>• f(A). The map/: X —> Y also induces a map 
/ -1 : ^(Y) —> X) by B -» f~ 1 (B). Of these two induced maps,/ -1 is 
the most important because of 

6.3 Theorem Let f:X—> Y. Then the induced / -1 : ^( Y) —► &{X) 
preserves the elementary set operations. Precisely, 

(1) . = u f-\B a ). 

( 2 ) . f-\riB a ) = n/-\B a ). 

(3) . f~ 1 (Bi - B 2 ) =f-\B x ) - f-\B 2 ). 
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Proof: We establish only (2); the proofs of (1) and (3) are similar. 
We have 

x ef B a ) of(x) ef)B a o Va:f(x) e B a 

a a 

O V«: xef-\B a ) 
oxef}f~\B a ). 

a 

In contrast to 6.3, the induced map/: &{X)^ 3P{Y) behaves less 
satisfactorily. Though it preserves unions, it does not in general preserve 
intersections: 

Ex. 8 Let /: E 1 —> E 1 be the constant map x—> 1. Then, with A = [0, 1], 
B = [2, 3], we obtain 0 = f(A B) ^ f(A) r\f(B) — {1}. 

The reader can easily prove 

6.4 If f: X-> Y, then for the induced map /: PP{X) -> Y ): 

(1) . f(UA a ) = {Jf(A a ). 

(2) . /(nA)cn/K). 


For the combined action off and / x , it is simple to verify 

6.5 lff:X-> Y, then: 

(1) . For each A C X,/" 1 [ f{A )] 3 A. 

(2) . For each A C W and B C Y, f[f~ 1 (B) n A] = B nf(A); 
in particular, f[f~ 1 (B)] = B <~\f(X). 

Given f: X~> Y and g : Y —>■ Z, their composition g ° f: XZ is 
defined as the map #->£(/(*)). We can clearly compose the induced 
maps/ -1 ,£ -1 and we have 

6.6 Theorem Let/: X-> Y and^: Y—> Z. Then (g °/) _1 = / _1 ° £ _1 . 
Proof: 

* e (£°/) _1 c<> £°/(*) eCof(x) eg-^C) 

o x ef- l [g~\C)] o x e/" 1 o *" l (C), 

Given an f: X-> Wand a subset A C X, the map / considered o«/y 
on .4 is called the restriction off to A, is written/ | A, and can alternatively 
be defined as / | A = f n (A x Y). In the reverse direction, if A C X 
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and g: A—> Y is a given map, a map G: X-> Y coinciding with g on A 
(that is, satisfying G \ A = g) is called an extension of g over X relative 
to Y. The following result is very useful: 

6.7 Theorem Let X be any set, and {A a \ a e j/} any family of subsets 
with (J A a = X (a "covering” of X). For each a e stf, let an 

a * 

f a : A a -> Y be given, and assume that f a | A a n A 0 — f 0 \ A a n A 0 
for each (a, j8) e s/ x Then there exists one, and only one, 
/: X y which is an extension of each f a ; that is, Va e <s/:/| A a = f a . 

Proof: For each x e X, define f(x) = f a (x), where a is any index for 
which x e A tt ; this definition is unique because, if also x e A 0 , the 
hypothesis f tt \ A a n A 0 = f 0 \ A a n A 0 gives f(x) = f a {x) = f 0 {x). 
x -+f(x) is therefore a map f: X-+ Y\ it is evidently an extension of 
each f a over X ; and it is unique because each x belongs to some A a , so 
any map that satisfies the requirements will have to assume the value 
f a (x) at x (that is, the same value as /). 

If {A a | « e <$&} is a covering of X, and if A a n A 0 — 0 whenever 
a ^ jS, then the family {A a \ a e j/} is called a partition of X. We obtain 
at once the 

6.8 Corollary If {A a \ a e <$&} is a partition of X and if for each ae s/ 
there is given an f a : A a — Y, then there exists a unique /: X -> Y 
which is an extension of each f a . 

Proof: The requirement f a \ A a n A 0 = f 0 \ A a n A 0 of 6.7 is 
evidently satisfied. 

If /: X -> y takes on every value in its range, / is called surjective (or 
a surjection; or “onto”). Observe that for surjective/, 6.5(2) takes the 
simpler form: V B: B C Y => f[f~ 1 (B) ] = B. 

If / sends distinct elements of X to distinct elements of Y, f is called 
injective (or an injection; or one-to-one). Evidently/ is injective if and 
only if [x # x'] => [/(,*) ^ /(»')], or equivalently, [f(x) = /(^')] => 
[x = jc']. The restriction of an injection to any subset is also an injection. 

If / is both injective and surjective, / is called bijective (or a bijection; 
or a one-to-one onto map). 

Ex. 9 The map F : A x B-+B x A given by (a, b) -> (b, a) is bijective. The 
map pi'. X x Y^X is surjective. The map / of Ex. 5 is neither surjective nor 
injective; however, f\ [0,1] is injective. 
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Clearly, /: Af —> Y is bijective if and only if Vy e Y:f~ 1 {y } is a single 
point. Thus, with each bijection f\X->Y, we have also a map 
f~ 1 : Y X determined by y—> / -1 ({y}) [this differs from/ -1 : Y) —> 
^(AQ, since the domains are not the same]; it is evident that/ -1 : Y—> X 
is also bijective and that (/ -1 ) -1 = /• 

The following proposition indicates a simple method for establishing 
that a given map /(resp. g) is injective (resp. surjective). 

6.9 Let /: X-> Y and g: Y X satisfy £ of = l x . Then /is injective 
and g is surjective. 

Proof: The map / is injective, since [f(x) = /(#')] => x = g o /(x) = 
f( x ') = x ' • £ i s surjective, since for any x 0 e X, x 0 = £[/(# 0 )]* 

Ex. 10 As a trivial example illustrating the use of 6.9, we show that for any 
map h : X —> F, the map f:X—>Xx Y defined by x —> (x, h(x)) is injective. 
Let p \: X x Y —*■ X be projection on the first coordinate; since it is immediate 
that pi of: X -* X is l x > it follows from 6.9 that / is injective. 


7. Binary Relations; Equivalence Relations 

A binary relation R in a set A is, intuitively, a proposition such that for 
each ordered couple ( a , b) of elements of A, one can determine whether 
a R b (“a is in relation R to b ”) is or is not true. We state this formally in 
terms of the set concept. 

7.1 Definition A binary relation R in a set A is a subset R C A x A. 
( a , b) e R is written a R b. 

Ex. 1 For any set A, the diagonal A = {{a, a) | a e A) C A x A is the relation 
of equality. Note that in binary relations, each pair of elements need not be re¬ 
lated: If a ^ b, neither {a, b ) nor ( b , a) is in A. 

Ex. 2 R = (A x A) — A is the relation of inequality. 

Ex. 3 The relation ^ between real numbers is the set 

{(x, y) \ x ^ y} C E 1 x E 1 . 

Ex. 4 The relation of inclusion in 0(A) is {(A, B) \ A C B} C &(A) x 3P(A). 
Ex. 5 An evident generalization of 7.1 is to define any subset of X x Y to be 
a binary relation between the elements of X and those of F; thus a map/: X Y 
would be a special type of binary relation. 

Let A be a set with a binary relation R. If B C A, then (3.4) B x B C 
A x A y and therefore R n (B x B) is a binary relation on B [corre¬ 
sponding to the statement “( xeB) A (y e B) A (xi?y)”]; we call 
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R n (B x B) the relation induced by R in B. In particular, a binary 
relation in A induces a definite binary relation in every subset of A. 

Equivalence relations are very frequently used in all mathematics; 
they arise whenever one desires to regard all those members of a set 
that have some preassigned characteristic as a single entity. 


7.2 Definition A binary relation R in A is called an equivalence 
relation if: 

(1) . V a g A: a R a (reflexive). 

(2) . (a R b) => (b R a) (symmetric). 

(3) . (a R b) A (b R c) => (a R c) (transitive). 

If a R b, we say that a and b are equivalent. 

Ex. 6 The relation of Ex. 1 is an equivalence relation. 

Ex. 7 In N, {(#, y) \ x = y mod 2} is an equivalence relation. 

Ex. 8 In the set of vectors C E 3 , let a R b denote that a and b have the same 
direction. Then R is an equivalence relation. 

Ex. 9 Let/: X —> Y be a map. The relation {(x, x') | f{x) = f(x')} is an equi¬ 
valence relation in X. 

Ex. 10 Each of the following relations satisfy exactly two of the requirements 
of 7.2. (a) In E 1 , the relation [0, 1] x [0, 1] is not reflexive, (b) The relation of 
Ex. 3 is not symmetric, (c) In E 1 , the relation {(x, y) | |x — y\ 1} is not transitive. 

Ex. 11 Any symmetric and transitive relation R that satisfies the condition 
\f a 3 b: a R b is in fact an equivalence relation, as the reader will immediately 
verify. * 

Let R be an equivalence relation in A. For each a e A, the subset 
Ra = {b g A | b R «} is called the equivalence class of a. The fundamental 
theorem on equivalence relations is a consequence of 


7.3 


Lemma Let R be an equivalence relation in A. Then: 

(1) . {J{Ra\aeA} = A. 

(2) . If a R b, then R a = R b. 

(3) . If — fa R b), then R a C\ Rb = 0. 


Proof: Ad (1). Because R is reflexive, we have a e Ra, and therefore 
U {Ra | a e A} = A. 

Ad (2). Let x e Ra; using transitivity of R gives 
xERaoxRa=>xRboxe Rb 

showing R a C Rb. For the converse inclusion, observe that because R 
is symmetric, we have b R a; consequently, xRb=>xRa by transitivity, 
proving that Rb C R a. 
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Ad (3). Assume R a C Rb ^ 0 . Choosing £ e R a C\ Rb, we have 
(i ;R a) A {£R b), so that symmetry and transitivity of R give a R b. 

7.4 Theorem Let A have an equivalence relation R. Then the 
collection of distinct equivalence classes partitions A into mutually 
disjoint sets, called ^-equivalence classes, such that any two 
elements of A belong to a common ^-equivalence class if, and 
only if, they are equivalent. 

Proof: Let { A a | a e s/} be the collection of i?-equivalence classes. 
Since each A a is some one of the sets R a, the partition property of 
{A a | a e s/} is clear from 7.3. Again by 7.3, observe that if A a = R a, 
then also A a = Rb for each b satisfying b R a, and R b n A a = 0 if 
—1 (b R a ); the rest of the theorem is now immediate. 

Each element a of an ^-equivalence class A a is called a representative 
of A a ; observe that a e A a o A a = R a. 

Ex. 12 In Ex. 1, each i?-equivalence class contains exactly one element. In Ex. 
7, there are exactly two equivalence classes, the set of even integers, and the set 
of odd integers: 0 and 1 are representatives of these classes. In Ex. 8, there is one 
^-equivalence class for each direction in E 3 ; the unit vector in each class can be 
taken as a representative for that class. In Ex. 9, the /^-equivalence classes are 
the sets \ y e/(A)}. 

7.5 Remark The reader can prove the converse and extension of 7.4: R is an 
equivalence relation in A if and only if there is a partition {A„ | a 6 stf} of A 
such that R = u { A a x A a | a e $4}. Furthermore, the sets A a are pre¬ 
cisely the /^-equivalence classes. 

With each equivalence relation R in A , we construct a new set 
according to the following 

7.6 Definition Let A have an equivalence relation R. The set whose 
elements are the ^-equivalence classes is called the quotient set of 
A by R and is written A/R. The map p A \ A -> AjR given by 
a—> R a is called the projection of A onto A/R. 

Clearly, p A is surjective, but not in general injective (since R a = 
R b = A a whenever a Rb); note also that AIR C £P(A). We omit the 
subscript on p A when no confusion arises. A set of elements, one from 
each equivalence class, is called a system of representatives for AjR. 

Let A, B be two sets with equivalence relations JR, S, respectively. A 
map/: A —> B is called relation-preserving if a R a' => f(a)Sf(a'). 
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7.7 Theorem Let f\ AB be relation-preserving. Then there is one, 
and only one, map /*: A/R -> BjS such that the diagram 

/ 

A -► B 


PA \ 

AjR 


PB 


f* 


> B/S 


commutes (that is, pB°f = /* 0 Pa)- /* is called the map induced 
by / in “passing to the quotient.” Conversely, if for any two maps 
/, /* the above diagram commutes, then / is necessarily relation¬ 
preserving, and/* is the map induced by/. 


Proof: For each ^-equivalence class A a = R a, define /* by 
R a-> S f{a). The ^-equivalence class Sf(a) is independent of the 
representative a e A a selected: for if also a' e A a , then R a = Ra' 
so, by 7.3, aRa'\ since / is relation-preserving, we find f(a) Sf{a')\ 
consequently S f(a) = Sf(a'). Thus, /* is uniquely defined. The 
commutativity follows by observing 

Pb °f(*) = Sf(a) = /*#«=/* o p A (a). 

Finally,/* is unique because/^ is surjective: if£* were another map for 
which the diagram commutes, then £* ( A a ) # /* ( A a ) for at least one A a ; 
since p A is surjective, this would require £* ° p A ( a ) ^ f* ° pA( a ) f° r some 
a e A, which is impossible because of commutativity. 

To prove the converse, assume that maps /, /* give a commutative 
diagram. Let a R a' ; then p A (a) = p A {a') and therefore, by commuta¬ 
tivity, we have7> B °f(a) = p B ° /(«')• This shows f(a) S f(a') and proves 
that / is relation-preserving. 

Ex. 12 Let A = B = Z, with R = {(a, a') \ a = a' mod 4}, S = {( b , b') \ h = 
b' mod 2}. The f:A—>B given by n —> n is relation-preserving, and passing 
to the quotient gives /*: A/R B/S. By using the representatives 0, 1, 2, 3 for 
A/R and 0, 1 for B/S, the reader can verify /*(0) = /*(2) = 0,/*(l) = /*(3) = 1. 


8. Axiomatics 

Though the intuitive idea of calling any collection of objects a set will suffice for 
most purposes, an exposition of general Set Theory requires more precision, for 
without explicit axioms telling how the term set can be used, and to what collections 
it can be applied, various contradictions arise. There are several different axio¬ 
matic set theories, each having technical advantages and shortcomings; we 
present here a version based on the Bernays-Godel-von Neumann axiomatics. 
The treatment is not intended to be either complete or formal, nor is the system 
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of axioms asserted to be independent; these matters properly belong to the domain 
of Logic. It is desired to indicate only a framework within which we will work, 
which avoids the known antinomies and which, at least until now, has not led to 
any contradictions. 

Ideally, we would like to have associated with each property p a set E{p) con¬ 
sisting of all objects having property p. The assumption that this is true leads at 
once to the Russell antinomy of the set of all sets not members of themselves: 
assuming that the property p(x) — (x is a set) A (x e x) determines some set 
3ft (p), we must conclude that \3ft{p) e 3ft(p)] <=> [3ft(p) e 3ft(p)]. To block this 
contradiction, we adopt the attitude that it is not the conversion of properties to 
collections that is at fault, but rather the assumption that 3ft(p) is a set and is there¬ 
fore eligible for membership in the collection determined by p. The basic idea of 
this approach is, then, that there are two types of collections—classes and sets: 
any collection of objects specified by some property is a class, whereas only those 
classes that can be members of a class are sets. Heuristically, a set is a class that can 
be regarded as a single entity. 

The undefined terms in the axiomatic development are “class” and a dyadic 
relation e between classes; all variables, such as ,?/, A, x, • • •, represent classes, and 
for any two classes, the statement stf e 38 is either true or false. A property p will 
mean a formula built up from statements “srf e 38" by negation, conjunction, dis¬ 
junction, and quantification of class variables by means of the predicate calculus. 

We begin by defining classes to be equal if they have the same members; for¬ 
mally, 

8.1 Definition 

{stf C 38) o (V x: x ejrf ^ xe 38), 

and 

(stf = 38) o (stf C 38) a (3ft C s/). 

This definition permits substitution with respect to the second class variable 
in the relation x e j </; that is, (x e s3) A = 38) => (x e 38) ; to obtain it also 
for the first requires 

I Axiom (of Individuality) (x e s/) A (x — y) => (y es/). 

Next we distinguish between classes and sets by 

8.2 Definition The class A is called a set if there is a class s/ such that A e . 

We now wish to postulate that any collection specified by a property that 
characterizes its members is a class. However, since nonsets cannot be members of 
anything, the members of a class must be sets. We formulate this by 

II Axiom (of Class Formation) For each property p in which only set variables 
are quantified and in which the class variable srf does not appear, there is a 
class S0 whose members are just those sets having property p; in symbols, 
(x e s3) o (x is a set) A p(x). 

Because of Axiom I, the class stf is uniquely determined by its defining property; 
we will denote s3 by the notation {x | (x is a set) A j>(v)} and sometimes by S'/(p). 
Observe that with this terminology, the Russell antinomy becomes the harmless 
statement 
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8.3 The Russell class 3&(p) is not a set. 

Using Axiom II, the Boolean operations stf u 38 = {x | (x e stf) v (x 6 38)) 
and s/ n 38 = {x | (x e s3) A (x e 38)} with classes, as well as the cartesian pro¬ 
duct x 38 of classes, are defined and are classes. The universal class is 
{x | (x is a set) A (x = x)}, and the null class 0 is {x | (x is a set) A (x ^ x)}; as 
in 1.4, 0 is unique and a subclass of every class. Equivalence relations in classes 
can be defined as in 7, leading to 

8.4 An equivalence relation in a class S0 partitions stf into pairwise disjoint 
subclasses. 

The next string of axioms guarantees at least one set and postulates that certain 
constructions using sets will yield sets. 

III Axiom (of Null Set) 0 is a set. 

IV Axiom (of Pairing) If A, B are distinct sets, then s/ = {x\(x = A)V (x = B)} 
is a set (which contains exactly two elements). It is denoted by {A, B). 

V Axiom (of Union) If { A a | a e srf} is a family of sets (recall that, as defined 
in 4, this means that stf and each A a are sets), then (J {A a \ a e stf) = 
{x | 3 a e stf: x e A a } is a set. 

Yl Axiom (of Replacement) If A is a set and if /: A—>&/ is a map, then f(A) 
is a set. 

The next axiom deals with subset formation. 

-VII Axiom (of Sifting) If A is a set, then for any class stf , A n stf is a set. 

In particular, 

8.5 If A is a set and p is a property in which only set variables are quantified, 
then {x | (x e A) A p{x)} (which we will write as {x e A \ p{x)}) is a set. 

For, if is the class determined by p, we have A stf = (x | (x e A) A 
(x is a set) A p(x)j, and the requirement x e A makes the stipulation “(x is a set)” 
redundant. 

Since members of classes must necessarily be sets, the precise definition of the 
power class &(s/) of a class is 3P(&#) = {38 | {38 is a set) \ 38 CL thus, 
even if A is a set, 3^(A) has for members only those subclasses of A known to be 
sets. 

VIII Axiom (of Power Set) If A is a set, then 3P{A) is also a set. 

To indicate how these axioms are used, we establish that some frequently 
occurring constructions with sets will yield sets. 

8.6 If {A a | a 6 j/} is a family of sets, then H {A a \ « 6 is a set. 

According to Axiom V, S = (J {A a \ a estf} is a set; letting^(x) = [Va e stf :x e A a \, 

in which only the set variable a is quantified, 8.5 shows that {x e S | p(x)}, which 
is precisely f) { A a \ a e is a set. 

8.7 If A is a set, then so also is {A}. 

If A = 0 , then III and VIII give that { 0 } is a set. If A ^ 0 , then {A, 0 } 
is a set because of IV. Letting be the class determined by the property p(x) = 
(x = A), we find from 8.5 that {A, 0} n stf — {A} is a set. 
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8.8 The cartesian product of two sets is a set. 

Let A, B be sets, and for each a 0 e A define a map B -> A x B by 6 (a 0 , b); 

according to VI, the image, {a 0 } x B, is a set; since A x B = (J {{ao} * B \ a 0 e A}, 
V shows that A x B is a set. 

8.9 If A and B are sets, then the class of all maps A B is a set. 

We have just seen that A x B is a set so, by VIII, &{A x E) is also a set. 
Since a map is a subclass oi A x B specified by some property, 8.5 shows that each 
map is a member of the set &{A x B). Using now the property m expressed in 
6 . 1 , the class of all maps A B is {x e 0>(A x B) \ x has property m} so, again by 
8.5, it is a set. 

8.10 The class of all sets is not a set. 

Let &(p) be the Russell class. If the class A of all sets were a set, then VII would 
imply that A n p) is a set; since A n 3#(p) = {x | (x is a set) A (x e x)} = &(p), 
this contradicts 8.3. 

We now add 

IX Axiom (of Foundation) In each nonempty set A there is a u e A such that 
u n A = 0 (that is, V x: x e A => —\ (x e u)). 

Loosely speaking, this axiom asserts that each nonempty set must contain 
“atoms” u, which form its “foundation.” Its use is shown in 

8.11 (1). No nonempty set can be a member of itself. 

(2). If A, B are nonempty sets, then it is not possible that both A e B and 
B e A are true. 

Ad (1). Assume there were a nonempty set A such that A e A ; by 8.7, {A} would 
also be a set, and because A is also the- only member of {A}, the set {A} would 
not have a foundation. 

Ad (2). Consider the set ( cf . IV) {A, B } in an analogous way. 

We now provide for the existence of infinite sets by 

X Axiom (of Infinity) There exists a set A with the properties: (i) 0 e A, and 

(ii) if a e A , then a u {a} e A. 

As an application, we have 

8.12 The class of nonnegative integers is a set. 

Let A be any set having the two properties listed in Axiom X, and let C &(A) 
be defined by & — {B e 8P(A) \ B has the two properties in Axiom X}. Each B 
is a set, and by 8.5 and VIII, so also is it therefore follows from 8.6 that N = 
n {B \ B e &} is also a set. Because each B has the properties (i) and (ii) of Axiom 
X, it is evident that N has them also. Referring now to the Peano axioms for the 
integers, and calling x w {x} e N the successor of x e N, it can be easily verified 
that all the Peano axioms are satisfied by N [the principle of mathematical induc¬ 
tion is valid because, by the definition of N, N has no proper subset that satisfies 
both (i) and (ii)]. Since the Peano axioms are categorical, it follows that N can be 
regarded as the set of nonnegative integers. We denote 0 by ”0,” {0} by “1,” 
{ 0, { 0}} by "2,” and so on. 
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An easy consequence from this, 8.8 and VI, is that the class Q of rationals is a 
set; we will see later that there is a bijection of &{N) onto the reals; therefore, 
by VI and VIII, E 1 is also a set. 

According to this axiomatization, the only general method for producing subsets 
of a given set is that given in 8.5. To see that there are subsets that we would 
like to consider but that cannot be described by any property, consider the 
following example of Russell: Let A be an infinite collection of pairs of shoes; 
we can define a subset consisting of exactly one shoe from each pair by the prop¬ 
erty "right shoe." If now A is an infinite collection of pairs of stockings, analogy 
would indicate that a subset consisting of exactly one stocking from each pair could 
be formed; but because the stockings are identical in all respects, there can be no 
property that characterizes exactly one of each pair; in particular, we are not 
allowed to call such a collection a subset of A. Analogous situations arise frequently 
in mathematics; to give the broadest scope to mathematical considerations, we 
adopt as another method for producing subsets, 

XI Axiom (of Choice) Given any nonempty family {A a | exes/} of nonempty pairwise 
disjoint sets, there exists a set S consisting of exactly one element from each A a . 

This is the only existential axiom: in contrast to all the others, a set obtained by 
application of this axiom is not, in general, uniquely determined by the given con¬ 
ditions. It has been shown (1938) by K. Godel that if the set theory based on I-X 
is consistent, then the set theory based on I-X I is also consistent. Godel’s result 
obviously leaves open the possibility that XI is derivable from the other axioms, 
and, in 1963, P. J. Cohen proved that it is not. Thus, the axiom of choice is in fact 
an independent axiom. 

Remark Note that appeal to XI is not necessary if j/ is a finite set. Indeed, if 
A !,• • - ,A„ are the sets, then each A t contains some element a f so, by taking pi(x) 

n 

to be the property (x = a t ), we obtain {x e ^ A t | p^x) V • • • V p n (x)} as a set 

satisfying the requirement of Axiom XI. However, if srf is infinite (even though, 
as in Russell’s example, each A a is finite), some principle such as XI appears to 
be necessary. A property such as “contains one element from each A a ” is illegiti¬ 
mate because properties carve out unique subsets and it is evident that if there is 
one collection satisfying the proposed predicate, then there are others also (unless 
each A a consists of a single element). Taking p t (x) = (x = a ( ), the procedure used 
above for finite stf cannot be emulated, since an infinite "or” chain is not a pro¬ 
position. And to use a predicate such as 3 i : pi(x) is inadequate: for, assuming 
about x that —i pi(x), -ip 2 (x),---, one cannot in general conclude Vi: —i/> ( (x), 
that is, i 3 i : pfx) [or, that x does not belong to the set determined by 3 i: />,(*)], 
without tampering with the rules of logic in the predicate calculus; from this view¬ 
point, the need for XI is related to the co-incompleteness of consistent systems. 


9. General Cartesian Products 

In this section, the concept of cartesian product is extended to any 
family of sets. This extension is based on the observation that the 
elements of A 1 x A 2 can be considered to be those maps /of the index 
set {1, 2} into A 1 U A 2 having the property /(1) e A ly f(2) e A 2 . 
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9.1 Definition Let {A a \ a e s/j be a family of sets. The cartesian 
product ]~J A a is the set of all maps c: ^ [J A a having the 

a a 

property Va e c(a) e A a . 

That J^[ A a is indeed a set follows from 8.5 and 8.9. The notations 

a 

A a and I a G ^} are used interchangeably. An element 

a 

c e J"T A a is generally written {tf a }, indicating that c(a) = a a for each a; 

a 

with this notation, a a e A a is called the ath coordinate of (a a ). The set 
A a is called the ath factor of ]~| A a ; for each [3 e srf the map 

a 

Pe : F7 ^CC —■*" Ap 

a 

given by {# a } —> a 0 [or, equivalently, by c c(f3)] is termed “projection 
onto the jSth factor.” 

Ex. 1 If each A a has exactly one element, A a consists of a single element. 

a 

if^ = 0 , then again A a has exactly one element, the null set (c/. 6 , Ex. 3). 

a 

If srf ^ 0 and some one A a = 0, then YJ A a = 0 . 

a 

Ex. 2 If each A a = A, a fixed set, then ]^[ A a is simply the set of all maps 
Ex. 3 Let A t = (0, 2} for each i e Z + ; YJ A n is then the set of all sequences of 

71 

0’s and 2’s: {{n ( } | n { — 0 or 2; i = 1, 2, - • •}. The map /: j - ] A n —> [0, 1] C E l , 

n 

defined by 

/«»«!) = 2 ? 

is easily seen to be injective; the image is called the Cantor set, and can be de¬ 
scribed geometrically as follows: Divide [0, 1] into three equal parts and remove the 
middle-third open interval ] £, $[; this removes all real numbers in [0, 1] that 
require n\ = 1 in their triadic expansion. At the second stage, remove the middle 
third of each of the two remaining intervals, [0, £J, [•§, 1], thus eliminating all real 
numbers in [0, 1] requiring n 2 = 1 in their triadic expansion. Proceeding analo¬ 
gously, removing at the «th stage the union M n of the middle thirds of the 2 n " 1 

00 

intervals present, C — [0, 1] — (J M n is the Cantor set. It consists of all real 

i 

numbers in [0, 1] that do not require the use of "1” in their triadic expansion. 
Since the expansion (using no 1 ’s) of each member of C is unique, / is a bijection 
of A n on C. In view of Ex. 2, there is a bijection of the set of all maps 

n 

Z + —> (0, 2} onto the Cantor set. 
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Ex. 3 is analogous to the Russell example of pairs of shoes, in that each 
A n has distinctive elements. In the general case where the A a are 
abstractly given sets, the possibility remains open that, even though 
each A a M 0 still A a — 0 ; to show that it is not empty requires 

a 

that we exhibit a c: A a having the property required in 9.1, 

a 

and this requires appeal to the axiom of choice. In fact, 

9.2 Theorem The following three properties are equivalent: 

(1) . Let { A a | aesM) be a nonempty family of sets. If each 

A a M 0, then n {^« | a e srf} M 0 . 

(2) . The axiom of choice. 

(3) . If { A a | a g sM) is a nonempty family of nonempty sets (not 

necessarily pairwise disjoint!), then there exists a map 
c: stf -> IJ A a such that Mae c(a) e A a . (c is called a 

a 

“choice function” for the family { A a [ a e stf}.) 

Proof: (1) => (2). Let {A a \ a e sM) be a family of nonempty pair¬ 
wise disjoint sets. Since YJ A a ^ 0, we can exhibit an element 

a 

c — 5 then S = c(s&) is a set satisfying the requirement in the axiom 

of choice. 

(2) => (3). For each aesM, let A' a = {a} x A a ; each A' a is a non¬ 
empty set (cf. 3.3 and 8.8) and the family {A' a | a e srfj is pairwise disjoint. 
By the axiom of choice, there is a set S' consisting of exactly one member 
from each A' a ; that is, for each a there is a unique (a, a u ) e S with 
a a e A a . Since 

S C U (M x^)CU K x A a ) = stf x (J A a , 

a a a 

S is indeed a map stf —> (J A a as required. Observe that the “chosen” 

a 

elements may be the same for distinct a. 

(3) (1). If c: s/ —>■ (J A a is a choice function, it is an element of 

a 


We can now derive some further properties of cartesian products. 

9.3 Theorem Let {A a \ a e ,$/} be a family of nonempty sets, let 
ICi, and define P: ]~J {A a \ a e stf] ]^[ A a | a e 3d) by P(c) = 

a a 

c | 3d. Then P is surjective; in particular, each projection 
p B : A a —> A b is surjective. 

a 
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Proof: Let fe YJ{A a | « e 83} be any given element; we are to find 
a c e nMa I « e ^} with P{ c ) — /• By 9.2(3) there is a choice function 
c: sY — 83 —> U (yf a | a g j/ — ; then the map c : stf —> U {^4 a | a G J3^} 

given by c | ^ = /, c\stf — 83 = c {cf. 6.8) is an element of 

Y\{A a | a g sfj 

and P(c) = c\83 = /. If ^ consists of the single element fiesY, it is 
clear that the map P will be p 0 , which proves the second part. 

9.4 Corollary If A a C B a , for each a g sY, then ]^J A a C J~1 

a a 

Conversely, if each A a # 0 and n A a C fl then C B a 

a a 

for each a. 

Proof: The first assertion is trivial; the second follows because, 
since each p 0 is surjective, 

A& = Pp O A a Q PqY\ B a = Bp. 

a a 

For the Boolean algebra of cartesian products, we have the following 
theorem, whose proof is left for the reader : 

9.5 Theorem Let [Y a \ a e jY] be a family of nonempty sets; for each 
a g sY y let A a , B a be subsets of Y a . Then 

(1) . n^ n n s « = 

a a a 

(2) . n<a.u B a) . 

a a a 

For a given a and C a C Y a , we denote p~ 1 (C a ) by <C a >; this is the 
“slab” in ]~J Y a where each factor is Y tt except the ath, which is C a . 

a 

Similarly, for finitely many indices a ly ■ ■ •, a n and sets 
C ai C Y ai , • • •, C Un C Y Un , 

the subset (C ai ) n • n < C Bn > = p„f{C a f) n • • • np~f(C an ) is de¬ 
noted by <C ai , •••, C a f). 

9.6 Corollary In n{r«|«6J»0, 

(1) . n c « = n <c„>. 

a « 

(2) . <r<C„> = <*0, 

(3) . «nc. = u ^c.). 

a a 
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Proof: 

(1) . ceYJC a o Va: p a (c) eC a oVcc:c ep-\C a ) ocef) <C a >. 

a ce 

(2) is proved similarly, and (3) follows from (1) and (2), using 4.2(2). 

We now establish the general distributive law of f") over (J : 

“ B 

9.7 Let {A a | a g V} be any family of sets, and assume that {sf x | A e JS?} is a 

partition of with each V A 0 . Let T = {V A | A e P£). Then 

0 (V {A a | a e A }] = U [n {^ f(A) | A eJ2P>]. 

Proof: We have 

*ejj[n {/4i( A) | A g JS?}] 3 t e T: * g n {^4 t(A) [ A 6«£?} 

teT 

o 3 t g T V A g i x g At(\) 
=>VAgJS?3o:g : x e A a 
o\/Aei?:j(eu {^4„ | a g «s/ a } 

^*en[u{4| a gj^ a }] 

A 

To establish the converse inclusion, we need only reverse the single implication. 
Now, from V A g SP 3 a e srf K : x e A a , we find that the set 

&x - {« e ^a | * G ^4 a } ?£ 0 

for each AgJ*?, so by 9.2(1) there is a teYl&x C ]j[^a; this shows that 

A A 

3te TV\e&: x G A t (x) and the proof is complete. By “complements,” we 
obtain 

u [n {. A a I a g^/ a }] = f| IV (Aa> I A eJ?}\. 

A ter 

9.8 Remark We have seen that 9.2(1) implies 9.7; we now show that, con¬ 
versely, 9.7 implies 9.2(1), so that the validity of the general distributive law is in 
fact equivalent to that of the axiom of choice. 

Let {stf A | A G be a nonempty family of nonempty sets, and let T = 
n x \ A g For each a G (J ja/ A , let A a — { 0} ^ 0 ; it is clear that 

A 

n IV Ma | ce e A }] = {0} so that by 9.7, also U [n {A t (x) | A eJP}] ^ 0, and 

A teT 

it follows easily that therefore T ^ 0. 
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Section I 

1. Prove: {«} = { b , c} if and only if a — b — c. 

2. If a , b, c , d are any objects, show that {{a}, {a, b}} — {{c}, {c, d}} if and only if 
both a — c and b = d. 

3. Show that A C {A} if and only if A = 0. 
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4. Though the relation “ C ” is transitive, give an example to show that "e” is not 
transitive. 

5. Let A = {a x , • , a n }. Show that A has 2" subsets (do not forget to count the 

null subset). 

Section 2 

7. Let A q — {n e N \ n is divisible by g}. What is A q w A r , A q n A r ? 

2. Let A, B be subsets of E. Show: 

a. A n B = 0oAC ( £ E BoBC W E A. 

b. A v B = E o^eB C A e A C B. 

3. For any two sets A, B, show: 

a. A = (A n B) u (A — B) is a representation of A as a disjoint union. 

b. A u B = A u (B — A) is a representation of A v B as a disjoint union. 

Verify the following formulas: 

4. (A - C) - (B - C) = (A - B) - C. 

5. (A - C) u (B - C) = (A uB) - C. 

6. (A - C ) n (B - C) = (An B) - C. 

7. (A - B) - (A - C) = A n (C - B). 

8. (A - B) u (A - C) = A - (B n C). 

9. (A - B) n (A - C) = A - (B u C). 

70. A 1 v.-.vA n = (At - A 2 ) u.-'ViAn-t - A n ) v(A n - A x ) u (f) 

i 

77. Prove that the system of equations A v X = A v B, A r\ X — 0 has at 
most one solution for X. 

12. The set (A — B) U (77 — A) is called the symmetric difference, or dis¬ 
crepancy, of A and B. Give a geometric interpretation of this set. 

Section 3 

7. Prove: If A, B are nonempty sets and (A x B) (B x A) — C x C, then 
A = B — C. 

2. Let A, B C X and C, D C Y. Prove: 

a. (A x C) n(B x D) = (A n B) x (C n D ). 

b. (A x C) u (B x D ) C (A vj B) x (C u £>); show that, in general, 

equality does not hold, by verifying 

(A v B) x (C v D) = (A x C) v (B x D) v (A x D) \J (B x C). 

c. V x *y(B x D) = C€ X B) x Y\j X x <g y D. 

Section 4 

7. Show that f)J-(!/«), 1 + U/«)[ = 0 [- (1 /«), 1 + (l/«)] = [0, lj. 

2. Let {A n | n e N) be a family of sets. Let S k = (J A h k = 0, 1, • • •. Show 

co 0 

U 2l n = Aq (A x — So) v - - - kj ( A n — S n -i) u • • • and that this is a pair- 
0 

wise disjoint union. 
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3. Let {A n | n e N} be a family of subsets of a set T. Define 

00 00 

Lim sup A n = f| ( U A n+k ), 

n = 0 fc = 0 

Lim inf A n = U ( fl A n + k ). 

n = 0 fc = 0 

Prove: 

a. Lim sup .<4„ = {x e T | x belongs to infinitely many A t }. 

b. Lim inf A» = {x e T | x belongs to all but at most finitely many A f }. 

00 00 

c. n A t C Lim inf A n C Lim sup A n C (J A t . 

i i 

d. Lim inf A n = ^[Lim sup A n ], complement being with respect to any 
set containing all A t . 

e. Lim inf A n u Lim inf B n C Lim inf (A n u B„), and equality holds if u 
is everywhere replaced by n. 

f. Lim sup (A n n B u ) C Lim sup A n Lim sup B n , and equality holds if 
n is everywhere replaced by u. 

g. If A x C A 2 C • • • or A-! D A 2 D • • •, then Lim sup A n = Lim inf A n . 

4. Let {A a | a e s#} be a family of sets in Y. Prove: (J A a = 0 if and only if 

a 

either each A a = 0 or — 0. 


Section 5 

1. Prove: A C B => C ^(B). 

2. Prove : n {A \ A e 0(E)} = 0. 

Section 6 

1. Let A C X and /: X — > Y. Let i: A —> X be the map a —> a. Show: 

a. / | A = f° i. 

b. Writing g = f \ A, g _1 (B) = A nf~\B). 

2. Show f(A n B) = /(^) r\f(B) for all ^3, B C X if and only if/ is injective. 

5. Let f:X—> Y. Show: 

a. A C B => f(A) C /(B). 
b .f-KVD) =Vf~\D). 

4. Let /: X —> Y. Prove: 

a. /is injective <=>Vy e Y:f~ 1 (y ) = 0 or a single point «-V A\f($A) C ^f(A). 

b. / is surjective o Vy e Y:f~ 1 (y) ^ 0 oV A: A) D ( &f(A ). 

5. Let | a e «£/}, {B# | ft 6 be two coverings (partitions) of X. Show that 
{A a o B & \ (a, ft) € s# x AS) is also a covering (partition) of X. 

6. Let { A a | a e s/}, {B b \ ft e 38} be coverings (partitions) of sets X and Y, 
respectively. Show {A a x B 0 \ (a, ft) e x 38} is a covering (partition) of 
X x Y. 

7. Let/: X —> Y and g: Y -> X be any two maps. Show that X and Y can each 
be expressed as disjoint unions: X — X\ u X 2 , Y = Y 1 'U Y 2 , such that 
f(XA = Yi and g( Y 2 ) = X 2 . 

(Hint: For each E C X, let Q(E) = X — g[Y —/(B)], and take 
Xi = O {Q(E) | Q(E ) C £}.) 
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Section 7 

1. For relations R, S in A, define R ° S by a R ° S b o 3 c: (a R c) A (c S b). 
Show that R ° (S ° T) = (R ° S) ° T. If each of R, S are equivalence relations, 
is jR o S an equivalence relation? 

2. For any given R, define R~* by a R~ x b o b R a. Show that a reflexive R is an 
equivalence relation if and only if R ° R — R and R = R' 1 . 

3. HR is any reflexive and transitive relation, show that R n R ~ 1 is an equivalence 
relation. 

4. For relations R, S in A, B, respectively, define R x 5 1 in A x B by 

{a, b) R x S ( c , d) o (a R c) A (b S d). 

If R, S are equivalence relations, show thati? x S is an equivalence relation. 

5. Let/: A —> B. Show that a Rb of (a) = f(b) is an equivalence relation on A 
and that there is an /*: A/R —> B such that the diagram 

P 

A -> AIR 



B 


commutes. 

6. Let S, R be two equivalence relations in A, with SCR. Let 1*: A/S ^ A/R 
be the map induced by the relation-preserving map 1 A . Define (S a)R/S(S b) 
if 1*05 a) = 1*(S b). Show that R/S is an equivalence relation and that there 
is a bijection of ( A/S)/(R/S ) onto A/R. 

Section 9 

1. Prove the extended version of 9.5(1): 

run a,) = ri(n^). 

Pa a P 

2. Prove Y\A a — Y\B a — U Qa> where in each Q 0 , each factor a is A a , and 

a a a 

the /3th factor is A B — B b . 

3. Let {A a | a e stf} be a family of nonempty sets, and let sit = yj{st e \ ft e 34} be 
a partition of st. Construct a bijective map of T\{A a | a e s/} onto 

run {A a \aes/ e }}. 

0 



Ordinals and Cardinals 



I. Orderings 

Certain types of binary relations are called orderings. 

1.1 Definition A binary relation R in a set A is called a preorder if it is 
reflexive and transitive; that is, if 

(1) . \/a: a R a. 

(2) . (a R b) a (b R c) => a R c. 

A set together with a definite preorder is called a preordered set. 

We denote a preorder R by -<; “a -< b ” is read “ a precedes b,” or 
“b follows a” A preordered set A will also be written (A, -<) whenever 
it is necessary to indicate explicitly the preorder being used. If A is 
preordered and B C A, the induced relation on B is clearly a pre¬ 
ordering; when we consider B itself as a preordered set, it will always be 
with the induced preordering. 

Ex. 1 In any set A, the relation {(a, b) | a = b} is a preordering. Note that 
we do not require each pair of elements a, b e A to be related; that is, to satisfy 
either a -< b or b -< a. 

Ex.. 2 In E 1 , the relation {(#, y) | x y} is a preordering, whereas 
{(*, y) I x < y} is not. 
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Ex. 3 Let C be the set of complex numbers, and define Zi -< z^ if and only if 
|^i | \ z?\. This is a preordering on C. Observe that we do not require that 

(a -K b) A (6 -< a) imply a — b. 

Ex. 4 In &(X), the relation A ■< B, defined by A -< B if and only if A C B, 
is a preordering. More generally, any family of sets preordered in this manner 
is said to be preordered by inclusion. 

There is a standard terminology pertaining to preordered sets: 

1.2 Definition Let (A, -<) be preordered. 

(1) . me A is called a maximal element in A if V a: m -< a => 

a -< m\ that is, if either no a e A follows m or each a that 

follows m also precedes m. 

(2) . a 0 e A is called an upper bound for a subset B C A if 

\/b e B : b -< a 0 . 

(3) . B C A is called a chain in A if each two elements in B are 

related. 

Ex. 5 In Ex. 1, each element is maximal. No subset of A containing at least 
two elements has an upper bound. Thus a maximal element in A need not be an 
upper bound for A. 

Ex. 6 In Ex. 2, there is no maximal element. Every bounded set has many 
upper bounds. 

Ex. 7 In Ex. 3, a 0 = 1 is an upper bound for B = {z \ \z\ < 1} C C, but is 
not/naximal in C. Note also that although a 0 is an upper bound for B, it is possible 
for Some b e B also to satisfy a 0 -< b. In the set B (with the induced preorder!) 
each z with \z\ — 1 is both maximal and an upper bound for B. 

Placing additional requirements on preorderings gives other types of 
ordering relations. 

1.3 Definition A preordering in A with the additional property 

(a -< b) A (b -< a) => (a = b) (antisymmetry) 

is called a partial ordering. A set together with a definite partial 
ordering is called a partially ordered set. A partially ordered set 
that is also a chain is called a totally ordered set. 

It is evident that partial (total) orders induce partial (total) orders on 
subsets. 

Ex. 8 Ordering by inclusion in &{X), or any family of sets, is always a partial 
ordering (but, clearly, need not be a total order). 

Ex. 9 Let (A, -<) be a preordered set, and define a relation S in A by 
a S b ( a -< b) A ( b -< a). It is easy to verify that S is an equivalence relation and 
that A/S is partially ordered by S a -< S b o a -< b. 
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Note that in a partially ordered A, the statement “m is maximal” is 
equivalent to “each a e A is either not related to m or satisfies only 
a -< m,” and also that if a 0 is an upper bound for B C A, then there can 
be no b e B — {a 0 } with a 0 «< b. 

Total orderings of the type in the following definition are very impor¬ 
tant, as we shall see. 

1.4 Definition A partially ordered set W is called well-ordered (or 
an ordinal) if each nonempty subset B C W has a first element; 
that is, for each B # 0 , there exists a b 0 e B satisfying b 0 -< b for 
each b e B. 

Every well-ordered set W is in fact totally ordered, since each subset 
[a, b) C W has a first element; furthermore, the induced order on a sub¬ 
set of a well-ordered set is a well-order on that subset. 

Ex. 10 0 is a well-ordered set. In any set { a } containing exactly one element, 

a -< a is a well-ordering. The partial ordering by inclusion in 3P(X) is not a well¬ 
ordering if X has more than one element. 

Ex. 11 The nonnegative integers are well-ordered: this is one of the ways to 
state the principle of mathematical induction. This well-ordered set is denoted by 
a); that is, oj = (N , *S). 

Let W be well-ordered, and q e W; in W U {</} define an order that 
coincides with the given one on W, satisfies q -< q, and Vro: (we W) => 
w «< q. Then W U {<?} is well-ordered, since for each nonempty 
E C W U {q}, either E = {q} or E n W # 0 , and in the latter case, 
the first element in E n W is the first in E C W u {q}. We say W U {<?} 
is formed from W by adjoining q as last element. 

Each element w of a well-ordered set that has a successor in the set, 
has an immediate successor; that is, we can find an s ^ w satisfying 
w «< s and such that no c ± s, w satisfies w «< c -< 5: we need only 
choose s = first element in the nonempty set {.v e W | (w -< x) A (w ^ x)}. 
However, an element w need not have an immediate predecessor: for 
each b -< w there may always be some c ^ b, w with b -< c -< w. In fact, 
adjoining to w a last element q, we note that q has no immediate pre¬ 
decessor. 

2. Zorn’s Lemma; Zermelo’s Theorem 

Our objective in this section is' to prove the fundamental 

2.1 Theorem The following three statements are equivalent: 

(1). The axiom of choice. 
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(2) . Zorns lemma: Let X be a preordered set. If each chain in X 
has an upper bound, then X has at least one maximal 
element. 

(3) . Zermelo’s theorem: Every set can be well ordered. 

Before we begin to prove this theorem, we must first study the 
auxiliary concept of a “tower.” 

2.2 Definition Let X be a set, let F C 0*(X) be any nonempty family 
of sets, and let 9 ?: F X be a fixed map. The family F is called a 
9 >-tower whenever: 

(a) . 0 ef. 

(b) . If { A a | a e sZ) is any totally ordered (by inclusion) family of 

sets in F, then [J A a e F. 

(c) . If A e F , then also A U {<p{A)} e F '. 

Observe that if {F e | jS e is any family of 99 -towers in X ), then 

Pi IF B is also a 99 -tower. Indeed, (a) 0 e P| F 0 is clear; (b) any chain 
r . . 8 

{A a | a e sZ) in f] F 0 , by virtue of its members belonging to each F 0> , 

R 

has its union in each F B , so IJ A a e P) IF and (c) is verified analo- 

a R 

gously. In particular, then, the intersection JZ of all sub ^-towers of a 
given 99 -tower is itself a 99 -tower. J( is minimal in the sense that it 
contains no proper sub 99 -tower. 

The proof of 2.1 will lean heavily on the 

2.3 Lemma If IF is a 99 -tower, then there exists an A e IF such that 
<p(A) e A. 

Proof of Lemma: Let JZ C F be the minimal 99 -tower. We wish to 
show that JZ is totally ordered by inclusion. For, by defining 

A = u{M\MeJZ), 

we would then have A e JZ and also A U { 99 (^ 2 )} e JZ , which would 
show A U { 99 (^ 4 )} C A and consequently that 93 (^ 4 ) e A, as required. 
To prove that JZ is totally ordered, we proceed formally: calling M 6 JZ 
medial whenever, for each M a e JZ , either M a CMorMC M a is true, 
we are to show that each M e JZ is medial. To do this, we first establish 
an important property of medial sets: 

I. Let M e JZ be medial. Then, for each M a e JZ , either M a C M, 
or M U {<p(M)} C M a \ that is, any M a e JZ either lies in M or 
contains M U {<p(M )}. 
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Proof of I: Let = {M a e Ji \ M a C M or M u {<p(M)} C M a }. 
To show = Ji, it suffices to prove that is a 9 -tower, since 
<g u C Ji and Ji contains no proper sub 95 -tower. 

(a) . 0 e r S M , since 0 C M; in particular, is not empty. 

(b) . Let { M a | a e stf) be a chain in Since each M a e & M , there are 
two cases: 

(i) . 3 a e stf \ M U {<p(M)} C M a . 

(ii) . Vaei: M a C M. 

In case (i), M U {cp{M)} C (J M a ; and in case (ii), (J M a C M, so 

a a 

always (J M a e H M . 

a 

(c) . Let M a e @ M . We must show M a U ( 99 (M a )} g ^ m ; that is, either 
M a U {95 (M a )} C M or M u {<p(M)} C M a U {« y(M u )}. Because 
M a e there are two cases to consider: 

(i) . M U {<p(M)} C M a . 

(ii) . M a C M. 

In case (i), M kj {<p(M)} C M a C M a KJ {<p(M a )}\ therefore one of 
the desired alternatives is true. In case (ii), because M is medial 
and M a U { 9 fM a )} e Ji, we have in addition to (ii) that either 
M a U {cp(M a )} C MorMC M a U {(p(M a )}. In the first of these cases, 
we are through; in the second case, (ii) gives M a CMC M a U ( 95 (M a )} 
and because <p(M a ) is a single point, we conclude either that M a = M 
or that M = M a u ( 99 (M a )}; each possibility shows M a U ( 99 (M a )} e & m . 
Thus is a 99 -tower, and I has been proved. 

We finally show that Ji is totally ordered: 

II. Each M e Ji is medial. 

Proof of II: Let — {M e JI | M is medial); again we need only 
prove that is a 99 -tower, to assure = Ji . 

(a) . 0 e as is clear; in particular, ^ is not empty. 

(b) . Let { M a | a g j/} be a chain in If M is any member of Ji, 
then because each M a is medial, either VaGj/: M a C M or 
3 a g cJ : M C M a ; thus either (J M a C M or M C (J M a ; that is, 

U M a e9. 

a 

(c) . Let M e to show that M U {cp(M)} is medial, choose any 
M a g Ji . Because M is medial, (I) says that either M a C M (so that 
M a C Mo {<p(M)}) or M U {<p(M)} C M a \ this shows M U {<p(M)} is 
medial. 

Thus & = Ji, and 2.3 has been proved. 
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We now prove the theorem 

Proof of Theorem 2.1: (1) => (2). Let F C 3P(X) be the set of all 

chains in X; for each nonempty A e 3*, let a A be an upper bound and 
define T A = {x e X \ ( a A -< x) A —i(# -< a A )}. To prove (2), it suffices 
to show some T A — 0, for this means that either there is no x with 
a A -< x or that each ^ satisfying a A -< x also satisfies x -< a A , that is, a A 
is maximal. 

We argue by contradiction. Assume all T A # 0 ; then, by I, 9.2, 
there is a choice function c: F —(J {T A \ A e F } with c(A) e T A for 
each A eF. Defining c( 0 ) = x 0 arbitrarily, we will now prove that 
F' = Fu{0} is a c-tower. 

(a) . 0 e F'. 

(b) . If {A a \cces2} is any chain in F', then (J A u eF'\ that is, any 

a 

two elements a, b e (J A tt are related. In fact, we can find two sets 

a 

A a , A [5 with a e A a , b e A e ; since { A a | a e .stf] is a chain, one of these 
(say, A a ) contains the other, so that a , b are contained in the single set A a 
and consequently are related. Thus (J A a e F'. 

(c) . Let A eF' \ then A U {c(A)} e F '. We need show only that each 
ae A is related to c(A). For this, we have a -< a A (since a A is an upper 
bound for A) and a A -< c(A) since c(A) e T A . 

Applying Lemma 2.3, there is some A e 3F’ with c(A) e A. This is 
the desired contradiction: for, since a A is an upper bound for A, 
necessarily c(A) -< a A , whereas c{A) e T A requires — i{c(A) < a A ). Thus 
some T A — 0 , and therefore a A is maximal in X. 

(2) => (3). Let E be any set. Clearly, there are subsets of E that can 
be well-ordered ( 0, for example). We are to show that E itself is such a 
set. To this end, we work with the family of all ordered couples 
{(A “O | (A C E) a (-<^ is a well-ordering of A)}. 

Preorder 3F by “propagation,” defining (A, <, A ) < ( B , < B ) if: 

(a) . A C B. 

(b) . induces -< A on A. 

(c) . (y e B — A) a (x e A) => x -< B y. 

Transitivity of -< is obvious, and because of (a), (b), (-#”, -<), is in fact 
a partially ordered set. We first prove that {.'F, -<) satisfies the require¬ 
ments of Zorn’s lemma. 

Let {( A a , -< a ) | a e be any chain in ( [F , <); we will show (J A a 

a 

has a well-order < v such that ((J A, < v ) is an upper bound for this 

a 

chain. Define as follows: Given two elements a, b e [J A a , observe 

a 

that because of (a), { A a | a g s2) is a chain under set-inclusion so that 
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a, b are contained in a common A a . Selecting any such A a , define 
a -<[/ b if and only if a -< a b. This definition is independent of the A a 
used because of (b) and is evidently a partial order on U A a . To prove 

a 

that it is a well-ordering, we note first that because of (a) and (c), -<[/ 
also has the property ( y e A a ) A (x -< v y) => (x 6 A a ). Thus, if Q C IJ A a 

a 

is nonempty, there is an index a with Q n A a # 0, and the first 
element in Q n A a is first in Q. Clearly, each ( A a , -< a ) -< (IJ A a , -<[/), 

a 

so that we have an upper bound. 

By Zorn’s lemma, there is a maximal (A, < A ) in (5F, -<). We assert 
that A = E. Otherwise, there is an a 0 e £ — A, which we could adjoin 
to A as last element, getting (A, -< A ) -< (A U {« 0 }, and, because 
-<) is partially ordered, this would contradict the maximality of 

(A, < A ). 

(3) => (1). Let {A a | a e be any family of nonempty sets. Well- 
order U A a and define c(a) = first element in A a , to obtain a choice 

a 

function. 

2.4 Remarks Though Zermelo’s theorem assures that every set can be well-ordered, 
no specific construction for well-ordering any uncountable set (say, the real 

. numbers) is known. Furthermore, there are sets for which no specific con¬ 
struction of a total order (let alone a well-order) is known, for example, the 
set of real-valued functions of one real*variable. Note, also, that a well¬ 
ordering guaranteed by Zermelo’s theorem is obviously not unique, and is 
not stated to have any relation to any given structure on the set. For example, 
a well-ordering of the reals cannot coincide with the usual ordering. 

2.5 Applications 1. Zorn’s lemma is a particularly useful version of the axiom 
of choice: It is applicable for existence theorems whenever the underlying set is 
partially ordered and the required object is characterized by maximality [cf. the 
proof of (2) => (3)]. As a simple example of its use, we prove the existence of a 
Hamel basis B for the real numbers. 

A subset B — {b a \ a e &?} C E 1 is a Hamel basis if (1) each real x can be written 
as a finite sum 

n 

X = 2 ^apai 
1 

with rational r a ,; and (2) the set {b a \ a e srf) is rationally independent, that is, 

n 

2 r aib ai = 0 o r„, = 0 for each i = 1, • • •, n. 

i 

The rational independence assures that each x can be written as required by (1) 
in exactly one way. 

To prove existence of B, let s/ be the family of all rationally independent sets 
of reals. ^ 0, since, say, {1} e . Partially order j/ by inclusion: Then any 
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chain {Ag | ft e 3d} has an upper bound, [J Ag, since any finite collection of elements 

0 

in (J A e lies in some one A p and so is rationally independent. Thus there is a 

maximal B ss/; B is a Hamel basis, since for each x, B u {x} is not rationally 
independent and therefore there is a relation rx + r ai b ai + • • • r an b an = 0, which 
necessarily involves x and has r ^ 0 because B is rationally independent, so 
that 



as required. 

Hamel bases arise in several connections: If b x e B, then the set of reals generated 
by B — {&i} is not a Lebesgue measurable set. Similarly, the functional equation 
f(x + y) = f(x) + f(y), which has f(x) = cx as its only continuous solutions, has 
others also, none of which is a Lebesgue measurable function. 

2. A proof analogous to the preceding one shows that every vector space has 
a basis. 

3. In a commutative ring R with unit, every ideal J ^ R is contained in a maxi¬ 
mal ideal (Krull’s theorem). The proof is immediate by verifying that the set of all 
ideals containing J , and not containing 1, satisfies the requirement of Zorn’s 
lemma. 

Since in R every maximal ideal is a prime ideal, this has as immediate 
consequence the following result: Let X be an infinite set. Then there exists 
a fi: -»{0} u.{l} such that p(F) = 0 if F is finite, /i(X) = 1, and 

p(A u B) = fx{A) + fx(B) whenever A, B, are disjoint. [In the Boolean ring, 
3P{X) (cf . I, 2.12), let IF be a maximal ideal containing the ideal of all finite 
subsets, and set /z( A ) = 0 if AsF, and fi(A) = 1 otherwise.] 


3. Ordinals 

Since every set can be well-ordered, we study ordinals in greater detail. 

3.1 Definition Let W be a well-ordered set. 

(1) . SC W is an ideal in W if V x: (# e S) A (y •< x) => y e S. 

(2) . For each as IV, the set W(a) = {x e W | (* < a) A (x # a)} 

is the initial interval determined by a. 

Clearly, W and 0 are ideals in IF; 0 is also an initial interval, but 
W is not. For the properties and interrelation of these concepts we have 

3.2 (a). Every intersection, and every union, of ideals in W is itself an 

ideal in W. 

(b). Let I(W ) be the set of all ideals in W and J(W ) the set of all 
initial intervals in W. Then J{W) = I{W) - {IT}: the 
ideals 7 ^ W are the initial intervals. 
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Proof: (a), (x e P) S a ) A (y «< #) => V a: (x e S a ) A (y -< x) => 

a 

V a: y e S a => y e f) *$«> and similarly for union. 

a 

(b). Each initial interval is obviously an ideal. Conversely, let 
S ^ PE be an ideal; then W — S 7^ 0 , so it has a first element a. We 
prove S = W(a). 

(i) . x e W(a) => x e S, since a is the first element of W not in S. 

(ii) . jcefE(a)oa-<A:=>Jce*S', since otherwise, because S is an ideal, 
we would have a e S. 

A map / of a well-ordered set (W, -<) into a well-ordered (X, -<') is 
called a monomorphism if it is an order-preserving injection [that is, 
a -< b => f(a) -<' f(b)}\ f is an isomorphism if it is a bijective mono¬ 
morphism. Clearly, the composition of two monomorphisms is also a 
monomorphism. It is easy to see that if/: W -> A is an order-preserving 
bijection and if W is well-ordered, then the order in A is also a well¬ 
ordering and / is an isomorphism. 


3.3 Theorem (1). The set I(W) of all ideals of a well-ordered set is 
well-ordered by inclusion. 

(2). The map a —> W(a) is an isomorphism of W onto the set 
J(W) of its initial intervals [0 included in J(W) C I(W)\. 

Proof: (2). Clearly, a -< b => JV(a) C W(b) and a # h => W(a) ^ 
W(h)\ thus a—> W(a) is bijective and [using order by inclusion in 
J(W)\ order-preserving. It follows at once that J(W) is well-ordered by 
inclusion and that a -> W(a) is an isomorphism. 

(1). Since 

I(W) = J(W)\J{W) 

and since the ordering by inclusion in /( W) is determined by adjoining 
{W} to J(W) as last element, I(W) is also well-ordered. 

One consequence is the extremely useful 


3.4 Theorem Let W be well-ordered, and E C I(W) any family 
with the following properties: 

(a) . Each union of members of E belongs to E. 

(b) . If W(a) eE, then also W(a) U {a} eE. 

Then E = I(W) and, in particular, WeE. 
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Proof: Assume £ ± I{W)\ by 3.3 there is a smallest ideal Se£. 
Either S has a last element, or it does not. 

(i) . If S has a last element, b, then S = W(b ) U {6}; because W(b) C S, 
we would then have W(b) e £ and, by using (b), that S e £, which 
contradicts the definition of S. 

(ii) . IfS does not have a last element, then S = (J {W(a) | W(a) C 5}; 

as before, each £, so by using (a), we conclude that S e £, again 

contradicting the definition of S. 

Thus, the assumption £ # 1{W) is false, and the theorem has been 
proved. 


4. Comparability of Ordinals 

In this section we are going to show that given any two ordinals, one of 
them must be isomorphic to an ideal of the other. 

4.1 Lemma Let W, X be well-ordered sets, and let 9 ?: W—> X be an 
isomorphism onto an ideal of X. Then any monomorphism 
f:W~>X must satisfy the condition V w: (p(w ) -< f(zv). In particu¬ 
lar, there can be at most one isomorphism between an ideal S C W 
and an ideal T C X. 

Proof: We show that the assumption 

{we W | (/(«?) -< (p(zv )) A (/(«?) ^ <p(w))} ¥> 0 

implies that <p(W) is not an ideal in X. For there would then be a 
smallest w 0 with [f(w 0 ) ^ <p(w 0 )] A \f{w 0 ) -< 9 fzvfj], and 9 ? cannot take 
on the value f{w Q ): indeed, if w -< zv 0 , then 9 fzv) -</(«0 -< f(w 0 ); and 
if zv 0 -< w f then f(zv 0 ) -< <p(zv 0 ) ■< 9 fw). The second part is immediate. 

4.2 Theorem (Comparability of Ordinals) Let W and X be well- 

ordered sets. Then one, and only one, of the following three 
statements is true: 

(1) . There is a unique isomorphism of W onto X. 

(2) . There is a unique isomorphism of W onto an initial interval 

of X 

(3) . There is a unique isomorphism of X onto an initial interval 

of W. 

Proof: We first show these three possibilities to be mutually exclusive. 
(1) A (2) [or (1) A (3)] cannot occur because this would contradict 
the lemma, whereas (2) A (3) cannot occur either, since two such maps 
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g: XW{wo) and WX(x 0 ) would compose to yield a mono- 
morphism g ° h: W -> W(zo 0 ), which satisfies £ ° h(w 0 ) -< zo 0 and contra¬ 
dicts the lemma on comparison with the isomorphism 1: W W. We 
now prove that one of these possibilities always holds by showing that 
one of X , W is isomorphic to an ideal of the other. 

Let E C /( IV) be the set of all ideals for which there are isomorphisms 
onto ideals of X. We verify that E has the property (a) of 3.4: Let 
imi a g sV) be a union of members of E , and for each a, let 

a 

tya • -X 

be the isomorphism onto an ideal of X. By 3.2(a) and the lemma 4.1, 
<p a \S a n S 0 = <p 0 \ S a n S 0 for all (a, /3) g sV x so ( cf . I, 6.7), 
there is a unique map 9.’ U ► U <Pa(Sa)> which is easily verified to 

a a 

be an isomorphism. Since by 3.2(a) both (J and <p a (S a ) are ideals, 

a a 

we find that (J S a e E. 

a 

If W e Ej we have an isomorphism as required (that is, alternative 1 or 
2 of the theorem). If W e E, then by 3.4 there must be some S a = W(w 0 ) 
with W(zv 0 ) U {w 0 } g E. In this case, we must have <p a (S a ) — X (that is, 
alternative (3) of the theorem), for otherwise, y a (S a ) = X (x 0 ) and extend¬ 
ing <p a by (p(w 0 ) = x 0 would give the contradiction W(w 0 ) u{ro 0 } g E. 
The uniqueness of the isomorphisms follows from the lemma. 

For subsets of a well-ordered set, the following consequence is of 
importance: 

4.3 Corollary (a). Any subset A of a. well-ordered set W is isomorphic 
either to W or to an initial interval of W. 

(b). No initial interval of W can be isomorphic to W. 

Proof: (a). Regarding A as a well-ordered set, we show the possibility 
that W is isomorphic to an initial interval of A cannot occur. If 
g: W—> A(a 0 ) were such an isomorphism, then, using the identity map 
i:A—>W, we would have a monomorphism g ° i: A —x A satisfying 
go i ( a 0 ) -< a 0 and contradicting 4.1 on comparison with 1: A —> A. (b) is 
a direct consequence of 4.2. 

Ex. 1 It is important to note that A C W may be isomorphic to W: Taking 
W = a> and A as the subset of even integers, 2n -» n is such an isomorphism. 
However, no initial interval of W can be isomorphic to W. 

4.4 Corollary The class of all well-ordered sets is well ordered, if we 
define W ^ X to mean that W is isomorphic to an ideal of X (and 
W = X means that W is isomorphic to X). 
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Proof: Clearly, W ^ X is a preordering. To see that it is a partial 
ordering, observe that ( X ^ W) A (W ^ X) => W = X, since by 4.2, 
one set isomorphic to an initial interval of another excludes the possibility 
of the second set being isomorphic to an ideal of the first. To show that 
this is a well-ordering, let 01 be any nonempty class and We £8; because 
each X e 38 that precedes W is isomorphic to an ideal of IT, and because 
I(W) is well ordered, there is a first element in 08. 


5. Transfinite Induction and Construction 

There are two induction principles associated with ordinals. 

5.1 Theorem (Transfinite Induction) Let IT be a well-ordered set, 
and let Q C W. If [W(x) C Q] => [x e Q] for each x e W, then 
Q=W. 

Proof: The first element, 0, of W is in Q , since 0 = W( 0) C Q, 
and evidently there can be no first among the elements not in Q. 

Remark 1 : Theorem 5.1 is frequently stated in the following form: 

(a) Let {P(x) | a; e W} be a set of propositions. Assume both (i) P(0) is true, 
and (ii) for each x, the hypothesis that every P( a), a e W(x), is true implies 
P(x) is also true. Then every P(x) is true. 

This is evidently 5.1, with Q = {* | P(x) is true}. 

Remark 2: On a>, the induction principle is equivalent to: 

(b) Let (P(i') | i e o>} be a set of propositions. Assume both (i) P(0) is true, 
and (ii) for each n, the hypothesis that P(n - 1) is true implies P(n) is 
also true. Then every P(n) is true. 

The equivalence of (a) and (b), on id, follows precisely because each element of 
has an immediate predecessor; and since, as we have seen, well-ordered sets do 
not always have this property, the analogue of (b) is not generally true. For 
example, onw u {q} y where q is adjoined as the last element, the form (b) does not 
establish that P(q) is true. 

The second induction principle is the important 

5.2 Theorem (Transfinite Construction) Let IT be a well-ordered set, 
and E an arbitrary class. Assume: 

For each x e W, there is given a rule R x that associates with each 
<p: W(x) -> E, a unique R x (<p) e E. 

Then there is one, and only one, F:W^E such that F(x) = 
^[F | W{x)\ for each x e W. 
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Proof: There is at most one such F. For, if F, G were two distinct 
such maps, there would be a first x with F(x) # G(x ); then, since 
F | W(x) = G | W(x), we would have F(x) = G(x), contradicting the 
choice of x. We now use 3.4 to show that a map F, as required, exists. 
Let E be the set of those ideals S of W for which there is a <p s : S-+ E 
satisfying the stated condition. By what we have already proved, <p s is 
unique on each S, and therefore, on (the ideal) S D S' we have 
cp s \SnS' = <p s . | S C\ S'; as in 4.2, we conclude that any union of 
members of E belongs to E. Let S = W(x) eE\ then W(x) U {,*} eE, 
since we can extend cp s by setting cp(x) = R x (<p s | IT(x)). It now follows 
from 3.4 that W e E, proving the theorem. 

Remark 3: Writing 0 for the first element of W, note that JT(0) = 0 ; since 
there is only one map, 0 - > F, the hypothesis of 5.2 tacitly assumes that <p(0) is 
uniquely defined. Thus, in greater detail, 5.2 can be stated as follows: Let W 
be well-ordered, E an arbitrary class, and e e E a given element. Assume that 
for each x ^ 0, there is given a rule R x that assigns to each cp: W(x)-+E an 
element R x ( 9 ?) e E. Then there is exactly one F: W -> E such that F( 0) = e and 
F(x) = R X [F | W(x)] for each x ^ 0. 

Remark 4: In w, 5.2 can be given a simpler form because each element has an 
immediate predecessor: Let E be an arbitrary class and e e E a given element. 
Assume that for each n there is given a map R n : E —> E. Then there exists one, 
and only one, F: 00 - > E such that F(0) = e and F(n -fi 1) = F n + 1 [F(«)] for each 
n e co. 

Remark 5: The reader should observe that 5.2 cannot be proved by simply 
defining F: W —> E by the formula F(x) = R X [F \ W (x)]: such a definition would 
be circular in that it defines F in terms of itself. The whole purpose of 5.2 is to 
show that there exists a map F: W —> E having this property. 


6. Ordinal Numbers 

In the class of all ordinals, define W = X if W is isomorphic to X. 
This is evidently an equivalence relation, so it divides the class of all 
ordinals into mutually exclusive subclasses. We wish to attach to each 
ordinal an object, called its ordinal number (underscored in the subsequent 
text), so that two ordinals have the same ordinal number if and only if 
they are isomorphic. Following Frege, we could define the ordinal 
number of an ordinal to be the equivalence class of that ordinal. Though 
this definition is adequate for most mathematical purposes, it has the 
disadvantage that ordinal numbers are not sets: Without separate 
axiomatics for them, we could not, for example, legitimately consider 
any collection of ordinal numbers. In this section, we will define 
“ordinal number’’ within the framework of set theory. It will be shown 
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that there exists a uniquely defined well-ordered class such that each 
well-ordered set is isomorphic to some initial interval of . The 
desired objective is attained by calling the members of ordinal 
numbers and assigning to each ordinal W the a e for which W = 2£(a). 

The basic idea is to use the sets postulated by the axiom of infinity 
(I, 8 , Axiom X): each a e St will be a set whose elements are all the sets 
in 2 C that precede it; in other words, each a e 2 £ will be simply the initial 
interval 3? (a) in . To illustrate the mechanics, we write down the 
first few members of 2C : 

0 ; {0}; {0, {0}}; {0, {0}, {0, {0}}}. 

The ordinal number of {1, 2, 3j, in its natural order, is then 

{ 0> { 0}, {0,{0}}}- 

6.1 Definition An ordinal number is a set a with the properties 

( 1 ) . (x e a) a (y e a) => (x ey) v (y£x) v (y = x). 

( 2 ) . (xey) a (y e a) => (* e a). 

We say that “x precedes y” in a if “x e y ”; observe that g is not an 

ordering, since by I, 8.11, x E x is not true. The e-relation in ordinal 
numbers has the properties 

6.2 (a). In each nonempty set A C a, there is a unique a e A (called 

the first element of A) such that (a e x) v (a = v) for each 
X 6 A. 

(b) . The first member in a is 0 . 

(c) . If sea, then z is also an ordinal number. 

Proof: (a). By the axiom of foundation (I, 8 , Axiom IX), there is an 
a e A with a n A = 0 [that is, (x e A) => —,(x e a)]; in view of 6.1(1), 
the element a has the required property. If there were another element 
b e A with this property, we would have a e b and b E a, which contra¬ 
dicts I, 8 . 11 ( 2 ). 

(b) . If a is the first member of a, there can be no x e a because of 
6 .1(2). 

(c) . Let x,yEz; since (x, y e z) A (z E a) => (x, y e a), we find 
that 6.1(1) is valid for the members of z. To verify 6.1(2), assume that 
(xej) A (jes); by what we have just proved, we must have one of 
(x g #), (# G ^), (z = x), and we need show only that the last two 
possibilities cannot be true. 

(i) . If z e x, then the subset A = {x, j,s}C« does not have a first 
element, as required by (a). 

(ii) . If # = x, we would have (xey) A {y e x) which violates the 
axiom of foundation [cf. I, 8.11 (2).] 
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According to (c), ordinal numbers can be treated as sets or as 
elements of sets. We next establish the essential uniqueness of ordinal 
numbers. 

6.3 (a). If g, § are ordinal numbers, and g # §, then g C £ if and 

only if g e § (that is, an ordinal number consists of all those 
ordinal numbers that are proper subsets of it). 

(b). If g and § are any two ordinal numbers, then either g C £ 
or ^ C a. 

Proof: (a). If g e then by 6.1(2), x e g => x e so that g C 
Conversely, assume g C § and let x 0 e § be the first element of @ — g. 
The definition of # 0 shows that y e x 0 => y e g, so that x 0 C g. Now 
assume that' y eg; since the possibilities tf 0 ey, x 0 = y are excluded 
because each implies # 0 e g, we find that y e g => y e x 0 , and so 
$ C x 0 . Thus a = x 0 e §. 

(b). It is immediate that g n £ (that is, {# | x e a a x e j3}) is an 
ordinal number; we need show only that it is one of a, §. If it were 
neither, then g n § would be a proper subset of both g and so, by 
(a), we would have (gfi^eg) A (g n ^ e {$), which would then imply 
g n j8 e g n in contradiction to I, 8.11. 

We now have the comprehensive 

6.4 Theorem Let be the class of all ordinal numbers. Define 
g § if and only if a C £. Then: 

(1) . is well-ordered by <. 

(2) . is not a set. 

(3) . For each ge^, the initial interval -S°(g) = g and, in 

particular, is a set. 

(4) . If E is any set of ordinal numbers, there is an ordinal number 

greater than all the ordinal numbers in E (and, in fact, a 
smallest such ordinal number). 

(5) . Every nonincreasing sequence of ordinal numbers is neces¬ 

sarily finite (that is, if g 0 ^ g x • • •, then there is an n such 
that gj = a n for all i ^ n ). 

(6) . Each well-ordered set W is isomorphic to a suitable 2£( g). 

g is called the ordinal number of W and is denoted by 
“ord W” 

Proof: (1). < is clearly a partial ordering. To see that it is a well¬ 
ordering, let E C be a nonempty set; we are to show that E has a 
first element. Choose g 0 e E and define 

A = g 0 n E = {# | (x e g 0 ) A (xe E)}. 
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If A = 0 , then by 6.3(a) and (b), we find that 
x E E => — 1 (# C g 0 ) => g 0 C x 
so that g 0 is first in E. 

If A # 0 , then by 6.2(a), there is an a e d with (a e x) V (« = #) 
for each x e A. We now have aeE and a C x for each #eg 0 nE; 
but since a C g 0 and g 0 C y for each y e E — (g 0 D E), we also have 
a C y for each y e E — (g 0 n E), so that a is first in E. 

(2) . If were a set, we verify immediately that would then be an 
ordinal number, and this would imply that e which is impossible 
( 1 , 8 . 11 ). 

(3) . Given g e i2T, ^(g) = {@ | § e A £ e g); by 6.2(c), the 
condition e is redundant, so i2?(g) = {J3 \ § E g} = g. 

(4) . Let E be any of ordinal numbers. Then £ = (J (g | geE) 
is a set, easily verified to be an ordinal number. Since we have g C £ 
for each g e E, it follows that g ^ § in . Noting that § U {§} is also an 
ordinal number and that § is a proper subset of § u {§}, we find £ U {£} 
larger than each a e E. The second part follows from (1). 

(5) . Since is well-ordered, the set (gj | i e N} has a first element, 
which is some one of its members, say, g n . Then, for all i ^ w, we have 

«i = «n- 

(6) . We will use transfinite construction. For each xeW and each 

93 : JV(x) define R x (<p) to be the smallest ordinal number greater 

than all the ordinal numbers in y(W(x))\ this definition is legitimate, 
since by the axiom I, 8, VI of replacement, <p{W(x)) C is a set and (4) 
applies. By 5.2, there exists a map E: JV such that F(x) = 

R X [F | W(x)] for each x e W, and it is easy to see that E is a mono¬ 
morphism. Since F(W) C is a set, we have by (4) that F(W) C i^(^) 
for some §, and from 4.3 that W is isomorphic to some iF(g). [The 
reader may show that, in fact, F{W) = ^(g).] 

According to 6.2(b), the smallest ordinal number is 0, the null set; 
it is denoted by “0.” The next one, as indicated before, is { 0 }, whose 
only member is the null set, and is denoted by “l.” The ordinal number 
{Q, 1} is denoted by 2, and in general, the ordinal number with the n 
elements (0, 1, • • •, n — 1 } is denoted by n. If g is any ordinal number, 
g U (g) is also an ordinal number, written g + 1. Note, however, that 
the axiom of infinity (I, 8, X) states the existence of ordinal numbers 
not of the form g U {g}; these are called limit ordinal numbers and have 
no immediate predecessor in . 

A well-ordered set W is called finite if ord W — n for some n. The 
ordinal number of the well-ordered set (1, 2, • • in its natural order is 
denoted by g>. Taking the notation for intervals in E 1 , we denote iF(g) 
by [0, g[; obviously, ord[0, g[ = g. 



45 


Sec. 7 Cardinals 

6.5 Remark We have used the ordinal numbers as "counters”—attention has 
been directed to the. initial intervals of . However, if in any ordinal num¬ 
ber a we define jc -< y by (# e y) V (* = y), 6.2(c) and (a) show that -< is a 
well-ordering of a. Denoting a together with this well-ordering by a(w), 
it follows at once from 6.3(a) and 6.4(3) that the identity map of <x(w) onto 
2£((x) is in fact an isomorphism of well-ordered sets, so that ord a(w) = a. 
Thus we can (and shall) equally well regard as a well-ordered class of 
well-ordered sets, containing exactly one representative from each equivalence 
class of isomorphic ordinals. 

In the future, we will denote ordinal numbers by a Greek letter 
without underscoring whenever there is no danger of confusion. 

7. Cardinals 

The ordinals are associated with counting: to count, one counts some 
elements first and thus tacitly induces a well-ordering. The concept of 
cardinal is related simply to size: we wish to determine if one of two 
given sets has more members than the other. Counting is not needed for 
this purpose: we need only pair off each member of one set with a 
member of the other and see if any elements are left over. “Same size” 
is thus formalized in 

7.1 Definition Two sets, X and Y, are equipotent (or have the same 
cardinal) if a bijective map of X onto Y exists. We denote 
“X equipotent to Y” by “card X = card Y.” 

It is evident that equipotence is an equivalence relation in the class 
of all sets, so it decomposes this class into mutually exclusive subclasses, 
called equipotence classes. 

Ex. 1 Let X — {2 n | n e N } C N. Then card X = card N, since n —> 2n 
is a bijection of N onto X. Note that a set may be equipotent with a proper subset. 
Ex. 2 Any open interval ]a, &[ C E 1 is equipotent to J = ] — 1, +1[, since 

x —> - 2 a x + ls a bijection J —> \a, b[. Furthermore,^is equipotent with 

E 1 , as x —> ——t— r shows. Thus, by transitivity, card ]a, 6 [ = card E 1 : each open 

1 + |v| 

interval in E 1 has "just as many points” as E 1 itself. 

Ex. 3 Distinct ordinals may be equipotent. The ordinals [0, a>[ and [0, cd] in 
are not isomorphic [ cf . 4.3(b)], but 93 ( 0 *) = 0, <p(n) = n + 1 is a bijection of 
[0, o»] onto [0, a>[. This indicates an important distinction between finite and 
infinite ordinals: For infinite sets, the ordinal number depends both on the size 
of the set and the manner in which the set is counted. Thus the decomposition 
of the class of all ordinals according to equipotence does not coincide with that 
according to isomorphism', each isomorphism class lies in one equipotence class, 
ut an equipotence class generally contains many isomorphism classes. 
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Let X be any set. The set of all maps X —> {0, 1} ({0, 1} is the set 
consisting of the two integers 0, 1) is denoted by 2 X . For any set A C X, 
the map c A e 2 X defined by 

CO x e A 

^ ( * ) = ll xeA 

is called the characteristic function of A. The following simple result has 
important consequences. 

7.2 Card 2 X = card &(X). 

Proof: Define /: 2 X —> OP(X) by c —> c -1 (l); / is clearly surjective, 
since f{c A ) — A. But / is also injective: c ^ d => 3 x: c(x) # d{x) 
=> x belongs to exactly one of c _1 (l), d~ 1 {\) => f(c) 

To compare the size of sets, we make the 

7.3 Definition For two sets, X, Y, we write card X < card Y if an 
injection X -» Y exists. 

Note that we use " ^ ” rather than “smaller”: The existence of an 
injection X -> Y does not exclude the possibility that there is also a 
bijection X Y, as Ex. 1 and 2 show. 

7.4 (a). Card A < card X for any subset A C X. 

(b). If there exists a surjection /: X —► Y, then card Y ^ card X. 

Proof: (a). This proof is trivial, (b). Let c be a choice function for 
the family £P(X); since {f~ x iy ) | y e Y} is a partition of X, it follows that 
y —> c[/ _1 (y)] is an injection Y X. 

We wish to attach a symbol to each set X , called its cardinal number, 
in such a way that two sets have the same cardinal number if and only if 
they are equipotent. For this purpose, note that because [2.1(3)] every 
set can be well-ordered, it follows from 6.4(6) and 6.5 that each equi- 
potence class contains at least one ordinal number and, since is well- 
ordered, a smallest such ordinal number. This uniquely determined 
representative is called the initial ordinal number of the equipotence class, 
and is denoted generically by the Hebrew letter K (aleph). 

7.5 Definition The cardinal number of X, denoted by &(X), is the 
initial ordinal number of its equipotence class. 

Thus a cardinal number is an ordinal number that is not equipotent 
to any smaller ordinal number. The notation gives (a) the smallest 
ordinal number to which X is equipotent (that is, the “most economical” 
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way to count X ) and (b) a unique standard set equipotent to X. It is 
clear that X(X(X)) = X( A) and also that X(IY) ^ ord W, for any ordinal 
W (in Ex. 3, we have X[0, co] < ord [0, <o]). 

Certain sets occur frequently and have special symbols: X(0) = 0, 
and X({1, •••,«}) = n\ N(iV) = X 0 (rather than co, to indicate that size 
but not order is the property being considered). A set X is called finite 
if X(X) = «.for some n\ otherwise, it is called infinite , and its cardinal 
number is a transfinite cardinal number. Any set X with X(A) ^ X 0 is 
called countable', otherwise, it is called uncountable. 

The statement “card X(A) ^ card X(Y)” means that there is an 
injection of the set N(A) into N( Y); on the other hand “X(A) ^ X( Y)” 
means that the ordinal X(A) is isomorphic to an ideal of X(Y). The 
following fundamental theorem shows that the comparison of the sizes 
of X, Y is identical with the comparison of the ordinal numbers N(A), 
N(Y). Precisely, 

7.6 Theorem Card X ^ card Y if and only if X(A) ^ X(Y). In 
particular, card X = card Y if and only if X(A) = X( Y). 

Proof: Because of transitivity and equipotence of X (resp. Y) to 
X(A) [resp. X( Y)], it is evident that X(A) ^ N( Y) => card X ^ card Y. 
Conversely, assume that card X < card Y; then there exists an injection 
N(Y) so we can regard X as a subset of X( Y) and then conclude, 
from 4.3(a), that ord X ^ N( Y). Since X(A) ^ ord X is always true, 
this proves the theorem. 


One of the most important consequences of 7.6 is 

7.7 Corollary (Bernstein-Schroder) If there exists an injection X -> Y 
and also an injection Y X, then there exists a bijection X —>■ Y. 
In particular, card X < card Y (that is, card X ^ card Y and 
card X ^ card Y) if and only if (a) there is an injection X —> Y 
and (b) there exists no injection Y —> X. 

Proof: According to 4.2, the ordinal inequalities X(A) ^ X(Y) and 
K(Y) ^ X(X) imply that X(A) is isomorphic (and so, in particular, 
equipotent) to X(Y). 

Ex. 4 The cardinal numbers are characterized as those ordinal numbers jS 
such that card a < card § for all a < j3. 

Ex. 5 Card (N x N ) = card N ; more generally, for any finite number of 
factors, card ( N x • • • x N) — card N : the set of all ordered &-uples of non¬ 
negative integers has cardinal number X 0 ; that is, it is countable. For, n —> 
(«, 0, • • - 0) is an injection iV —> N x • • • x N, and if 2, 3,- • • p k are the first k 
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primes, the fundamental theorem of arithmetic shows that (n lt • • -n k ) —> 2 n i•• -pfo 
is an injection N x • • • x N —> N. It is immediate that the set of all ordered k- 
uples of nonnegative rationals is countable. 

Ex. 6 For any nondegenerate interval (open, closed, half-open) K C E 1 , 
card K — card E 1 . For openj, Ex. 2 shows XQO = ^(E 1 ). For arbitrary K, find 
open J, J' with J C K C J'; then by 7.4(a) and 7.6, 

KJ) < *(K) < «C70 = KC7). 

Ex. 7 Card &{N) — card 2 N = card E 1 . We first observe that each real 

CO 

number in [0, 1] has a dyadic expansion 2 2 ~ n a n , with each a n = 0 or 1. The 

i 

expansion is not necessarily unique: expansions ending with all l’s can be con¬ 
verted to expansions ending in all 0 ’s; the convention that if any number has two 
expansions, we always use the expansion with infinitely many l’s, gives uniqueness. 
Now let A C 2 N consist of all characteristic functions taking the value 1 infinitely 
often. Define 93 : 2 N -> E 1 by 

<P( C ) = 2 ^ 2 ? ifceA, 

1 * 


-2 + ff 


if c e A. 


By our remarks, cp is injective. Since ]0, 1] C <p(2 N ) C E 1 , the assertion follows 
as in Ex. 6. 


We now establish the comprehensive 


7.8 Theorem Let Jf be the class of all cardinal numbers. 

(!)• is well-ordered. 

(2) . For any given cardinal number, there exists a larger one. In 

fact, for each set X, card X ) > card X. 

(3) . 0 is the smallest cardinal number, and X 0 is the smallest 

transfinite cardinal number; that is, every infinite set contains 
a countably infinite subset. 

(4) . The class Jf is not a set. 


Proof: (1) is trivial, since C &. 

(2). We replace &(X) by 2 X . Then: 

(a) . There is an injection X-> 2 X : define x c {x) , the character¬ 

istic function of {x}. 

(b) . There is no injection 2 X —^ X. We argue by contradiction. 
If there were such an injection, then (a) and 7.7 would yield a bijection 
(p: X 2 X . Denote the value of y at x by c (x \ some characteristic func¬ 
tion, and define c e 2 X by c(x) — 1 — c (x) (x). This differs from each c (x) 
and is therefore not in <p(X), contradicting that 9 ? is bijective. 
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(3) . The first part is trivial. For the second, we need show only 
that for any infinite A, there is an injection N -» X. We proceed by 
inductive construction on the well-ordered N. Let c be a choice function 
for the family £?(X); define 9 ( 1 ) = c(A), and for each 9 : N(n)-+X, 
let Rniv) = C (X — <p[N («)]). X — 9 ?[iV(«)] cannot be empty for any n, 
since then 9 : N(n ) -> X is surjective and by 7.4(b), X(X) < N(iV(fl)) = 
n. Applying 5.2 yields an F: N X with F(n) = R n [F | AT(»)]. F is 
clearly injective, so X 0 ^ N(AT), and (3) is proved. 

(4) . Assume that Jf is a set. Then X = U {X | X e Jf) is also 
a set, and so 2 X is a set; therefore X(2 X ) C X , and, with 7.4(a), this 
gives X(X(2 Z )) ^ X(AT), that is, N(2 X ) ^ N(AT). This is impossible in 
view of ( 2 ). 

Ex. 8 Ex. 7 and 7.8(2) yield the following important result: Card N < card E 1 
(there are “more” real numbers than there are rational numbers). The cardinal 
number of E 1 is denoted by C and is called the cardinal of the continuum. 

7.9 Remark In view of 7.8(2), the question arises: For an infinite set X, is there 
any cardinal between X(AQ and X(^(AO)? The hypothesis that there is no 
such cardinal is called the generalized continuum hypothesis (the “continuum 
hypothesis” is that there does not exist any cardinal between X 0 and C). 
Under the assumption that the Axioms I-XI of I, 8 are consistent, K. Godel 
proved that the generalized continuum hypothesis is consistent with these 
axioms, and P. J. Cohen proved that the negation of the continuum 
hypothesis is also consistent with the given axioms. Thus, both the con¬ 
tinuum and generalized continuum hypotheses are independent of the other 
axioms of set theory: neither hypothesis can be proved or disproved on the 
basis of I-XI alone. However, if the generalized continuum hypothesis be 
taken as an additional axiom for set theory, W. Sierpinski has shown that 
the Axiom XI of choice becomes redundant: it can be derived from the 
generalized continuum hypothesis and axioms I-X. 

7.10 Remark Using 7.8(1), the aleph notation for cardinal numbers is supple¬ 
mented with ordinals as follows: For any cardinal number X, the set 
{X | X 0 < X X} is well-ordered, so it is isomorphic to an idekl 3?(a) in 

. It is then conventional to write X as X„, when used to indicate size, and 
as m a when it is to be considered as an ordinal number. If a has no immediate 
predecessor, X a is called an inaccessible cardinal number. In this notation, 
the continuum hypothesis is that X x = C; the generalized continuum 
hypothesis is that for each ordinal number a, X(^(X a )) = X a + 1 . 


8. Cardinal Arithmetic 

In this section, operations on cardinal numbers that extend those of 
ordinary arithmetic will be defined, and the fundamental theorem of 
this arithmetic will be proved. There is a more interesting ordinal 
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number arithmetic, differing from the cardinal arithmetic, but we shall 
not discuss it here. 

8.1 Definition Let (X^ | p e Jtj be any set of cardinal numbers. Their 

sum 2 is determined by selecting a pairwise disjoint family 

u 

{A u | p e JZ) of sets with X(A U ) = X M for each p, and setting 



Note first that for any family {A u \ p e JI) of sets, we can always find 
a pairwise disjoint family {A' u \ p e Jt} with X(y2 y ) = X(^) for each 
p, by setting A ' = {p} x A u ; the operations in 8.1 are consequently always 
defined. Furthermore, the definitions are unambiguous: If { B M | p e 
is any other family of pairwise disjoint sets with X(A U ) = X(£ M ) for 
each p, to verify that X((J A u ) = X((J B u ) and X(P] Af) = X(f] Bf) is 

U H HU 

trivial. In fact, observe that X(]^[ A u ) is the same whether or not the 

U 

family {A u | pe^/I} is pairwise disjoint; though this is not true for 
sums, we have 

8.2 If (A u | p e Jf\ is any family of sets, pairwise disjoint or not, then 

U u 

Proof: Using the pairwise disjoint family {p} x A^ = A' u , there is 
clearly a surjection U ^u U ^u g lven by (p, af) from 7.4(b) 

we find X(U A,) a X(U A'.) '= 2 

M U u 

The Boolean operations and I, 4.2, immediately give that addition 
(and multiplication) is unrestrictedly commutative and associative, and 
that X- ^ K/x = 2 (^‘ fyt)- ^ is simple to verify monotoneity (that is if 

X M ^ X' for each p, then 2 ^ 2 ^ an( ^ H ^ Y~[ an d that 

HU HU 

0-X = 0, 0 + X = X = LX. For finite sets and sums, these operations 
reduce to the usual ones, in that n + m = n + m , n m = n-ni . 

Starting from 2 • X = (]_ + i) ■ X = 1 • X 4 - 1 • X, we get by induction 
that the sum of n terms X is n- X. This extends even to infinitely many 
terms X, 

8.3 (a). If the cardinal number of the indexing set is X', and if each 

X^ = X, then 2 ^ = X' • X. 

H 

(b). The union of a countable collection of countable sets is 
countable. 
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Proof: (a). Letting (A u | /x e JK) be a pairwise disjoint family of sets 
with X(^) = X for each [x, and choosing one of them (say, A 0 ), we have 
for each a bijection f^:A 0 -^-A u . Since the map M x A 0 —> 

(J A u given by (/ x , a) —> f u (a) is easily seen to be bijective, this proves (a). 

(b). Since X( A t ) ^ X 0 for each i e N, use 8.2, monotoneity, and (a) to 
find 

00 00 

«(U4) < 2^0 = No-No- 

< 1 1 

According to 7, Ex. 5, we have card (N x N) — card N, that is, 
X 0 • X 0 = X 0 , which establishes (b). 

Ex. 1 With 8.3(b) we can extend 7, Ex. 5; the cardinal number of all rationals 
in E 1 (positive, negative, and zero) is X 0 . More generally, the set of all points in 
E n with rational coordinates is countable. 

Ex. 2 Transcendental numbers exist. Indeed, for each n, the cardinal number 
of the set of all polynomials of degree n with integer coefficients is X 0 , according to 
Ex. 1, so by 8.3(b) the set of their roots is also countable. From 8.3(b), again, it 
then follows that the set of all algebraic numbers is countable. But ^(F 1 ) = C > X 0 . 

8.4 Definition Let X, X be two cardinal numbers. The exponentiation 
X 8 is the cardinal number of the set of all maps X -> X. 

This notion of exponentiation reduces to the usual concept for finite 
cardinals: n m = nf. Note that 2 8 is simply the cardinal number of the 
set of all characteristic functions on X so, by 7.8(2), it is always true that 
X < 2 8 and, by 7, Ex. 7, that 2 8 o = e. 

If X, X are any two sets, let X x denote the set of all maps X —> X. It 
is trivial to verify that, if X(AT) = X and X(AT) = X, then X(X X ) = X 8 . 

The usual rules for exponentiation apply: (X) s + 8 ' = X K X 8 ', 
(X X) 8 ' = X s '-X*', and X 8 ’ 8 ' = (X 8 )*'. We indicate a proof of the 
last equality; the others are proved similarly. Choosing X, Y, Z, such 
that X(W) = X, X(T) = X, and X(Z) = X', associate with each 
f e X YxZ the map <p f :Z-^> X Y given by z 0 —>■ f(y, £ 0 ); then / —> cp f is 
easily verified to be bijective. 

Ex. 3 XX = KS, since X 1 = X and Xl+l = X2 ; also X° = 1 from I, 6 , 
Ex. 3; thus, with finite cardinals as exponents, exponentiation has the usual inter¬ 
pretation. Also from I, 6, Ex. 3, 0 s = Q. 

Ex. 4 As with sums, Ex. 3 extends to infinitely many factors: If X w = X 
for each fx e J'Z, and if X(^#) = X', then J - } = • F°r n is the cardinal 

M U 

number of ]~J X u , where each factor is the same set X having X(AT) = X and, 

u 

by I, 9, Ex. 2, X u is the set of all maps X. In particular, the Cantor set 

has cardinal number 2 8 <> = C. 
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We have seen that X 0 • X 0 = X 0 ; the fundamental theorem asserts that 
this is true for all transfinite cardinal numbers: 

8.5 Theorem X X = X for each X ^ X 0 . 

Lemma If X• X = X for any X, then also X = 2 ■ X = 3 • X = XX. 

Proof of Lemma: We have 

X = X + 0 < X + X = 2[X < 3-X < X X = X. 

Proof of Theorem: It suffices to prove that for some set M with 
X(M) = X, there is a bijection M -> M x M. We use Zorn’s lemma, 
2 . 1 ( 2 ). 

Let X be any set with X(W) = X, and let sY be the set of all couples 
(A, <p A ), where A C X and <p A : AA x A is a bijection. Then 
# 0 : since X is infinite, 7.8(3) shows that X contains a subset A 
with X(^4) = X 0 , and we know that X 0 • X 0 = X 0 . 

Partially order sY by (A, <p A ) -< (B , <p B ) if both A C B and y B \ A = <p A . 
Each chain {(A e , <pf) | j 8 e Ad) has an upper bound (IJ A e , <p) because 

of I, 6.7, and consequently there is a maximal ( M, cp M ); since 
cp M : M -> M x M is bijective, we have X(M)-X(M) = X(M), and 
the argument reduces to showing that X(M) = X. 

Since M C X, we have X(ikf) ^ X(W) = N; we shall prove that 
X(M) < X(W) is impossible because it would contradict that ( M, <p M ) 
is maximal in s#. Thus, assume that X(M) < X(W). Then we must 
have 


( 1 ). X(M) < X(W - M). 

For, if X(W — M) ^ X(M), then because X = M U (X — M) is a 
disjoint union, using the lemma would yield 

X(W) = X(M) + X(W — M) ^ X(M) + X(Af) = 2 X(M) = X(M), 

which contradicts the assumed X(M) < K(X). 

Because of (1), there is a bijective map of M onto a subset 7 Cl - M, 
and we have X( Y) = X(M), Y C\ M — 0. To extend <p M to a bijection 

<p: (M u Y) ^ (M u Y) x (M U Y) 

= (M x M) u (M x Y)U(Y x M)U(Y x Y), 

we need show (I, 6.8) only that a bijection 

Y — (M x Y) u (Y x M) u (Y x Y) 

exists. This is, however, apparent, since on the right side the sets are 
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pairwise disjoint, so from X(Y)-X(Y) = X(Y) and the lemma, the 
right side has cardinal number 3-X(Y) = fc£(Y). Since 

(M, cp M ) < (M u Y, <p), 

this contradicts the maximality of ( M , <p M ). Thus X(M) < X(X) is 
impossible, and as remarked, this proves the theorem. 

The basic facts of cardinal arithmetic follow from 8.5. They show 
that the only way to obtain larger cardinal numbers is through exponentia¬ 
tion. 

8.6 Corollary Let X, X be two cardinal numbers, at least one of which 
is transfinite. Then: 

(a) . X + X = X X = max(X, X). 

(b) . If X < X, then X — X = X; that is, removal of a set having 

a smaller cardinal number does not reduce the cardinal 
number of the given set. 

(c) . If 2 ^ X < X, then X 5 = 2*. 

(d) . X- = X for each finite n and transfinite X. 

Proof: (a). Assume that X ^ X. Then: 

X = 1 X ^ X X < X X = X, 

X<X + X^X+X = 2X^XX = X. 

(b) . Let A C X and X(,4) < X(X). Since X = A U (X - A) is a 
disjoint union, X(AT) = X(y2) + X(X — A) = max[X(v 2 ), X(X — A)]; 
since X(i4) < X(AT), we obtain X(A) = H(X - A). 

(c) . By 7.8(2), always X < 2 s ; thus: 

2 s ^ X s ^ (2 K ) a = 2» s = 2 s . 

(d) . This follows by induction, starting from X s = X • X = X. 

Ex. 5 Card E n = card E 1 ; that is, "E 1 has just as many points as E n .” For, 
E n = E 1 x • • • x E 1 («-factors) and 8.6(d) applies. 

Ex. 6 ( There are uncountably many transcendental numbers. For, by Ex. 2, 
there are X 0 many algebraic numbers, and 8.6(b) shows that the cardinal number 
of the set of transcendental numbers is C. 

Ex. 7 The cardinal number of the set of all continuous real-valued functions 
on E 1 is C. For, a continuous function is completely determined by its values on 
the (countable) set of rationals; therefore it can be identified with a map Q -» E 1 . 
Thus their cardinal number does not exceed C R o = (2 x o)No = 2 K o = c, and since 
the subset of constant maps has cardinal number C, the assertion follows. Note, 
however, that the set of all real-valued functions on E 1 has cardinal number 
C c = 2 C > C. 
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Ex. 8 For any ordinal number a, let co B be the ordinal number X B (cf . 7.10). 
Then, in , X([co B , £u b + i[) = X B + 1 . Indeed, since (by definition) X B is the first 
ordinal in its equipotence class, we have X([0, y[) ^ X B for each y < o> B + i and 
X([0, o» b + 1 D = X B + 1 , so we apply 8.6(b). In particular, given any countably 
infinite X, there are exactly X x ways in which X can be well-ordered. 

Ex. 9 The theorem makes no assertion for exponentials X« when X < X and 
X 2s X 0 . Assuming that X ^ X 0 , we show: 

(i) . If X < X, then X < X* 2 K , and 

(ii) . If X = 2 a , then X* = X. 

(i) follows from X X* sg X K = 2 K , and (ii) from X* = 2** = 2* = X. 
Observe that if the generalized continuum hypothesis be taken as an axiom, then 
(i) and 8.6(c) show that the only infinite cardinals of form X# are those of form 2 s . 

We will need two further consequences of 8 . 6 , the first of which 
elaborates on 7.4(b). 

8.7 Let Y be an infinite set, and /: X Y surjective. If card f~ 1 (jy) < 
card Y for each y e Y, then card X = card Y. 

Proof: Since the sets { f~ l (y) \ye Y } partition X, the hypothesis 
gives [8.3(a)] X(X) ^ X(Y)-N(Y) = N(Y); but, from 7.4(b), we have 
X( Y) ^ X{X) also. 

8.8 Let Y be an infinite set, and j/ C &{Y) the set of all its finite 
subsets. Then card srf = card Y. 

Proof: For each n, let stf n be the set of all n-element subsets of Y, 
and let Y n be the cartesian product of n copies of Y. It is clear that there 
is an injection s/ n —> Y 71 consequently K(j/ n ) ^ X(Y n ) = X(Y) n = N(Y) 
and, by 8.2, 8.3(a), we find that X(, 5 /) = N(U ^n) ^ 

n n 

2 H(Y) = N 0 -X(Y) = N(Y). On the other hand, the map y —► (y) of 

n 

Y into s/ is injective, so we also have N(Y) < K(j 2 /) and the proof is 
complete. 

9. The Ordinal Number Q 

Let be the first cardinal number larger than X 0 . When treated as an 
ordinal number, is denoted by Q and called the first uncountable 
ordinal. We derive two properties of &(Q) that will be used later. 

The initial interval <3T(aj) = [0, a>[ has the property that every finite 
subset has an upper bound in 3£{a>). This generalizes to 

9.1 Theorem Each countable subset of [0, has an upper bound in 

[ 0 , Q[. 
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Proof: Let A C 52*(Q) be countable, and let S be the ideal 
U {2£{a) | a e A} C [0, Q[. 

Since Q is not equipotent to any smaller ordinal number, X(i2r(a)) ^ R 0 
for each a < Q, so that, as a countable union of countable sets, 8.3(b) 
shows that K(*$) ^ R 0 < = K(^(f2)), and consequently that S 

cannot be isomorphic to [0, Q[. By 3.2(b), S = [0, j8[ for some j8 < Q 
and j8 is the least upper bound of A. 

9.2 Theorem Let /: [0, £?[->- [0, f2[ be any map such that /(a) < a 
for all a ^ some a 0 . Then there exists a f3 0 < Q with the following 
property: As a increases, its image /(a) repeatedly returns to 
value below fi 0 . In symbols: 3 /3 0 V /S 3 a ^ /?:/(cc) ^ /8 0 . 

Proof: Assume that the conclusion is false. Then 
VA)3£V« ^ £:/(«) > p 0t 

and so we could define a map R: £P(Q) £P(Q) by sending each 

f3 0 e5!P(Q) to the smallest satisfying this condition. By inductive 
construction, 5, Remark 4, there would exist a map op: [0, cu[-h>- [0, Q[ 
with <p(0) = cc 0 and cp(n + 1) = i?[<p(«)] for each n. Thus, writing 

a n = (p{n), we would obtain a countable subset (a n | n e N} C ^(Q) 

such that for each n, (a ^ a n + 1 ) => (/(a) > a n ). By 9.1, (a n | n e N} 
would have a least upper bound a < Q, and we would have the con¬ 
tradictory statements: 

(1) . m < a, since d 9(0) = « 0 . 

(2) . /(a) ^ a because a ^ a n + 1 for each n, so that also/( d) > a n , 

showing that/(a) is an upper bound for {a n | n e N}. 

This proves the theorem. 

9.3 Remark The ordinal Q intervenes in any construction utilizing operations 
that involve at most countably many objects at a time. The general pattern 
and result is as follows: 


9.4 Let A be a set, and ,s/ any family of maps f~[ X —► X (that is, all factors in the 

i 

countable cartesian product are X). For any A C X, write 

^(A) = U{/(fM) l/ej/}. 

Then, given any M 0 such that M 0 C there exists an M n D M 0 such 

that 

(1). sf{M a ) = M n . 
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(2) . M q is the smallest set D M 0 and satisfying (1): that is, if M D M 0 and 
satisfies (1), then M n C M. In particular, M n is uniquely determined 
by M 0 . 

(3) . Ifmax[»(jaO, X(M 0 )] ^ 2, then «(Af n ) < [*{d) • X(M 0 ))] K o. 

Proof : Ad (1). Let P: £^*(A) —> X ) be the map ^4 -» d(A). By transfinite 
construction (5.2), there exists a map <p: 3f{Q) —> 0*{X) with <p(0) = M 0 and 
<p(ce) = jR[U i<p(fi) | ft < «}] for each a < Q. Writing cp{ft) = C A", let M Q = 
(J {M^ | ft < £?}. Then: 

(a) . Mo C d(M n ), since for each xsM n there is a first ft in [1, Q[ with 

* e M 0 , so that * € d(y> { M a j a < ft}) C d(M n ). 

00 

(b) . d(Mft) C M fi : If {*|} £ f] M n , then each coordinate x t e <p(a t ) for 

i 

some at < Q) letting ft < Q be an upper bound of {a ( | i e N}, we have 
U {*<} c U {M a | « ft}, so that s/({x t }) e M e + 1 C M a . 

Ad (2). We proceed by transfinite induction. Given M, let P(a) be the pro¬ 
position "(J {M e | ft < a} C M.” P(0) is clearly true by hypothesis, and assuming 
that P(ft) is true for all ft < a, it follows that M a — d([J {M 0 \ ft < a}) C d(M) 
= M , so that P(a) will be true also. 

Ad (3). Again we use transfinite induction. Let P( a) be the proposition 
“N((J {M/j | ft ^ a}) ^ X(d) H o. S(M 0 ) k °.” P(0) is obviously true. Assuming P(ft) 
to be true for all ft < a, we have [using 8.2, 8.3(a), and 8, Ex. 4] that 

X(M«) < X(d)-[X(d)*oX(M 0 )*o]*o = X(j/)Ko.N(M 0 ) 8 °, 
and consequently, by 8.2 again, 

K(U i M P I ft < «}) < Ki- X(d)«°- N(M 0 )«o 

= X(j/)«oX(M 0 ) 8 o, 

the latter equality holding because one of X{d), N(M 0 ) 5 s 2 and < 2 K °. 
Thus P(a) is true, proving (3). 

Ex. 1 A family of sets £% C &{X) is called a Bor el family if, whenever X t e 3S 

00 00 

for all i e N, then (J A ( e 38 and (~) X t e & also. Letting d( be any family of sets, 
i i 

00 

and letting d consist of the two maps r», w: J~J 2P(fX) —> 0*(X) defined by 

i 

00 00 

{A ( } —> D A t , {A t } —> (J A(, respectively, 9.4 asserts that there is a unique 

i i 

smallest Borel family 5@(df) D di, and that in fact, WjflKdt)) N(«/#) Ko . The 
existence of dt{dt) can also be established more directly by observing (i) that 
^(A) is a Borel family, and (ii) that any intersection Q di a of Borel families is 

a 

also a Borel family. Then 38(dt) is simply the intersection of all Borel families 
containing di. However, this approach gives no information about the cardinality 
of the family &8(df). 

Ex. 2 The existence of M n in 9.4 can also be established directly, as follows: 
Let B = \J{M\M C d(M) A (M 0 C M}. Then B C d{B), since [x e B] => [x 
belongs to some M] => [x e d(M) C d(B)]. On the other hand, B C d(B) 
implies that d{B) C did(B )); that is, d(B) is one of the sets M. Thus d(B) C 
B, showing that d(B) = B. Again no information about the cardinality of B is 
obtained. 
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Section I 

1. Let A be the diagonal in A x A. Show that RCA x A is a preorder if and 
only if A C' JR and R ° R = R. 

2. In Z + , define m -< n if n divides m. Show that this is a partial ordering, that 
every chain has an upper bound, and determine the set of maximal elements. 

3. Let & be the set of all real-valued functions of a real variable. Show that by 
defining / -< g to mean "V x : f(x) sg g(x),” (^", -<) is a partially ordered set. 
Iff -<' g denotes 

(/ = g) or (“”ji = 0 )’ 

is (3F , -<') partially ordered? 

4. A partially ordered set is a lattice if each pair of its elements has a least upper 
bound and a greatest lower bound. Is («^ r , -<) in Problem 3 a lattice? Is 
(£P(X), C) a lattice? In {&(A x A) t C), is the set of all transitive relations a 
lattice? Determine also if the set of all partial orders, preorders, and well- 
orders are each lattices. 

5. Let A be the set of all infinite sequences of real numbers. Order A lexico¬ 
graphically; that is, (oi, a 2 , •••)•< (bi, b 2 , • • •) if either a t = b t for all i, or 
a n < b n at the first place n where they differ. Show that this is a total ordering 
in A. Is the conventional ordering of the rationals the same as the lexicographic 
ordering of their decimal expansions? 

6. Let AT be a totally ordered set. A pair of subsets A, B satisfying (a ) A v B = 
X, (b) A B = 0, and (c) (a e A) A (b e B) => a -< b is called a cut in X. 
If A, B, and A', B' are cuts, show that (A C A') V (A' C A). 

7. Let RCA x A be a well-order. Show that unless A is a finite set, R" 1 is 
not a well-order. 

8. Show that if A is a finite set, each total ordering is a well-ordering. 

9. Let A y B be well-ordered. Show that lexicographic ordering in A x B is also 
a well-ordering. 

10. Let A be well-ordered. Show that there does not exist any sequence {a n \ n e N} 
with (a„ + 1 -< a n ) A (a n + i a n ) for each n. 

11. Let { A a | a e srf) be a family of well-ordered sets, and assume that srf is also 
well-ordered. Order A a lexicographically (as in Problem 5, this means: 

a 

if ft is the first element in {a e s/ | p a (x) ^ p a (y)}> then x -< y if and only if 
Peo( x ) Pe 0 (y))- Using Problem 10, show that this a well-ordering in Y1 A a 

a 

if and only if sf is a finite set. 

Section 2 

1. Prove the following extension of Zorn’s lemma: If X is preordered and if each 
chain in X has an upper bound, then for each given x 0 e X there exists a maximal 
m with Xq -< m. 
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2. Prove the following equivalent to the axiom of choice. 

(a) . [H. Kneser’s form of Zorn’s Lemma.] If X is a preordered set, and if 

each well-ordered subset has an upper bound, then X has at least one 
maximal element [Hint: One way to prove this is to require that a qo-tower 
be well-ordered by inclusion, rather than merely totally ordered, and then 
modify the proofs in 2.1 , 2.3 accordingly. Another proof first establishes 
the result in Problem 7 for this case]. 

(b) If F: X — PP{ Y) is any mapping such that F{x) ^ 0 for each x e X, 
then there exists an f\X—> Y such that fix) e F{x) for each x e X. 

(c) . If X is a partially ordered set, then each chain in X is contained in a 

maximal chain. [M is a maximal chain if (M C C) => (M = C) for each 
chain C C X.] 

(d) . If ^(X) is partially ordered by inclusion, then each subset P C &{X) 

of finite character contains a maximal element. [P C &{X) is of finite 
character if (A e P) (every finite subset of A belongs to P)]. 

3. Let ^(X) be partially ordered by inclusion, and let sY C 3^{X) be a maximal 
chain. In X, define x -< y if either x = y or 3 A e sZ: (x e A) A {ye A). Show 
that this is a total order in X. If, in addition, for each C sZ > it is true that 

f| {A | Ae&}esZ, 
show that -< is a well-order. 

4. Let X be partially ordered by R C X x X. Show that there exists a total order 
R' D R. 

5. Let A be partially-ordered. A set B C A is called cofinal in A if 

Vae A 3 beB: a -< b. 

Prove that every totally ordered set has a cofinal well-ordered subset. 

6. A partially ordered set is "of type oj" if each chain C has a cofinal sequence 
{ct | i e N). Prove that if, in a partially ordered set of type co, each ascending 
sequence has an upper bound, then there is a maximal element. 

7. Let X be a preordered set, and assume that each chain in X has an upper 
bound. Let/: X —> X satisfy x -< f{x) for each x e X. Prove: there exists at 
least one x 0 such that f(x 0 ) < x 0 also. 

8. Let Z be the additive group of reals, and C the additive group of complex 
numbers. Prove that the groups Z and C are isomorphic. 

Section 3 

1. Prove 3.4 directly from the concept of <p-tower. 

2. Let {A a | a e sf ) be a family of well-ordered sets. Assume that for each 
(a, jS) e .s/ x s/, one of A a> A B is an ideal of the other. Prove that in (J A a , 

a 

there is exactly one well-ordering that coincides with that on each A a ; also 
prove that with this well-ordering, each initial interval of an A a is also an initial 
interval in U A a . 

a 

3. Let {A a j a e •£/} be a pairwise disjoint family of well-ordered sets, and assume 
that is also well-ordered. In (J A a , define -< by preserving the given ordering 

a 

on each A a and by setting a -< b whenever a e A a , b e A e , and a -< /?. Show that 
this is a well-ordering in (J A a . 



1. Prove 4 . 2 , using Zorn’s lemma. 

2. Each of the sets {1, 2, • • *, <o}, {a>, 1, 2, • • •}> and {1,3, 5, •••; 2, 4, 6 • • •}> 
ordered as written, is well-ordered. Show that no two are isomorphic, and 
arrange them in order of magnitude. 

3. In the well-ordering of 3 , Problem 3, show that A a s? U A a for each a e stf. 

a 

4. Let A, B be well-ordered. Order A x B and B x A lexicographically. Are 
the sets A x B and B x A isomorphic? 

Section 5 

1. Prove 4.2 by transfinite induction. 

2. If W is any ordinal with infinitely many members, show that o> ^ W. 

3. Show that a set contains infinitely many members if and only if there is a 
bijective map of it onto a proper subset. 

4. Let E be totally ordered. Assume Q C E satisfies 

a. There is an ideal S ^ 0 with S C Q. 

b. For each ideal Si C Q with S\ ^ E, there exists an ideal S 2 ^ Si with 
Si c s 2 C 0. 

Prove that Q = E. 

5. Let E be totally ordered, and have a first element. Show that E is well-ordered 
if and only if the transfinite induction principle S.l is true. 

6. By to* denote the ordered set of nonpositive integers in their natural order. 
Prove: A necessary and sufficient condition that a totally ordered set be well- 
ordered is that it contain no subset isomorphic to u>*. 

Section 6 

1. Given two ordinal numbers a, £?, the sets A = a, B = { 0} x j8 (ordered in 

obvious fashion) are disjoint. Well-order A u B by preserving the order on 
each and having each element of A precede all of B. Well-order A x B by 
(a, b ) -< (a, 6) if ( b, a) -< (6, a) in the lexicographic ordering of B x A. The sum 
a + @ = ord (A u B) and product a.-fi = ord(^4 x B). Prove: 

a. <x + @^j3 + qin general. 

b. 2 • o> ^ • 2. 

c. 2 • oj = o>. 

d. a• + y) = a• @ + a• y, but ( §+ y)-a Q-a + y-a in general. 

e. a < ^ if and only if there is a y > 0 with a + y = § (and show that y is 
uniquely determined by a and £). 

2. Prove that every ordinal number is of form a + n, where a is a limit ordinal 
number and n is an integer. 

Section 7 

1. Prove: A set is finite if and only if every total ordering is a well-ordering. 

2. Show that the set of all countable subsets of E 1 has cardinal number C. 

3. Prove: If every countable subset of a totally ordered set is well-ordered, then 
the entire set is well ordered. 
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4. Prove: For each ordinal number a, there exists a cardinal number X tf . 

5. Prove: Each infinite cardinal number is a limit ordinal number. 

6. Let X be a set. For the characteristic functions on X prove: 

CAnB — Ca‘ c b\ CavB — Ca + Cb — CAnBl 

c n = 1 — FT (1 - c a 4 ); 

1 

if Q = (A - B) u (B - A), then 

Cq = Ca + Cb. 

7. Prove the Bernstein-Schroder theorem directly; that is, that 

(card A =$ card B) A (card B s? card A) => (card A = card B) 
by using Problem 7 in I, 6 . 

8. Let f:Z + x Z + —> Z + be given by ( p , q) —»■ \_p 4- (1/2 )(p + q — 1 )(p + q - 2)]. 
Prove that/is bijective. (/gives the "diagonal enumeration” of Z + x Z + ). 

Section 8 

1. Theorem 8.5 is not true for finite cardinal numbers. Where does the proof 
break down? 

2. Show that in 8 . 6 (b), X — X is indeterminate if X = X, and may be any 
cardinal < X. 

3. Prove: Any set of nondegenerate disjoint intervals in E 1 is countable. The 
same result holds for balls in E n . 

4. Let E 1 x E 1 be ordered lexicographically. Show that there does not exist any 
f:E 1 x E 1 E 1 such that: 

[(*, y) < (*'> y')] A [(ac, y) * (x\ y')] => f(x, y) < f(x\ /). 

5. Show that with any uncountable set of real numbers, one can always construct 
a divergent series. 

6. Prove: If N(F) = X, then E = U {A a | aejs/}, where X(j/) = X and 
X(^4 a ) = X for each a e s#. 

7. Show that X^° > X^° if and only if X x = 2 So . 

8. What is the cardinal number of the set of all injections A —> A? 

9. Let N(X) > N 0 and let Y be an arbitrary set. Let f iy i e N be maps X—> Y. 
Let g : X —> Y be such that: 

V i: X({x | g(x) = fi(x)}) < X 0 . 

Show that there exists an* 0 6 Z such that V i: g(x 0 ) ^ A(xo). 

10. Let E be an infinite set. Prove: There exists a partition {Fj | i = 0, 1, • • •} of 
E such that 8(2^) = X(F) for each i = 0,1, 

11. Let E be an infinite set, and [f n ] n e Z + j any family of mappings of E into 
itself. Prove: There exist two mappings <p,ip:E—>E such that f n = 
<p 2 o ip n o <p o ip for each n e Z + (here, g n =g°g°---°g n times). [Hint: 
Let {E i | i ’ = 0, 1, • • •} be a partition of E as in Problem 10, and choose 
any ifr. E-* E such that ip \ E t : E { —> E i + 1 is bijective for each i = 0,1, 

Now let {E 0i n | n e Z + } be a partition of E 0 as in Problem 10, and define 
cp:E — E 0 -^E 0 so that <p | E n : E n ~ E 0 . n is bijective for each neZ + . 
To define 9 0 on E 0 , observe that 9 n = <p ° *p n ° <p ° ip: EE 0 , n> and set 
<p(x) — f n 0 ^n 1 {x) for x 6 E 0i n . This proof is due to S. Banach.] 



Problems 

Section 9 
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1. Prove an analogue of 9.1 for accessible cardinal numbers and explain the 
difficulty when the cardinal number is inaccessible. 

2. Let ]0, Q\ = u {]an, | p e «/#}, where each ]a^, jSj C ]0, Q\_. Now prove that 

= K lt and that there is a jS 0 < & that lies in at least X 0 intervals ]a M> /?„]. 

3. Let sft C £P(E n ) be any family of sets with X(^#) ^ 2 8 o, and let &{*/?) be the 

smallest Borel family containing d/. Show ^ ^(E n ). 

4. A family s/ C £Z(X) is called additive if X, 7ej/->X u Yes/; it is called 

multiplicative if X, Yes/ => X n Yes/. Prove: Given any family C ^(X), 

there exists a smallest additive family a{sM) D and a smallest multiplicative 
family D s//. Furthermore, = X(m(^#)) =5 X 0 - X(^#). 

5. sZ C 0*(X) is called a finite Borel family if 

X { e s /, * =* 1, •••,«=> U Xu f) X t es/ 

i i 

for all finite n. Given any family of sets Ji, show that there is a smallest finite 
Borel family Sd F {J() D sft, and estimate its cardinality. Show that Sd F {^Jt) 
is the smallest of all families containing jft that are both additive and 
multiplicative. 



Topological Spaces 

m 


Though E l and E n are obviously different, this is not due to one having 
more points than the other, since we know that card E 1 = card E n . 
Geometrically, it is evident that the points are arranged differently, so 
that different subsets are “close together. ” To detect inherent differences 
of this sort, we study sets in which a notion of “nearness” is specified, 
that is, in which a topology is specified. 

I. Topological Spaces 

1.1 Definition Let X be a set. A topology (or topological structure) 
in X is a family S' of subsets of X that satisfies: 

(1) . Each union of members of S' is also a member of S. 

(2) . Each finite intersection of members of S' is also a member 

oiZT. 

(3) . 0 and X are members of S'. 

1.2 Definition A couple ( X, S') consisting of a set X and a topology 
S' in X is called a topological space. 

Instead of “topological space (. X , S'),” we also say U S~ is the topology 
of the space X,” or “ X carries topology S'.” When it is not necessary 
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to specify explicitly, we simply say, “X is a space” (to distinguish 
from “X is a set”). 

Elements of topological spaces are called points. The members of 2T 
are called the “open sets” of the topological space ( X , SX) (or of the 
topology IX). There is no preconceived idea of what “open” means, 
other than that the sets called “open” in any discussion satisfy the 
axioms l.l (1-3). Observe that since the union (resp. intersection) of an 
empty family of sets in X is 0 (resp. A”), Axiom (3) of l.l is actually 
redundant. 

1.3 Definition Let (X , 3X) be a space. By a neighborhood (written 
nbd) of an x e X is meant any open set (that is, member of ST) 
containing x. 

“U is a nbd of x” is written “nbd U(x)”; the points of U(x) are 
"U- close” to x , so that organizes X into chunks of “nearby” points. 

Ex. 1 Let X be any set; J = {0, X }. This topology, in which no set other 
than 0 and X is open, is called the indiscrete topology J : There are no “small” 
nbds. 

Ex. 2 In the set X, let 2T — Sf{X). This is called the discrete topology : 
every set is an open set. Comparing with Ex. 1 indicates the sense in which different 
topologies in a set X give different organizations of the points of X. 

Ex. 3 The topological space consisting of the two points (0, 1} with the discrete 
topology is denoted by 2. The same set, with the topology tX — (0,0, X} is 
called the Sierpinski space <5^, and will be used frequently in the sequel. In con¬ 
trast to the space 2, {1} has no “small” nbds in If’. 

Ex. 4 Let E 1 be the set of real numbers. In the usual introduction to analysis, 
a subset G C E 1 is called “open” if for each x s G there is an r > 0 such that the 
symmetric open interval B(x’, r) = {y| |y — xj < r} C G. We verify that the 
family 3T of sets declared “open” by this criterion actually is a topology in the set 
E 1 . 

Ad (1). If each member of (G a 1 a e <a/} is “open,” so also is U G a , since 

a 

x e U G a => (3 «: * e G a ) => (3 r > 0: B(x; r) C G a C (J G a ). 

a a 

n n 

Ad (2). If Gi, • ♦ •, G„ are “open,” so also is f) G ( because x 6 f") G t 

i i 

(V i: xe G t ) => (V i 3 r t > 0: B(x; r t ) C G t ) => [B(x;min (r u • • •, r n )) C fj G ( ]. 

(3) is trivial. 

This topology, X, is called the Euclidean topology of E 1 ; the topological space 
(E 1 , ST) is called the Euclidean 1-space. Note that 3T is not the indiscrete topology 
in the set E 1 , that is, 37~ does not consist only of 0 and E 1 : indeed, each B(y ; r) 
belongs to^", since, given any x e B(y\ r), we have d = \y — x\ < r, and therefore 
x e B(x; r — d) C B(y; r). It is simple to see that can also be described more 
directly as the family of all unions of open intervals. 
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Ex. 5 Let E n be the set of all ordered n-uples of real numbers. Using vector 
notation (cf. I, I) call “ball of center x and radius r” the setB(x; r) — {y | |y — x| < r). 
The Euclidean topology in E n is determined by calling G C E n "open” if for each 
x e G there is some r > 0 such that B{x ; r) C G. The verification that this 
criterion describes a topology F, and that in fact each B(x; r ) belongs to F, is 
contained in Ex. 4, since only reinterpretation of B(x; r) is involved. With this 
topology, E n is called Euclidean n-space. As before, the open sets in E n can be 
described equally as the arbitrary unions of balls. 

As the examples show, a set X may have many topologies; with each, 
it is a distinct topological space. By regarding each topology as a subset 
of X ), the topologies in X are partially ordered by inclusion; clearly, 
«/ C F C 2 for each topology F. We call F x larger (or “with more 
open sets,” or “finer”) than F 0 whenever F 0 C F x . It is trivial to verify 

1.4 Let {F a | a e stf] be any family of topologies in X. Then f) F a = 

a 

{U |V a g sF \ U e tF oh is also a topology in X ; however, 

a 

need not be a topology. 

2. Basis for a Given Topology 

The task of specifying a topology is simplified by giving only enough 
open sets to “generate” all the open sets. 

2.1 Definition Let (X, <F) be a topological space. A family 88 C 3F 
is called a basis for 2F if each open set (that is, member of F) is 
the union of members of 88. 

88 is also called a “basis for the space X,” and its members the “basic 
open sets of the topology 8F Not only is each member of F the union 
of members of 88 , but also, because of 88 C F and l.l, each union of 
members of 88 belongs to F ; thus a basis for F completely determines F. 

Ex. 1 F is a basis for F. 

Ex. 2 Let 3> be the discrete topology on X. Then 88 — {{x} | x e X} is a 
basis for 88. 

In view of Exs. 1 and 2, a given F may have many bases. The families 
88 C F that can serve as a basis are characterized by 

2.2 Theorem Let 88 C F. The following two properties of 88 are 
equivalent: 

(1) . 88 is a basis for F. 

(2) . For each G eF and each x e G there is a U e 88 with 

xeU C G. 



65 


Sec. 3 Topologizing of Sets 

Proof: (1) => (2). Let xeG] since GeJ and ^ is a basis, G = 
|J U a , where each U a e 5%. Thus there is at least one U a e 38 with 

x e U a C G. 

(2) => (1). Let Ge for each x e G, find U x e 5% with x e U x C G; 
then G = (J {t/* | .* e G}. 

Ex. 3 In each is", m ^ 1, 38 = {£(;*:; r) | xeE n , r > 0} is a basis for the Eucli¬ 
dean topology, as the descriptions in 1, Exs. 4 and 5 show. 

Ex. 4 E n has a countable basis: the family 38 — {B(£, r) | 6 has all coordinates 
rational, and r > 0 is rational}. For, let G be any open set, and x e G. By I, 
Exs. 4 and 5, there is a B(x, r) C G, and we can clearly assume that r is rational. 
The reader will easily verify that there is a point £, with all coordinates rational, 
within a distance r/3 of x; then * e B(£, r/2) C B(x, r) C G, as required by 2 . 2 . 
Immediate consequences are: 

(a) . Each set open in E n is the union of at most countably many balls. 

(b) . The cardinal number of the Euclidean topology of E n is 2 Ko . 

By specifying a basis for 3~, all the open sets are generated as unions. 
However, there is a more convenient way to describe the open sets: 

2.3 Theorem Let 38 C be a basis for 3T . Then A is open (that is, 
is in 3~) if and only if for each *e2l there is a U e 38 with xe U C A. 

Proof: If A is open, the condition follows from 2.2. Conversely, if 
the condition holds, then (as in 2.2) we find A = \^){U a \ a e A}, where 
each U a e 38 C 3T\ from l.l it follows that A is open. 

In particular, since is a basis for T, 2.3 provides a very useful 

method for showing that a given set A is open. 


3. Topologizing of Sets 

In this section, two general methods for introducing topologies in sets 
will be given. 

The first, and most popular, starts from any given family E C 3 > (X) 
and leads to a unique topology containing 27; thus we can to an extent 
preassign the notion of nearness desired. 

3.1 Theorem Given any family 27 = {A a | a e j/} of subsets of X, 
there always exists a unique, smallest topology ^(27) D 27. The 
family ^(27) can be described as follows: It consists of 0 , X, all 
finite intersections of the A a , and all arbitrary unions of these finite 
intersections. 27 is called a subbasis for 3~{E), and ^”(27) is said to 
be generated by 27. 
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Proof: Let F(E) be the intersection of all topologies containing E; 
such topologies exist, since F(X) is one such. By 1.4, F(E) is a topology; 
it evidently satisfies the requirements "unique” and "smallest.” To 
verify that the members of F(E) are as described, note that since 
E C F~(E ), it follows from I. I that F{E) must contain all the sets listed. 
Conversely, because (J distributes over n, the sets listed actually do 

a 

form a topology containing E, and which therefore contains F(E). 

In 3.1, we started from E and obtained a topology F(E) D E. If, 
conversely, we are given a topology F, a family E C F is called a 
subbasis for IF whenever F = -IF\ ( E ). 

Ex. 1 For any topology F, F is a subbasis for F . 

Ex. 2 The finite intersections of members of E are a basis for F(E). 

Ex. 3 In the set E 1 of all real numbers, let E be all sets of form {x | x > a) 

and {x | x < b ). Then F(E) is precisely the Euclidean topology: Each finite open 
interval, being an intersection of two subbasic open sets, belongs to F(E), and it 
is evident from the description of F(E) in 3 .1 that the family F of all these finite 
intervals forms a basis for F(E). But, by 2 , Ex. 3, 3d is a basis for the Euclidean 
topology. 

Ex. 4 In the set E 1 of all real numbers, let E be all sets of the form {x | x > a} 

and {x | x b}. The topology F(E) is called the upper limit topology and has the 

sets ]< 3 , 6 ] as basis. F(E) is not the Euclidean topology of E 1 , since the sets ]a, b ] 
do not belong to the Euclidean topology. The reader can verify that the Euclidean 
topology is smaller than F(E). The topological space ( E 1 ,F(E)) is denoted by El. 

Ex. 5 Let F be any ordinal number and in [0, T] use the topology generated 
by all sets of form {x | x > a} and {x j x k. j8}. We call this topological space the 
ordinal space [0, F]. Observe that the sets ]a, j3] = {x | x > a} O {x | x < fil + 1} 
are a basis for the topology. Note also that [a, / 8 [ is open if and only if a = 0 or if 
a has an immediate predecessor. 

Ex. 6 Let (X lt F x ), • • •, (X n , F n ) be spaces. The cartesian product topology 
in Xi x • • • x X n is that having as subbasis all sets ( cf. I, 9.6) of form 
where A t e Fi = 1, •••,«. In view of I 9.6(1), a basis for this topology is 
simply the family of cartesian products of open sets of the spaces X t . 


The construction of a topology from a subbasis loses some control 
over the open sets; they build up from the finite intersections of the A a 
rather than from the A a themselves. In the second general method for 
topologizing a set, which we will now describe, the open sets are 
constructed only by union from the given family; that is, by specifying a 
family to be used as a basis for constructing the topology. Since inter¬ 
sections are involved in topologies but no intersections are involved in 
forming open sets from a basis, it is to be expected that not every family 
can serve as the basis for some topology. 
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3.2 Theorem Let 33 = [U u | p e be any family of subsets of X 
that satisfies the following condition: 

For each (fju, A) e Jt x J3 and each x e n U A , there exists 
some U a with x e U a C U u U A . 

Then the family 3F(33) consisting of 0, X, and all unions of 
members of 33, is a topology for X; that is, 33 U { 0 } U {X} is a 
basis for some topology. 3T(33) is unique and is the smallest topology 
containing 33. 

Proof: Using 3.1, we obtain a topology 3T(33) having 33 as subbasis. 
To see that 3T(33) actually has 33 as a basis, we need show only that each 
finite intersection of members of 33 is in fact a union of members of 33 ; 
and, as in 2.2 (2 => 1), it suffices to show that for each xe U 1 r\ • • • n U n , 
there is a U e 33 with x e U C U 1 r> • • • D U n . We proceed by induction, 
the assertion being true (by the hypothesis) for n = 2. If it is true for 
(n — 1), then writing x e n • • • n U n = ( U 1 n • • • n U n _f) n U n , 
the inductive hypothesis gives x e U n U n for some 

U C U 1 n • • • n U n _ 1 

in 33 so, by the case n — 2, we find 

xeU' C UnU n C n ■ ■ ■ n U n 

for some U' e 33, completing the induction and the proof of the theorem. 

The specification of a topology by giving a basis is generally accom¬ 
plished by specifying for each x e X a family of nbds {U a (x) | a e stf(x)} 
(called a “basis at x” or a "complete system of nbds at x”) and verifying 
that the family 33 — {U a (x) | a e J&(x), x e X) satisfies the requirement 

of 3.2. 

Ex. 7 Let C be the set of all continuous real-valued functions on [0, 1]. For 
each/eC and e > 0, define 

M(J ,«) = Ur | f 1/ - *| < «}. 

Jo 

The family {M(f, e) | / e C, e > 0} is a basis for some topology in C. For, if 
h e M(f, e ) n M(g, 77 ), let 

*7 = f 1 / “ *1 and r g = f |g - h\, 

Jo Jo 

and let £, = min [e — r f , rj — r s ]; then £ > 0 and M(h, £) C M(/, e) n M(g, 77 ), 
since 

(p e AT(/j, £) =► f |/ - 9 >| < f 1/ - h\ + f \h - cp\ < r f + (s - r f ) = e, 

Jo Jo Jo 

so that 9 0 e M(f, s), and similarly, <p e M(g, rj). Another topology ^ in C can be 
defined by using as a basis the sets 

U(J, e) = {g |sup | f(x) - g(»| < e}. 

a: 
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Though each basis in X gives a unique topology, it is obvious that 
distinct bases may give the same topology: For example, 6X(38) has 38 
and 3T{38) as bases. We now determine when this will occur. 

3.3 Definition Two bases 38, 38' in X are equivalent if 6X(38) — ^{38'). 

3.4 Theorem A necessary and sufficient condition that two bases 38, 
38' in X be equivalent is that both the following conditions hold: 

(1) . For each U e 38 and each x e U, there is a U' e 38' with 

x & U' C U. 

(2) . For each U' £ 38' and each x e U', there is a U £ 38 with 

xeU C U'. 

If only condition (1) holds, then 3T{38) is a proper subset of 3T{38'). 

Proof: Assume 3T(38) = 3T(38'). Since each U e 38 C 3~(38) and 
?X(38) has 38' as basis, (1) follows from 2.2; similarly, (2) is true. 

For the converse, assume (1) is true. Since each V e 3 r {38 ) is a union 
of sets belonging to 38, it follows from 2.3 that V £ 3~{38'), showing that 
3T(38) C 37~(38'). If, in addition, (2) is true, we find 1X(38') C 3T{38), 
completing the proof. 

Ex. 8 According to J, Ex. 4, the Euclidean topology in E 2 is that which has 
for basis all balls {5(;v;r) | x e E 2 , r > 0}. On the other hand, E 2 = E 1 x E 1 , 
and according to Ex. 6, the cartesian product topology in E 2 is that which has for 
basis the boxes U x JJ' where U, U' are open sets. These two bases determine 
the same topology, since in each ball containing an x g E' 2 , one can inscribe a box 
containing x, and conversely. Similarly, the Euclidean topology in E n is the same 
as the cartesian product topology E 1 x • • • x E 1 («-factors). 

Ex. 9 The topologies and ^ on C in Ex. 7 are not the same: we have 
JlQty.ln fact, given any <p e M(f, e), we let r = \f - <p\, and find 
U((p, e — r) C M(f, e). However, consider the constant map/(x) = 0: We show 
that there can be no M(J, e) C U(f, 1). For, letting /„ e C be the map x —> x 11 , 
we have sup | /„(x) - f(x)\ = 1 so no /„ belongs to U(J, 1); on the other hand, 

Jo I fn f | ~ l/(« + 1) so that all /„ with sufficiently large n must belong to 
M(f, e). Thus (2) of 3.4 does not hold. 

4. Elementary Concepts 

Throughout this section, we consider a fixed space X, and give some 
definitions, all of which have familiar meaning when specialized to E x . 
There are no genuine theorems. Verification of the examples is left for 
the reader. 

4.1 Definition A C X is called closed if ^ x A is an open set. 
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Ex. 1 In E 1 , [a, 6] is closed according to 4.1, in conformity with the usual 
terminology. N C E 1 is also a closed set. 

Ex. 2 The concepts “closed” and “open” are neither exclusive nor exhaustive: 
In any space X , X and 0 are both open and closed, while in E 1 , [0, 1[ is neither 
open nor closed. Similarly ( cf. I, Exs. 1 and 2), in (X, 2), every set is both open 
and closed, and in (X, «/) points are neither open nor closed. 

Ex. 3 In E 2 , {(x, 0) | 0 < x < 1} is neither open nor closed; however, we verify 
that {(*, 0) |-0 < * < 1} is closed in E 2 . 

4.2 (a). The intersection of any family of closed sets is a closed set. 
(b). The union of finitely many closed sets is a closed set. 

Proof: These follow by DeMorgan’s rules; we prove only (a). To 
prove Pi A a closed, we are to show that p) A a — (J ( ^A a is open; 

tx a a 

however, since each A a is open, so also is (by I. I) the union. 

Ex. 4 (b) does not extend to infinite unions. In E 1 , 

u [0, 1 - 1 In) = [0, 1[. 

i 

The definition of closed set is not intrinsic, since to decide the question 
one considers the complement rather than the set. We will obtain some 
intrinsic formulations by using other concepts. 

4.3 Definition Let A C X. A point x e X is adherent to A if each 
nbd of x contains at least one point of A (which may be x itself). 
The set A = (x e X | V U(x): U(x) n A # 0 } of all points in X 
adherent to A is called the closure of A. 

Ex. 5 In E 1 , let A = ]0, 1], B = {1/n | neZ + }. Then A = [0, 1], 
and B= B vj {0}. 

Ex. 6 In E 2 , let A = {(x, y) | y = sin 1/*, 0 < x ^ 1}. Then 
A = A u{(0,y) | - 1 < y < 1}, 
since each ball centered at a point of the latter intersects A. 

Ex. 7 In El (cf. 3, Ex. 4), let A = ]a, 6]. Then A = ]a, b\. 

Ex. 8 In Sierpinski space Sf (cf. I, Ex. 3), 0 = 66\ 1 = 1. 

4.4 (a). A C A for every set A. 

(b). A is closed if and only if A = A. 

Proof: (a) is immediate from 4.3. 

(b). (A closed) => (A = A): For, A closed => ^A is open, so each 
x e A has a nbd (namely, ^ A ) not meeting A and therefore does not 
belong to A. Thus A C A and with (a), A = A. 

(A = A) => (A closed): For (A = A) <=> each x e A has a nbd U(x ) 
not meeting A ; by 2.3, this means that #A is open. 
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An alternative characterization of A and the algebraic properties of 
the closure operation are contained in 

4.5 A is the smallest closed set containing A ; that is, 

A = H i F I ( F closed) A (F D A)}. 

Furthermore, 

(1) . _ A C B =>A C B. 

(2) . A = A; that is, A is closed. 

(3) . Au B = AuB. 

(4) . 0=0. 

Proof: We evidently have A C P) F. 

(a) , x e A => x e (~) F. Since by 4.2 P) F is closed, x e P) F => * has 

a nbd, not meeting P) F, and so xe A. 

(b) . xe(^)F=>xeA. For xeAo there is a nbd U of x not 
meeting A; since is closed and contains A, &U is some set F f and 
because xetfU = F, also x e P) F. 

(l)-(4) follow easily from this characterization: 

(1) . Any closed set containing B also contains A. 

(2) . (A = p| F) => A is closed, by 4.2, and so 4.4(b) shows A = A. 

(3) . A U B is closed, and [4.4(a)] contains each of A, B, so that 
A U B C Akj B\ but, A U B is closed (4.2) and contains A U B, 
so that also A u B C A u B. 

(4) . 0 is a closed set. 

Ex. 9 4.5(3) holds, by induction, for any finite number of factors; it is not 

true in general for infinitely many factors, as Ex. 4 shows. However (J A a C (J A a 

_ a 

is always true, as follows from V a: A a C \J A a C \J A a and application of 
4 - 5 ( 1 ), (2). _ 

Ex. 10 The formula A o B = A B is not true in general, as A = [0, 1[, 
B = [1, 2] in E 1 , shows. As in Ex. 9, it is easy to show that f] A a C P) is 

a a 

always true. 

Another way to describe closed sets is through cluster points. 

4.6 Definition Let A C X. A point x e X is called a cluster point of A 
if each nbd of x contains at least one point of A distinct from x. 
The set A' = {* e X | V U(x): U(x) n (A — x) # 0 } of all cluster 
points of A is called the derived set of A. 


Ex. 5 A' = [0, 1]; B' = {0}. 
Ex. 6 A' — A. 
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Ex. 7 A' = A. 

Ex. 8 0' = 1, V = 0. 


71 


4.7 A = A U .4'. In particular, .4 is closed if and only if A' C A; 
that is, A contains all its cluster points. 

Proof: Since A' C A from 4.3 and 4.6, and always A C A, we find 
A U A' C A. For the converse inclusion, let xeA; if x e A, we are 
through, and if xe A, then each nbd U (#) intersects A at a point 
necessarily distinct from x, so x e A'. Thus A C A U A', completing 
the proof. The second part now follows by using 4.4(b). 

Ex. 11 It is evident from 4.6 that (x e A') o x e (A — x). The term cluster 
point arises from the easily proved fact that in E 1 , x e A' if and only if each nbd 
U(x) contains infinitely many points of A. 


4.8 Definition Let A C X. The interior Int (A) of A is the largest open 
set contained in A ; that is, Int (A) = [J {U \ (U open) a (U C A)}. 


Ex. 5 
Ex. 6 
Ex. 7 
Ex. 8 


Int (A) = ]0, 1[; Int (B) = 0. 
Int (A) = 0 . 

Int (A) = A. 

Int (0) = 0, Int (1) = 0. 


4.9 Int (A) = A ) for any set A. In particular, A is open if and 

only if A = Int (A). 

Proof: Since E C A o ftA C WE, we note that the open sets E C A 
are precisely the complements of closed sets F D A. Thus 

Int (A) = U I {F is closed) A (F D VA)} 

= V n {i 7 I (F is closed) A (F D VA)} 

= V(WA) 

by 4.5. The second part is now trivial. 

Ex. 12 It is not generally true that Int (A u B) = Int (A) u Int (B). Indeed, 
the union of two sets, each with empty interior, may have an interior, as the 
example A = rationals, B = irrationals, in E 1 shows. 

4.10 Definition Let A C X. The boundary Fr (A) of A is A D ^ A . 

Ex. 5 Fr (A) = (0, 1}; Fr (B) = B u {0}. Thus the entire set may be con¬ 
tained in its own boundary. 

Ex. 6 Fr (A) = A. 

Ex. 7 Fr (A) = 0. 

Ex. 8 Fr (0) = 1, Fr (1) = 1. 
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The boundary of A is a closed set, and both A, A have the same 
boundary. The boundary can be described as the part of the closure not 
in the interior: 

4.11 Let A C X. Then: 

(1) . Fr(^) = A - Int(^); 

(2) . Fr (A) n Int (A) = 0 ; 

(3) . A = Int (A) u Fr(^4); 

(4) . X — Int(^4) U Fr(^4) U Int (&A) is a pairwise disjoint union. 

Proof: (1). Fr (A) = A n V[WA] = A - Int (A). The proofs of 
the remaining assertions are entirely similar to this, and are left for the 
reader. 

4.12 Definition D C X is dense in X if D = X. 

Clearly, X is dense in X, and in fact X is the only closed set dense in X. 

Ex. 13 The rationals are dense in E 1 and in El ; more generally, the points 
of E n with all coordinates rational are dense in E n . 

Ex. 8 0 is dense in Sf. 

4.13 The following four statements are equivalent: 

(1) . D is dense in X. 

(2) . If F is any closed set in X and D C F, then F = X. 

(3) . Each nonempty basic open set in X contains an element of 

D. 

(4) . The complement of D has empty interior. 

Proof: (1) => (2). For D C F => X = D C F = F. 

(2) => (3). Let U be open, nonempty, with U n D = 0 ; then 
D C tfU # X, which contradicts (2), since WU is closed. 

(3) => (4). Assume Int (WD) # 0 ; since Int (&D) is open, there is 
(2.3) a nonempty basic U C Int (), and since Int D) C WD, U 
contains no points of D. 

(4) => (1). Int (TO) = <g\ [TO] = TO = 0, so that D = X. 

5. Topologizing with Preassigned Elementary Operations 

Each of the concepts discussed in 4 (except density) can be used as the 
primitive concept for introducing a topology in a set: If in a set X one 
preassigns what (say) the closure of each set is to be, then provided the 
assignment A —> A is not “unreasonable,” there is indeed a topology for 
X in which the closure of each set is exactly the predetermined set. 
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5.1 Theorem Let X be a set, and u : &(X) -> iP(X) a map with the 
properties: 

(1) . u( 0) = 0. 

(2) . A C u(A) for each A. 

(3) . u° u(A ) = u(A) for each A. 

(4) . u(A U B) = u(A) U u(B) for each A, B. 

Then the family 3~. = (Vu(A) | A e ^(X)j is a topology, and with 
^~ y A = u(A) for each A. 

Proof: We first establish the consequence 
(i). (A C B) => (u(A) C «(£)). 

For, C 5) o (B = A U B) which, with postulate (4), gives 
m(J?) = w(^4) U u(B) and proves (i). 

We now verify that 7T is a topology: 

(a) . Ie.f, since Vu(0) = X, and 0 e 3T because [by (2)] 
X C u{X) gives u(X) = W. 

(b) . ^m(^) n Vu{B) = U k(J9)] = Vu(A U 5); by induc¬ 

tion it follows that the intersection of any finite family of sets of SX is 
also a member of 3T. 

(c) . Let S = Vu(A a ); we are to show that S = Vu(Q ) for some 

Q C X. Because S = V P| u{A a ), we find VS = (~) u(A a ) C u(A a ) for 

a a 

each a so, by (i) and (3), u(VS) C u(A a ) for each a, and therefore 
u(VS) C H u ( A a) = VS. Use of (2) shows u(VS) = VS, and so, 

a 

S = Vu(VS), as required. 

Using the topology 3T, we now show that A = u(A). First, A C u(A): 
For, since each u(A ) is closed in 7T, from A C u(A) we find that 
A C u(A) = u(A). Finally, u{A) C A: Since VA is open in we 
have A — u{B) for some B; using (i) and A C A, we find that 

u(A) C u(A) = u o u(B) = u(B) = A. 

The proofs of the following propositions are left for the reader; each 
one indicates the Boolean operations that completely characterize the 
various concepts. 

5.2 Let X be a set, and y: &(X) -> £P(X) a map such that: 

(1) . y(0) = 0. 

(2) . y o y(A) C A U y(A). 

(3) . y(A u B) = y(A) U y(B). 

(4) . For each x e X, x e y(x). 

Then = {V(A U y(A)) | ^4 e ^(X)} is a topology, and A' = y(A). 
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5.3 Let X be a set and 77 : X) -> &{X) a map such that: 

(1) . V(X) = X 

(2) . v(A) C 4. 

(3) . r) 0 ^(4) = , ?( 4 )- 

(4) . ??(4 nB) = ??(4) n 77 (B). 

Then ^ = { 77 (^ 4 ) | 4 e &{X)} is a topology, and Int (A) = rj(A). 

5.4 Let Ibea set, and 0: (?{X) -> ^(X) a map such that: 

(1). £( 0 )= 0 - 

( 2 ) . 0(4) = 0(*f4). 

(3) . 0 0 0(4) C 0(4). 

(4) . A n B n 0(4 n B) = A n B n [0(4) u 0(B)]. 

Then = {^(4 U 0(4)) | 4 e ^(A)} is a topology, and Fr(4) = 0(4). 

5.5 Let X be a set, and srf C IP(X) a family with the properties: 

( 1 ) . 0 , X belong to stf. 

(2) . The intersection of any family of members of srf is also a 

member of stf. 

(3) . The finite union of members of s# belongs to . 

Then = {WA | 4 e <*/} is a topology, in which s/ is the complete 
family of closed sets. 

6. G 6 , F of and Borel Sets 

Though the countable union of closed sets need not be closed, and the 
countable intersection of open sets need not be open, such sets occur 
frequently in analysis. 

6 .1 Definition A set F is called an F a -set (or an F a ) if it is the union 
of at most countably many closed sets. A set G is called a G d if it is 
the intersection of at most countably many open sets. 

Ex. 1 Each closed set is an F a and each open set is a G 6 . 

Ex. 2 The concepts F a and G d are neither exclusive nor exhaustive. In E 1 , the 
closed interval [a, b] is evidently an F„ and it is also a G 6 because 

[a, b] = f) ]a - I/”, b + l/n[. 

1 

In ( X , S) ( cf . I, Ex. 1), any proper subset of X is neither an F a nor a G d . 

Ex. 3 In E l , the set Q of rationals is an F a , since Q is countable and each point 
is a closed set. We shall see much later (XI, 10, Ex. 2) that Q is not a G 6 . 
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Ex. 4 In the ordinal space [0, Q], the point Q is an F a , being a closed set. 
However, it is not a G d . For, if {G t \ i e N } is any countable collection of open 
sets containing Q, then because the sets ]ce, ft] are a basis, V i 3cq < Q: ]«,, Q] C G t . 
Being countable, the collection {ce* | i e N} has an upper bound ft < Q, so 

C\G i ^]ft ) Q]^{Q} 

0 

It is frequently convenient to express F a and G d sets in a standard 
manner: 

6.2 (1). If F is an F a - set, then there is a nondecreasing sequence 

F 1 C F 2 C • • • of closed sets with F = F { . 

i 

(2). If G is a G^-set, then there is a nonincreasing sequence 

oo 

G 1 D G 2 3 • * • of open sets with G = p| G t . 

i 

Proof: We prove only (2); (1) is analogous. Since G is a G d , G = 

00 

P W { , where the W { are open. Define G n = W 1 n • • • n W n ; then each 

l 

00 00 

G n is open, G n D G n + 1 for each n, and H = H G { . 

l i 

For the set operations, 

6.3 (a). The countable union and finite intersection of f^-sets is an F a . 

(b) . The countable intersection and finite union of G^-sets is a G d . 

(c) . The complement of an F a is a G 6 , and conversely. 

Proof: Ad (a). Since 

0 [ U Fu] = X N} 

i=0 L i=0 J 

and N x N is countable, this is an F 0 . Similarly, 

iQ) 0 = U {^oj 0 n • • ■ n F nJn I Oo, • • • ,in) e N x • • • x N} 

by distributivity; since each F 0 Jq n ■ ■ ■ D F nJn is closed, and N x • • • x N 
is countable, this also is an F a . (b) is proved analogously, and (c) involves 
only DeMorgan’s rules. 

As 6.3 indicates, the properties F a , G 6 are generally not preserved 
under all countable set operations. We now define a family which is in 
fact preserved under these operations. 
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6.4 Definition A nonempty family E C 28{X) is called a cr-ring if 

(1) . AeE ^VAeE, 

(2) . A t eE for i = 1, 2, • • • => (J A t e E. 

6.5 There always exists a unique smallest cr-ring 28 containing the 
topology 2X of X. 28 is called the family of Borel sets in X, and 

< X(^) K o. Furthermore: 

(1) . The countable union, countable intersection, and the difference 

of Borel sets is a Borel set. 

(2) . Each F a and each G 6 is a Borel set. 

Proof: Observing that 28{X) is a o-ring containing 2X and that the 
intersection of any family of cr-rings is also a cr-ring, we define 28 to be the 
intersection of all cr-rings containing 2F. Since only two operations are 
involved, the estimate of 1^(28) follows from II, 9.4. To establish (1), 
we need only verify preservation under intersection, and this follows 
from 

i i 

where B t e 28, i e Z + . (2) is trivial. 

6.6 Remark For the special case of E n , we can establish more: 

(1) . There are sets that are not Borel sets. 

(2) . Each open set (and each closed set) is both an F a and a G d . 

(3) . The family of Borel sets can be described (cf. II, 9, Ex. 1) as the smallest 

family 28 containing 2T and satisfying 

B { e28, ieZ* => \jB t e38 and C]B t e28 

i i 

Ad (1). By 2 , Ex. 4, = 2 s o, hence K(^) < 2*o; since X {^{E n )) = 2 C , 

this proves (1). 

Ad (2). Each ball B(x;r) is an F a , since B(x\r) = (J B(x\ r — « _1 ). 

i 

By 2 , Ex. 4, each open set is a union of at most countably many balls (that is, an 
F a - set), so 6.3(a) shows that each open set is an F a . 

Ad (3). We first show that 28 as defined here is a o- ring. Let «#"° = 
{WB | B e 28}. Then X C 2F°, since because of (2), 

GeJ => G is an iv => G = 0 F t = 0 ^G t = <€ f) G t 

ii i 

00 

and we have f) G t 6 28. Noting that also satisfies the condition on 28 (De 

Morgan’s rules), it follows that 28 C 3F°. This says that A e 28 => A e A — 

r 2B for some B e 28 => ^A e 28, showing that 28 is a cr-ring. Since, conversely, any 
cr-ring containing^ - satisfies the conditions required of 28, the descriptions here 
and in 6.4 coincide. 
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1 . Relativization 

Let Y C X. If X carries a topology, we will define a topology for the 
set Y, called the relative (or induced) topology on Y. Its importance lies 
in this: To determine what any concept defined for topological spaces 
becomes when discussion is restricted to Y C X, we simply regard Y 
as a space with the induced topology and carry over the discussion 
verbatim. 

7.1 Definition Let (X , IX) be a topological space, and Y C X. The 
induced topology AT Y on y is { y n t/ | U e 3 r }. (Y , &~ Y ) is called 
a sub.yptfc£ of (X, 2T). 

To verify ST Y is actually a topology on Y is trivial. 

Ex. 1 In the subspace Y = [0, 1[ u {2} of E 1 , the following sets are open: 
(a) (2); (b) all open intervals contained in [0, 1[; (c) all intervals of form [0, a[ 
(these are nbds of 0 in Y). In Y, the subset [0, 1 [ is both open and closed. 
Note that sets open (or closed) in Y need not be open (or closed) in the containing 
space E 1 . 

Ex. 2 To the set R of all real numbers, adjoin two points, {+ co}, {— co), and 
let be the topology generated by all sets of form {+ co} u {* | * > a}, {— co} u 
{* | x < a}. (R u {— oo, + oo}, 3T) is called the extended real line, denoted by E 1 . 
With the induced topology, R C E 1 is the Euclidean space E 1 . 

Note: (a). By defining — oo ^ x ^ 4- oo, E 1 is a totally ordered set. (b). For 
any set A C E 1 , sup A ( = least upper bound of A) and inf A = — sup { — x | x e A} 
always exist (and may be ± oo). (c). The sets {+oo} > a } are nbds 

of + co. 


Let y be a subspace of X , and A Q Y. Since (y, ^* y ) is a space, we 
can form the closure of A, using Y , to obtain A Y ; but also A C X, so 
we can form A, using 3T. We now determine the relation between A 
and A Y , as well as that for the other operations in 4. 

7.2 Theorem Let ( X , &~) be a space and (Y, ^ Y ) a subspace. Then: 

(1) . If [U a j a e $&} is a basis (subbasis) for {Y n U a \ a e s/} 

is a basis (subbasis) for Y . 

(2) . Let A C y. Then A is ^Y-closed if and only if A = Y n F, 

where F is ^"-closed (that is, the closed sets jin Y are the 
intersections of Y with sets closed in X). 

(3) . Ay = Yn A; Ay = Yn A'; Yn Int (A) C Int y (^); 

Fr y (^4) C Yn Fr(A). 
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Proof: (1) is trivial. 

(2) . Let A be closed in F; then A — Y — W, where W is open in 
F, and since W = Y n V where V e S’, we find A = Y — Y n V = 

Y nWV. Conversely, if A = Y n F, F closed in X, then Y — A = 

Y n ToF, showing that A is closed in Y. 

(3) . yeAr\ Y => V U(y ): U(y) n A # 0, and since A C F, it 
follows that V £/(y):(yn U(y)) n A * 0 , which shows that y e A Y ; 
the implications all reverse. The second statement is proved similarly, 
and the remaining inclusions are trivial. 

Ex. 3 In Euclidean 2-space, E 2 = E 1 x E 1 , the set E 1 can be identified with 
the subset E 1 x 0 C E 2 . Since the topology of E 2 has as basis the open boxes 
J x J', we find from 7.2(1) that the relative topology in E l x 0 is precisely the 
Euclidean topology of E 1 . This generalizes easily: Writing E n = E a x E\ s + t = 
n, the relative topology on E s x 0 C E n is the Euclidean topology of E 3 x 0. 

We have seen in Ex. 1 that sets open in a subspace need not be open 
in the entire space; the following theorem gives a simple but useful case 
where this cannot occur. 

7.3 Theorem Let Y be a subspace of X. If A C Y is closed (open) in 
Y, and Y is closed (open) in X , then A is closed (open) in X. 

Proof: For A = Y n K, and since Y and K are each closed (open) 
in X, so also is the intersection. 

Ex. 4 A subspace Y C X is called a discrete subspace of X whenever S’ Y is the 
discrete topology. Observe that if Y is a discrete subspace of X, then Y need not 
be open or closed in AT, as Y = {\jn | n e Z + ) C E 1 shows. 

7.4 (Transitivity) A subspace of a subspace is a subspace of the entire 
space. 

Proof: Let Z C Y C X, and let S’ Y z be the topology of Z as a 
subspace of F; we are to show that S~ YZ = S’ z . Let W e S~ YZ so that 
W = Z n V , where V e S~ Y . Since V = Y n U, U e S', we find 
W=ZC\YC\U=Zr\U, showing that W e S~ z . The converse 
inclusion is trivial. 


8. Continuous Maps 

We have been considering topologies on one given set; we now want 
to relate different topological spaces. Given (X, S~ x ) and ( Y, S~ Y ), 
note that a map /: X —>• F relates the sets and also induces two maps 
/: S(X) -* S(Y), f~ x : S(Y) S>{X). Of these, f~ x should be used 
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to relate the topologies, since it is the only one that preserves the Boolean 
operations involved in the definition of a topology. Thus the suitable 
maps/: X^Y are those for which simultaneously 
Formally stated, 

8.1 Definition Let ( X , tX x ) and (Y, Y ) be spaces. A map /: X ^ Y 
is called continuous if the inverse image of each set open in Y is open 
in X [that is, if/ -1 maps 7X Y into *]. 

Ex. 1 A constant map /: X —Y is always continuous: The inverse image 
of any set U open in Y is either 0 or X, which are open. 

Ex. 2 Let X be any set, two topologies on X. The bijective map, 

1: (X, &~i) -> (X, X 2 ) is continuous if and only if 2T 2 C Note that a continuous 

map need not send open sets to open sets, and also that increasing the topology 
^T x preserves continuity. 

Ex. 3 A map sending open sets to open sets is called an open map. An open 
map need not be continuous. 1: (X, x) -» ( X, ^ 2 ) is open if and only if 
3T\ C but it is not continuous whenever ST i ^ 

Ex. 4 Let Y C X. The relative topology X Y can be characterized as the 
smallest topology on Y for which the inclusion map i: Y -> X is continuous. For, if 
Ue^X, the continuity of i requires i ~ 1 (U) — U n Y to be open in Y, so that 
any topology for which i is continuous must contain ST y . 

The elementary properties are 

8.2 (1). (Composition.) If/: X ->■ Y and^: Y ^ Z are continuous, so 

also is g of: X -» Z. 

(2) . (Restriction of domain.) Iff: X ->■ Yis continuous and A C X 

is taken with the subspace topology, then /1 A: A -> Y is 
continuous. 

(3) (Restriction of range.) If /: X Y is continuous and f(X) is 
taken with the subspace topology, then /: X —>■ f(X) is con¬ 
tinuous. 

Proof: (a). We have (g of)- 1 = f~ l og - 1 ; since£ _1 : F z and 

f' 1 : &~ Y —>■ the continuity of g °f follows. 

(b) . Note / | A = / of, where i: A -> X; thus, apply Ex. 4 and (a). 

(c) . f~\U n f(X)) = f~\U) n f~ x f{X) = f~\U), and the state¬ 
ment is proved. 

The basic theorem on continuity is: 

8.3 Theorem Let X , Y be topological spaces, and /: X -> Y a map. 
The following statements are equivalent: 

(1) . / is continuous. 

(2) . The inverse image of each closed set in Y is closed in X. 
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(3) . The inverse image of each member of a subbasis (basis) for Y 
is open in X (not necessarily a member of a subbasis, or basis 
for X\). 

(4) . For each x e X and each nbd W(f(x)) in Y y there exists a 
nbd V(x) in X such that f(V(x)) C W(f(x)). 

(5) . f(A) C f(A ) for every A C X. 

( 6 ) . f-\B) C f~\B) for every B C Y. 

Proof: (l)o (2), since / -1 (Y - E) = X - f~\E) for any E C X. 
( 1 ) o (3). Let {U a I a e s/} be a subbasis for Y. If/is continuous, 
each / _ 1 (t/ a ) is open. Conversely, if each/ _1 (£/ a ) is open, then because 
any open U C Y can be written 

U = U {U ai n •. • n U an | {« lf s/}, 

we have that 

/- 1 (^) = U{/- 1 (^a 1 )n...n/-^« b )J 

is a union of open sets and so is open. 

(1) => (4). Since f~ 1 {W(x)) is open, we can use it for V(x). 

(4) => (5). Let A C X and b e A; we show f(b) e f(A) by proving 
each W(J(b)) intersects f(A). For, finding V(b) with f(V(b)) C W(f(b)), 

b g A => 0 ^ V ( b ) o A 

=> 0 # KV{b) nA) C f(V(b )) nf(A) C W(f(b)) nf(A). 

(5) => ( 6 / Let ^ = f~\B) L then f(A) C 7(1) = = 

B n f(X) C £, so that A C f~ 1 (B), as required. 

(6) (2). Let B C Y be closed; then f-\B) C f~\B), and since 
always f~ 1 (B) C f~ 1 (B), this shows [4.4(b)] that/ - 1 (J3) is closed. 

The formulation (4) of 8.3 shows that continuity is a “local” matter, 
a fact having many applications. Precisely, 

8.4 Definition An /: X —> Y is continuous at x 0 e X if 8.3(4) is satisfied 
at x 0 . 

From this viewpoint, the equivalence of (1) and (4) in 8.3 asserts:/is 
continuous according to 8.1, if and only if it is continuous at each point 
o/X. 


Ex. 5 Let /: E n —> E 1 ; that is, a real-valued function of n real variables. The 
continuity of f at x 0 e E n is simply the usual notion encountered in analysis. For, 
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by 8.4, / is continuous at # 0 if for each open interval ]/ (x 0 ) — £ > fix 0 ) 4- e[, there 
is a ball B(x 0 ; 6) mapped into it by /; that is, 

V e > 0 3 S > 0: I# — jc 0 | < 8 =► |/(x) — /(# 0 )| < £• 

Ex. 6 Let X be any space, and for each pair of maps /, g: X —> Y, define 
cp\ X —► Y x Y by (fix), g(x)). Then cp is continuous if and only if both / 
and g are continuous. For, note that cp~ 1 (U x V ) =/ _1 (17) r 'g~ 1 (V); since a 
subbasis for Y x Y is all sets of form U x Y, Y x V, where U, V belong to a 
subbasis for Y, 8.3(2) gives the result. Thus, for example, the map E 1 —> E 2 
given by x —> (cos #, sin #) is continuous. 

Ex. 7 (Vickery). Let be the first uncountable ordinal number, and let 
[0, be the subspace of the ordinal space [0, (cf. 3, Ex. 5). Then each con¬ 
tinuous cp: [0, Q[—> E 1 must be constant on a tail Q8, Q[. 

We first assert that Vw e Y + 3 a n < Q V £ > a n : \ 9 ?(£) — cp(a n ) \ < i/n. For, if 
this were not true, then 3« 0 Va<jQ3£>a:| cp(£) — 99 (a) | 2 ? 1 jn 0 . We could 
then use induction to construct a sequence {£* | i e Z + ) such that both < ^ i + i 
and | cpi^i) - 93(^1 + 1 ) | > l/n 0 for each i: choosing = 0 and assuming £ lf • • •, £ k 
defined, let £ic + i be the first element in [£ k , Q[ satisfying the hypothesis. The {£(} 
thus found would then have a least upper bound y < Q and then cp would not be 
continuous at y: any basic nbd ]>j, y] contains some and therefore all £ fc , k > i, 
so cannot have image contained in the nbd ]«p(y) — l/3w 0 , <p(y) + l/3« 0 [ of cp{y). 
Our assertion is therefore established. Now let jS be an upper bound of the (a n ); 
then < Q and 99 is constant on [/?, Q [: if £ e [/ 8 , Q[, then we have both 
| <p(Q ~ <pi<*n) | < l/« and | cp{p) - 99 (a n ) \ < 1/n for every n, so | cp(Q - cp(fi) \ < 2/n 
for all n, and therefore <p(f) = cp{p). 


9. Piecewise Definition of Maps 

In analysis, continuous functions are frequently defined piecewise: For 
example, a continuous function on [0, ri\ Q E 1 may be constructed by 
using different formulas on each [?', i + 1], adjacent functions agreeing 
on the common end point. We give here the general formulation of this 
process. 

9.1 Definition A family {A a \ a e ,s/} of sets in a space X is called 
nbd-finite if each point of X has a nbd V such that V n A a # 0 
for at most finitely many indices a. 

This concept is related only to the “position” of the A a in X, and is 
completely unrelated to the intersections that occur among the A a 
themselves. 

Ex. 1 {A a | a e sf} may be nbd-finite, even though each A a intersects infinitely 
many other A e : in E 1 , take the family {A n | n e N} with A n = {x \ x > n}. The 
family {A a \ a e sf} may not be nbd-finite, even though no A a intersects any 
other Ap : in E 1 , take the family [A x \ x e E 1 }, where'rfj = {x}. 
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The main property of nbd-finite families is 

9.2 Let { A a | a e s/} be a nbd-finite family in X. Then: 

(1) . {A a | a e } is also nbd-finite. 

(2) . For each & C stf, (J {A# | ft e £%} is closed in X. 

Proof: Ad (1). Given x, there is a nbd U (#) such that A a n U(x) = 0 
for all but at most finitely many a; since 

A a n U (x) = 0 => A a C ( i^U(x) => A a C c €U(x) =► A a n U(x ) = 0, 
this proves (1). 

Ad (2). Let B = IJ A e . For each xeB , there is, by (1), a nbd U 
meeting at most finitely many A $ say, A Bl , • • •, A $ n ; then U n Q ( &Ap i 
is a nbd of x not meeting B so, by 2.3, WB is open. 


The following simple result on coverings is very important; we shall 
derive several of its consequences as we proceed. 

9.3 Theorem Let { A a | a e s/j be a family of sets that cover the space 
X ; that is, X = A a . Assume that either: 

a 

(1). All the A a are open, 

or (2). All the A a are closed, and form a nbd-finite family. 

Then B C X is open (resp. closed) if and only if each B n A a is 
open (resp. closed) in the subspace A a . 


Proof: The necessity of the condition is clear, from definition of the 
relative topology. For the sufficiency: 

Case (1 ): Assume that each B n A a is open in the open A a ; 7.4 shows 
B n A a open in X, so that B = BC\X=Br\\JA a = is 

a a 

also open in X. If each B C\ A a is closed in the open A a , then 
A a - (Bn A a ) = A a n<£B 

is open in A a , and we find that B is open in X. 

Case (2) : Assume that each B n A a is closed in the closed A a ; 7.4 
shows B n A a closed in X. Since { A a } is nbd-finite, [B n A a } is also, 
so by 9.2, B = KJ [B n A a } is closed in X. The remaining case, where 
each B n A a is open in the closed A a , is treated as above. 



83 


Sec. 10 Continuous Maps into E 1 
The general formulation of piecewise definition of maps is 

9.4 Theorem Let X be a space, and {A a | a e sY} a covering of X 
such that either: 

(1). The sets A a are all open, 

or (2). The sets A a are all closed, and form a nbd-finite family. 

For each a e.s/, let /*: A a Y be continuous and assume that 
f a \ A a C\ A 0 = f 0 \ A a n A e for each (a, fi)esY x sY. Then there 
exists a unique continuous map /: X —>■ Y, which is an extension of 
each/*; that is, V a: f | A a = /*. 

Proof: The existence of / comes from I, 6.7. To show continuity, 
let U C Y be open; then / -1 (£/) n A a = /* 1 (t/) and so is open in 
A a for each a. According to 9.3, this means that f~ 1 (U ) is open in X , 
as required. 

9.5 Remark In the case that the A a are closed, it is evident that some restriction 
on their position is required: In E 1 , [ a, b] — u {x | x e [a, b]}, and if the 
closed sets {x} are used, it is clear that 9.4 cannot be true. 

9.6 Remark Theorems 9.3 and 9.4 have wide applicability. In many cases, it is 
possible to find a nbd-finite covering of a space X satisfying 9.3, by sets {A a } 
that have “nice properties”; in such cases, the topology of X can be expressed 
by using the sets {A a } alone, and the continuity of an /: X -> Y follows 
from its continuity on each A a (see VI 8). 


10. Continuous Haps into E* 

Let X be an arbitrary space, and fgiX-^E 1 . Because E 1 has an 
algebraic structure, maps can be combined by performing algebraic 
operations on their values at each point. Thus we can form 

x -» f(x ) + g(x), x -> f(x) ■g(x ), x -> c ■ f(x) ( c a real constant); 

these are denoted by f + g, f-g, c-f, respectively, to indicate the 
operations performed. In this section, we consider the continuity of 
these maps. 

10.1 /: X —> E 1 is continuous if and only if for each real b, both the 
sets {x | f(x) > b } and {# | f(x) < b} are open. 

Proof: The sets involved are the inverse images of, respectively, the 
subbasic open sets {y \ y > b) and {y \ y < b) for the Euclidean topology 
of E 1 , so 8.3(3) applies. 

Ex. 1 The requirement that both types of sets be open cannot be relaxed: If 
A — \ [ ^ E l and c A : E 1 —> E 1 is its characteristic function, c A is not continuous 

[{x | c A (x) < 1} is not open], yet all sets of type (x | c^(x) > b } are open. 
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Proposition 10.1 indicates that a splitting of the notion “continuity” 
for maps X — E 1 is appropriate. 

10.2 Definition An /: X E 1 is upper semicontinuous if for each real 
h, (jc | f{x) < b } is open; it is lower semicontinuous if for each real 
by {•* | f ( x ) > b) is open. 

Clearly, / is continuous if and only if it is both upper and lower 
semicontinuous; equivalently, by observing that | f(x ) > b] = 

| —f(x) < —b},f is continuous if and only if both / and —/ are 
upper (or lower) semicontinuous. 

The proof of the following theorem is not the simplest, but it does 
generalize to other situations in analysis (for example, measure theory). 

10.3 Theorem Continuity is preserved under the usual operations of 
analysis. Precisely, let/, g: XE 1 be continuous. Then: 

(1) . | / | a is continuous for each a ^ 0. 

(2) . af 4- bg is continuous for each pair of real constants, a, b. 

(3) . f g is continuous. 

(4) . If f(x) # 0 on Z, then 1 If is continuous (that is, Iff is con¬ 

tinuous wherever it is defined). 

Proof: Ad (1). For b < 0, we have (xj |/(*)| a < b} = 0 and 
{* I I/Ml” >b} = X. 

For b ^ 0, we find 

{x | |/(x)| a > b) = {x |/(x) > b lla } U {x |/(x) < - b lla }, 

{# | |/(.*) | a < b] = {x j/(#) < b 1,a } n j/(^) > — b lla } } 

which, by continuity of/and 10.1, are therefore open sets. 

Ad (2). We first show that for any real a, af is continuous: Note 

that 

I af(x) > 6} = {x I fix ) > bja } if a > 0 
= {x\ f{x)<bja) if a < 0; 

this shows that (/ continuous) => {af lower semicontinuous). In particular, 
— {a •/) = (— a) •/ is lower semicontinuous also, so that af is continuous. 
Now we need show only that f + g is continuous; but 

{x I f{x) + g{x) > 6} = U {{x I fix) > b - X) n {x | g(x) > A) | A real) 

is a union of open sets, so / + g is lower semicontinuous; similarly, 
since —/ and — g are continuous, — (/ + g) = (—/) + (— g) is lowef 
semicontinuous also. 
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Ad (3). We ha vef-g = i[| f + g\ 2 - | / - £| 2 ], so use (2) and (1). 
Ad (4). Since f(x ) # 0 on X, we have { x | 1 /f(x) > b } equal to 

[{x\f(x) > 0}n{*| bf(x) < 1}] U [{x | f(x) < 0}n{*| bf(x) > 1}]; 

since / and bf are continuous, this shows 1// is lower semicontinuous. 
Similarly, — (1 //) is lower semicontinuous. 

For maps into the extended real line E 1 ( 7 , Ex. 2), the criterion for 
continuity is evidently formally the same as 10 . 1 , so we can speak of 
upper and of lower semicontinuous maps. Furthermore, E 1 has the 
feature that for any ACE 1 , sup A and inf A always exist. 

10.4 Corollary Let {f a \aestf} be any family of continuous maps 
f a :X-^E\ Then: 

(a) . M(x) = sup{/ a (.x) J a e stf} is lower semicontinuous. 

(b) . m{x) = inf{/ a (x) | a e s/j is upper semicontinuous. 

Furthermore, if s/ is finite, both M and m are continuous. 

Proof: Since M(x) > b if and only if at least one f a {x) > b, we have 
the identity | M{x) > b} = \f a (x) > b), which proves (a). 

a 

Noting that m(x ) = — sup{— /«(*)} proves (b). Furthermore, whenever 

a 

X(<s/) is finite, then M(x) < b if and only if all f a (x) < b, so that 
{# | M(x) < b} = P| {x | f a (x) < b}; being a finite intersection, this set 

a 

is certainly open and proves continuity of M(x ) in this case; that of m(x) 
follows as before. 

We will need later the analogue of the Weierstrass Af-test, 

10.5 Let / t : X —> E 1 , i = 1, 2, • • • be a sequence of continuous maps such 

00 

that | f(x) | ^ Mi for each i, where 2 is a convergent series 

i = l 

00 

of reals. Then f(x) = ^fi(x) exists and is a continuous map 
fiX->E\ 

n oo 

Proof: Let s n (x) = ^ fi( x ) '> from domination by ^ we obtain 
i i 

Ve > 0 3 « 0 V » > rc 0 V x: |s n (x) — s no (x)| < e, so that s n converges to 
/uniformly on X. The continuity of / at each x 0 (cf. 8.4) follows from 

I f( x ) ~ /(^o)! ^ I f( X ) ~ ’ y n( A; )| T |^n(^) — ^nC^o)! 4" |^n(*o) — /G^o)!* 
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which holds for each n : given any e > 0, first choose an n 0 so large that 
the two extreme terms on the right are < e/3 for all x y and then, using 
the continuity of s no (;x:), choose a nbd U(x 0 ) to have the middle term 
< e/3. 


11. Open Maps and Closed Maps 

11.1 Definition A map /: X —* Y is called open (resp. closed) if the 
image of each set open (resp. closed) in X is open (resp. closed) 
in F. 

We have already seen ( 8 , Ex. 2) that a continuous map'need not be an 
open map, and ( 8 , Ex. 3) that an open map need not be continuous. The 
following example shows that, in general, an open map need not be a 
closed map (even though it is continuous); the concepts "open map,” 
“closed map,” and "continuous map” are therefore independent. 

Ex. 1 Let A C X and let i: A-+X be the inclusion map a —► a. By 8, Ex. 4, i is 
continuous. Furthermore, i is open (resp. closed) if and only if A is open (resp. 
closed) in X. Proof for “open”: If A is open, and U C A open in A, then by 7.3, 
*'(£/) — U is open in. A. Conversely, if i is an open map, then because A is open 
in A, i(A) = A is open in X. The proof for “closed” is analogous. 

Ex. 2 If/: X —> Y is bijective, then the conditions “/ closed” and “/ open” are 
in fact equivalent. For, if / is open and A C X is closed, then A = X — U and 
f(A) = f(X) - f(U) = Y - f(U), so f(A) is also closed. As 8, Exs. 2 and 3, 
show, “bijective open” and “bijective continuous” are still distinct notions. 

The behavior of inverse images further emphasizes the distinction 
between open maps and closed maps: 

11.2 Theorem (1). Let p: X -> Y be a closed map. Given any subset 
S C Y and any open U containing p~ 1 (S), there exists an open 
V D S such that p~\V) C U. 

(2). Let p: X -► Y be an open map. Given any subset S C Y, 
and any closed A containing p~ 1 (S), there exists a closed B D S 
such that/> _1 (5) C A. 

Proof: We prove (1) only, since the proof of (2) is similar. Let 
V = Y — p(X — U)\ since P~ 1 {S) C U , it follows that S C V, and 
because p is closed, V is open in Y. Observing that 

p~\V) = X - p- x [p{X - U)] C X - [X - U] = U 
completes the proof. 
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Theorem M.2(l) is particularly important and has significant con¬ 
sequences; its most frequently occurring form is with S a single point. 

We now give some characterizations of open maps and of closed maps. 

11.3 Theorem The following four properties of a map /: X—> Y are 
equivalent: 

(1) . / is an open map. 

(2) . /[Int (A)] C Int [ f(A )] for each A C X. 

(3) . / sends each member of a basis for X to an open set in Y. 

(4) . For each x e X and nbd U D x, there exists a nbd W in Y 

such that f{x) g W C /(£/). 

Proof: (1) => (2). Since Int(v2) C A, we have /[Int(yl)] C f{A)\ 
by hypothesis, /[Int (^4)] is open, and because Int [ f{A)\ is the largest 
open set in f(A), we must have /[Int(yi)] C Int[/(^4)]. 

(2) => (3). Let U be a member of a basis. Being open, U = Int (U) 
and so/(L) =f[lnt(U)] C Int [/(t/)] C /(t/); thus, f(U) = Int [/(£/)] 
and therefore/(f/) is open. 

(3) => (4). Given x and U D x, find a member V of the basis for X 
such that x g V C U ( cf . 2.3) and let W = f(V). 

(4) => (1). Let U be open in X. By hypothesis, each y ef(U) has a 
nbd I V(y) C f(U) so that f(U) = U {W(y) | y e f(U )} shows that f(U) 
is open. 

11.4 Theorem p: X Y is a closed map if and only if p(A) C P(A) 
for each set A C X. 

Proof: If p is closed, then by 4.4(b), p(A) is closed; since 
p(A) C p(A), we obtain p(A) C p(A) = p(A) as required. Conversely, 
if the condition holds and A is closed, then p(A) C p(A) C p(A) = p(A) 
shows that p{A) = p{A), so that p(A) is closed. 


12. Homeomorphism 

12.1 Definition A continuous bijective map f:X-+Y, such that 
/~ 1 .* Y —> X is also continuous, is called a homeomorphism (or a 
bicontinuous bijection) and denoted by /: X ^ Y. Two spaces 
X, Y are homeomorphic, written X £ Y, if there is a homeo¬ 
morphism /: X ^ Y. 

Ex. 1 The map xx/(l + |jc|) is a homeomorphism of E 1 and J — 1, +1[. 
Interpreting ^ as a vector in E n , this map shows that E n is homeomorphic to its 
unit ball B( 0; 1). 
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Ex. 2 The extended real line E 1 is homeomorphic to [— 1, +1], since the map 
x —> x/(l 4- |*|) I (x e E 1 ), ± co —> +1 is a homeomorphism. 

Ex. 3 Let p — (0,0, 1) be the north pole of the sphere S 2 ; then S 2 — {p} £ E 2 , 
since the stereographic projection from p, which sends 

(*i, x 2 , x 3 ) eS 2 - {p} to (r^—’ o) e E 2 C E 3 

is easily verified to be a homeomorphism. This is the familiar process in complex 
analysis, which completes the complex numbers (geometrically, E 2 ) by adding a 
“point at infinity” to get S 2 . In similar fashion, we have S n — {(0, •••,0,1)} £ E n . 

The importance of homeomorphisms results from the observation 
that a homeomorphism is also an open map; for, it then follows at once 
that a homeomorphism /: X = Y provides simultaneously a bijection for 
the underlying spaces and for the topologies; that is, both /: X -> Y 
and the induced / | ^~{X): 3~(X) —> Y) are bijective. Thus their 
significance is this: Any assertion about X as a topological space is also 
valid for each homeomorph of X; more precisely, every property of X 
expressed entirely in terms of set operations and open sets (that is, any 
topological property of X) is also possessed by each space homeomorphic 
to X. 

Somewhat more generally, we call any property of spaces a topological 
invariant if whenever it is true for one space X, it is also true for every 
space homeomorphic to X; trivial examples are cardinal of point set, 
and cardinal of topology. With this terminology, every topological 
property of a space is a topological invariant, homeomorphic spaces have 
the same topological invariants, and Topology can be described as the 
study of topological invariants. 

This description of Topology can be expressed more formally: Observe 
that homeomorphism is an equivalence relation in the class of all topo¬ 
logical spaces, since (a) 1: X £ X; (b) [/: X ^ Y] => [/ -1 : Y = X]; 
and (c) [/: X s Y] a [g: Y ^ Z] => [g ° /: X ^ Z] as the reader can 
easily verify. Consequently, the relation of homeomorphism decomposes 
the class of all topological spaces into mutually exclusive classes, called 
homeomorphism types. In these terms, Topology studies invariants of 
homeomorphism types. 

Homeomorphism frequently allows the reduction of a given problem 
to a simpler one: A space that is given, or constructed, in some compli¬ 
cated manner may possibly be shown homeomorphic to something more 
familiar, and its topological properties thereby more easily determined. 
For example, it is known that the Riemann surface of an algebraic 
function is homeomorphic to a sphere S 2 having suitably many attached 
handles. Unfortunately, to show that two given spaces are homeomorphic 
is usually difficult, with construction of a homeomorphism being the 
only general method. In some special cases, such as two-dimensional 
manifolds, other (algebraic) techniques have been devised. 
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It is frequently important to know that two spaces are not homeo- 
morphic, as, for example, E 1 and E 2 . This problem is somewhat 
simpler than the former; it is generally solved by displaying a topological 
invariant possessed by only one of the two spaces. Topological invariants 
not possessed by all spaces are therefore important; in succeeding 
chapters, we shall consider many such invariants. 

We now give some characterizations and properties of homeo- 
morphisms. 

12.2 Theorem Let /: X —> Y be bijective. The following properties of 
/ are equivalent: 

(1) . / is a homeomorphism. 

(2) . / is continuous and open. 

(3) . / is continuous and closed. 

(4) . f(A) = f(A) for each A C X. 

Proof: (1) o (2). The requirement that the map / 1 : Y —> X be 
continuous is equivalent to the stipulation that for each open U C X, 
the set (/ -1 ) -1 (C/) = f(U) be open in Y. 

(2) o (3). This is 11, Ex. 2. _ _ 

(3) o (4). Continuity of/yields f(A) C f(A), and because/is closed, 
11.4 shows that also/(^4) C f{A). 

One frequently used technique for establishing that a given /: X -> Y 
is a homeomorphism is simply to exhibit a continuous g : Y —> X in 
accordance with 

12.3 Theorem Let /: X —> Y and g: Y -> X be continuous and such 
that both g of = lx and/°£ = l y . Then/is a homeomorphism, 
and in fact, g = / _1 . 

Proof: We know (I, 6.9) that both/, g are bijective, and it is trivial 
to see that g = / -1 ; since both / and g are continuous, the proof is 
complete. 

For subspaces, 

12.4 Theorem Let /: X ^ Y and A Cl Then/| A: A £ f{A) and 
f\X-A:X-A ~ Y-f(A). 

Proof: Let g = f~ 1 \f{A)\ then g is continuous, by 8.2(b), and 
the pair of maps / | A, g satisfies 12.3. The second part is proved in the 
same way. 

If Z is any space and /: X -> Z is a map establishing X = f(X) C Z , 
then / is called an embedding map of X into Z. 
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Problems 


Section I 

1. a. Let X be an infinite set. Show that st o = { 0 } {A \ t?A is finite} is a 

topology. 

b. Let K(X) 3* X 0 . Show that Ja/1 = (0}u {A | X(&A) < N(X)} is a topology. 

2. How many distinct topologies can a set of three elements have? What is their 
partial ordering? 

3. Let x, be topologies in X, Y, respectively. Is 

= {A x B | A g x, B g JT - y} 

a topology in X x Y? 

4. Let X be a partially ordered set. Define U C X to be open if it satisfies the 
condition: (x e U) A (y < x) => y e U. Show that {U | U is open} is a 
topology. 

5. In Z + , define U C Z + to be open if it satisfies the condition: n e U => every 
divisor of n belongs to U. Show that this is a topology in Z + and that it is not 
the discrete topology. 

6. Prove: is the discrete topology in X if and only if every point is an open set. 

Section 3 

1. Use 3.2 to verify the final statements of I, Exs. 4 and 5. 

2. If, in the plane, all straight lines are taken as subbasis, what is the topology? 

3. Describe the open sets if all straight lines in the plane parallel to the ar-axis are 
used for subbasis. 

4. Let X be the set of all (n x n ) matrices of real numbers. For each a — ( a if ) 
and r > 0, let U r {a) = {(6 i; ) | V i, j : j a l} - b i} \ < r}. Show that these sets are 
the basis for a topology in X. 

5. Let C be the set of all continuous real-valued functions on [0,1]. For each 

/eC, each finite set • • •, x n 6 [0, 1], and e > 0, let = 

{gll^i) — /(*i)l < e, i = 1, • • •, «}. Show (a) that these nbds form a 
basis for some topology ; (b) that It? C ; and (c) that St? and are not 
related in the partial ordering of topologies in C. 

6. Let X be a partially ordered set. Let U L (x) = {y | y -< #} and U R (x) = 
{y | x -< y}. Show: 

a. The families {C/^jc)}, {U K (x)} form bases for topologies L , ST n in X. 

b. G l if and only if it satisfies the condition x e G =>- U L {x) C G. 

c. In STl, the arbitrary intersection of open sets is an open set. 

d. The discrete topology is the only one larger than S7~ L and larger than St~ R . 

e. l and SP R are not related in the partial ordering of the topologies on X. 

7. In Z, let p be a fixed prime. For each integer a > 0, define U a {n ) = 
{n +' Xp a | A 6 Z}. Show that {U a (n)} is a basis for some topology. 

8. Let {S?~a | a e t> e any family of topologies on X. Define \l XT' a to be the 

a 

topology having (J ST a as subbasis. 
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a. Prove: V &a is the smallest of the topologies on A larger than every 3T a . 

a 

b. Show that with the operations x V 2 and 3T x r\ 2T 2 that the topologies 

on X form a complete lattice. (Cf. Problem II 1(4): a lattice is called 
complete if every subset has a least upper, and a greatest lower, bound.) 

c. Is^ - ! n (ST 2 v5' 3 ) = (Jinf 2 )V (.^1 n ^ 3 ) always true? 

d. What is L V 3Z R in Problem 6? 

9. In the set R of all real numbers, let X consist of all sets of form (x [ x > r}, 
{x | x < s}, where r, s are rational. Show that (X) is the Euclidean topology 
of R. Is this still true if r , s are restricted to be numbers of the form k/2 n 
{k and n arbitrary)? 

Section 4 

1. Determine the closure, derived set, interior, and boundary, of the following 
sets: (a) The rationals in E 1 ) (b) the Cantor set in E 1 ; (c) the set 

{(r lt * 2 ) | r u r 2 rational} C E 2 ; (d) {(*, 0)|0<a:<l}C E 2 . 

2. Show that E* x 0 C E* x E l = E s+t is closed. 

3. Let A C E 1 be a bounded set. Show sup A e A. Under what conditions is 

sup A e A '? _ _ 

4. Prove: G is open in X if and only if G n A = G n A for every A C X. 

5. Show that (A' = 0) => (A is closed). 

6. Let A = {1/m + 1/n \m,ne Z + } C E 1 . Show that A' = {1/n \ ne Z + } u {0}, 
A" = {0}. 

7. Let {A a | a es/} be any family of sets in X. Assume that (J A a is closed. 

_ _ a 

Prove U A a = U A a . 

a a 

8. Prove: Fr(yl) = 0 if and only if A is both open and closed. 

9. Prove the following formulas: 

(a) . Fr[Fr{Fr(,4)}] = Fr[Fr(^)]; 

(b) . Fr[Int(,4)] C Fr(A); 

(c) . Int(^ - B) C Int(^) - Int(B). 

10. Assume that Fr(/2) O Fr(S) = 0. Prove: _Int(yl U B) = Int(^4) U Int(S) 
and Fr(24 n B) = [A n Fr(5)] <J [Fr(^) n B]. 

11. For what spaces X is the only dense set X itself? 

12. Let E and G be dense in X. Prove: If E and G are open, then £nGis also 
dense in X. 

13. Let D be dense in X. Prove: D C\ G = G for every open GCA. 

14. Lqt 38 be a subbasis for X , and D C X such that U n D ^ 0 for each U e 38. 
Does this imply that D is dense in A"? 

15. Ih 3, Problem 6, what is the closure of {*} in 37 ~ L ? For what points is {#} a closed 
set? An open set? 

16. Assume (X, 3~) a space with the properties: (a) The intersection of any family 
of open sets is open; (b) if x ^ y, then there is at least one open set con¬ 
taining some one of x, y, and not the other. Define x ^ y if x e y. Show that this 
is a partial ordering and that the topology R (3, Problem 6) is precisely 3T, 

17. In Ax y, show that A x B = A x B; Int(^4 x B) = Int(^4) x Int(B); 
Fr(^ x B) = (Fr(^) x B) U (A x Fr (B)). 
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18. The exterior, Ext(/I), of a set A C X is defined by Ext(v4) = Int&A). 
Prove: (a). Ext(^4 u B) = Ext(^4) n Ext(-B); (b). A n Ext(/J) = 0 ; (c). X — 
Ext (0); (d). Ext pT Ext(^)] = Ext(^). 

19. If every countable subset of a space is closed, is the topology necessarily 
discrete? 

20. A point a e A is called isolated whenever a e A — A'. A set is called perfect 
if it is closed and has no isolated points. Prove: (1) If A has no isolated points, 
then A is perfect. (2) If a space X has no isolated points, then every open set 
and every dense set in X also have no isolated points. 

21. Call a set residual if its complement is dense, and call it nowhere dense if its 
closure has empty interior. Prove: (1) A nowhere dense set is a residual 
set. (2) A is nowhere dense if and only if A C ^A. (3) The union of a residual 
and a nowhere dense set is a residual set. (4) The boundary of a closed (or 
open) set is nowhere dense. (5) For any set A , both A c\ r t>A and A C\ ^A 
are residual. (6) The boundary of any set is the union of two residual 
sets. 

22. An open set U is called regular if U = Int (U); a closed set A is called regular 
if A = Int(^4). Prove: 

a. If A is closed, then Int(^4) is a regular open set. 

b. If U is open, then U is a regular closed set. 

c. The complement of a regular open (closed) set is a regular closed (open) set. 

d. If U, V are regular open sets, then U C V if and only if U C V. 

e. If A, B are regular closed sets, then A C B if and only if Int(^4) C Int(J9). 

f. If A, B are regular closed sets, so also is A V B. 

g. If U , V are regular open sets, so also is U n V. 

Section 5 

1. Let A —> u(A) and A —> v(A) be two closure operations. Assume that v°u(A) 
is u-closed. Prove that A —> v°u(A) is a closure operation and that v°u(A) 
is in fact the intersection of all sets containing A that are closed in both u and v. 
Finally, show that u°v(A) C v°u(A). 

2. Let (p: X &(Y) be a map of a set X into the set 0*(Y). For A C X, let <p(A) = 
U {?>(#) | x e A}; and for B C Y, let cp~ 1 (B) = {# | (<p(x) C B) A (cp(x) ^ 0)}. 
Show that u(A) = (p~ 1 °<p(A) satisfies (l)-(3) and (i) of 5 . 1 . 

3. Let A" be a space, and let r be an operation associating with each pair of sub¬ 
sets A and B a set t(A, B) C X subject to the conditions: 

a. t(A, B kjC) u t(B, CvA) = t(Av B, C) u t (A, B). 

b. t( 0, X) = 0. 

c. r(A, VA) C A. 

d. t(A, B) C A vB. 

Show that, necessarily, t(A, B) = (A n B) u (A n B). 

Section 6 

1. A set is bivalent if it is both an F„ and a G 6 . Show that the complements, finite 
unions, and finite intersections of bivalent sets are bivalent. 

For the remaining problems, we assume that all closed sets are G d - sets. 
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2. Prove: Every F a is the disjoint union of bivalent sets. (Write F = (J F t = 
Fi vj {F a — Fi] '-'••• [F n — (F„ _ i u • • • u Fi)] u • • • and use Problem 1.) 

3. Prove: For every sequence {F,} of F,-sets, there exists a pairwise disjoint 

sequence {Hi} of F„-sets with H t C F { for every i and u H t = u F t . [Write 

F t = U F f /, where the F^ are bivalent and disjoint; arrange the pairs (i,j) in a 
y 

linear order, and repeat Problem 2.] 

00 

4. Prove: If (GJ is any sequence of G d -sets with Q G< = 0, there exists a 

i 

00 

sequence of bivalent sets {B t } with G ( C B t and fj B t = 0. (Set F t = ‘JfGj in 
Problem 3 and take B t = 9^Hi.) 

5. Prove: (a) If G, H are disjoint G^-sets, there exists a bivalent set B with H C B 
and B n G = 0. 

(b) If G is a G 6 and F an F„ such that G C F, there exists a bivalent JB with 
G C B C F. 

Section 7 

1. In F 1 , show that for any set A, sup A e A. 

2. Describe the relative topology of {z | \z\ = 1} as a subspace of F 2 . 

3. Show that the rationals, as a subspace of F 1 , do not have the discrete topology. 

4. Let K C F 1 be the set of irrationals in ]0, 1[. Expressing each x, y e K as 
decimals, define d{x, y) = l/n if x and y have their first (« — 1) digits identical, 
and their nth digits different. Let B(x; l/n) = {y e K \ d(x, y) < l/n}. Show 
that the {B(x, l/n) | x e K, n e Z + } is a basis for a topology^ on K, and prove 
that 2T coincides with the induced topology of K as a subspace of F 1 . 

5. Let A C B be open in B. Show: For any set S, A n S is open in B n S. 

6. Let Yx, Y 2 be (not necessarily disjoint) subspaces of X, and A C Yi n Y 2 . 
Assume that A is open (closed) in Yx and open (closed) in Y 2 . Prove: A is 
open (closed) in Y i u Y 2 . 

7. Let A C X be closed and U C A open in A. Let V be any set open in X with 
U C V. Prove: U u (V — A) is open in X. 

8. a. Let D be dense in X. Give an example to show D n A need not be dense 

in A. 

b. Prove: If A is dense in B C X, then A is dense in B. 

9. Let X be the set of 3, Problem 6, with the topology R . Let A C X, and using 
the induced ordering on A, obtain 3T R (A). Show that SF R (A) coincides with 
the induced topology on A as a subspace of X. 

10. For any linearly ordered set X, let 3T 0 (X) be the topology with subbasis all 
sets of form {x | x > a}, {x | x < b}. In F 1 , 3F 0 (F X ) is the Euclidean topology. 
Let A = {0} u {x | |x| >1}. Show that its topology JF 0 (A) as a linearly 
ordered set does not coincide with its topology as a subspace of F 1 . 

11. Let X be any space, and let Y be a closed subspace. Let A C X be any set, 
and let H be a nbd of A O Y in Y. Prove: A r\ (F — H) = 0. 

12. Let X be any space, and assume that X = F x U F 2 , where E x and F 2 are 
closed in X. Let B C Ex be such that SnF 2 C Q where Q is open in F 2 . 
Prove: B C Int(F x Q). 
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Section 8 

1. Let be Sierpinski space and let 2 be the discrete space (0,1} ( cf. I, Ex. 3). 
Let f: -> 2 be the identity map. Show that / is not continuous, but that 
/-1; 2-►.S'is. 

2. Let c be the characteristic function of [0,1 [ C E 1 . Is c | [0,1] continuous at 
x = 0? At x = 1? On [0, 1[? 

3. Let X be any space and c A the characteristic function of A C X. Show that 
c A : X—> E 1 is continuous if and only if A is both open and closed in X. 

4. Let C be the set of 3, Ex. 7. (a) Define <p: C -> E 1 by <p(f) = /(1). Show that 
cp is continuous in the °ll topology, but is not continuous in the M topology, 
(b) Define ifr. C —*■ E 1 by 

M = Cf(x)dx. 

Jo 

Show that i (j is continuous in both the jK and Ql topologies, (c) Are either of 
these maps continuous in the topology (3, Problem 5)? 

5. Under what conditions is the bijective map 1: (X , x ) —> (X, 3T 2 ) not con¬ 

tinuous, and with inverse not continuous. 

6. Let X be the space in I, Problem 1(a). State a necessary and sufficient con¬ 
dition that /: X -» X be continuous. 

7. Let X be the space in I, Problem 4. Show that/: X —> X is continuous if and 
only if it is order-preserving. 

8. Let Z + be taken with the topology of I, Problem 5. Show that/: Z + Z + 
is continuous if and only if (m divides n) =>• (f(m) divides/(«)). 

9. Let X be the set of 3, Problem 6, with topology R . Derive a necessary and 
sufficient condition for continuity of /: X —> X. 

10. Prove that the following three statements are equivalent: 

a. /: X —> Y is continuous. 

b. f(A') C f(A) for each A C X. 

c. Fr[/ _1 (B)] C / _1 [Fr(B)] for each B C Y. 

11. Let X = X x u X 2 and/: X —> Y. Assume / | X ± and/ | X 2 to be continuous 
at x e X x n X 2 . Show that / is continuous at x. 

12. Let /: X —> Y be a map and A C X. Give an example showing /1 A con¬ 
tinuous, although/is not continuous at any point of A. 

13. Let/: X Y be continuous. If B C Y is a G^resp. F a ), show that/ -1 (JB) is 
also a Gj(resp. F a ). 

14. Construct an example of a map /: X x X —> E 1 continuous in each variable 
separately but not continuous on X x X (use X — E 1 for simplicity). 

Section 9 

1. Let {Axi be a nbd-finite closed covering of X. Let x 0 £ X, and for each set 

n 

A Al ( i = 1, —, n) containing x 0 , let V ( be a nbd of # 0 in A K ( . Show that (J Vi 
contains a nbd of x 0 in X. 

2. Let X be any space, and {A n | neZ + }a family of sets in X such that A n D A„ +1 

for each n e Z + . Prove that, if f) A n — 0, then the family {A n | n e Z + } is 

i 

nbd-finite. 
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3. Prove: a. Any open set in E 1 is the union of a pairwise disjoint family of open 
intervals. Give an example to show that this is not true for E n , n > 1, if “open 
intervals” is replaced by “open cubes.” 

b. Any open set in E n is the union of at most countably many nonoverlapping 
closed cubes [Hint: Generalize the following procedure for E 2 : For each 
n e Z + , let H n be the network of closed squares formed by all the lines x = p/2 n , 
y — ?/2 n , p, q e Z. Let Si be the set of all the closed squares of contained 
in the open set G, and proceeding inductively, let S n + 1 be the set of all the 

c° 

closed squares of H n + 1 contained in G - (S ± kj • • • kj S n ). Then G = |J S n ]. 

c. Show that a non-empty open set in E n cannot be the union of a nbd'-rinite 
family of nonoverlapping closed cubes. 

Section 10 

1. Let/: X —»■ E 1 be such that for each rational r, {x | f(x) > r) is open. Show that 
/ is lower semicontinuous. 

2. Let jft be a family of sets in X closed under countable unions and finite inter¬ 
sections. Call /: X -» E 1 an .^-function if f~ l (U) e for each subbasic U 
of E 1 . Show that 10.3 is true, with “continuous” replaced by “^-function.” 

3. Let E be the space of real numbers with subbasis all sets of form {x | x > b}. 
Prove /: X —> E is continuous if and only if / is lower semicontinuous, as a map 
into E 1 . 

4. Show that the sum, inf of finitely many, and sup of an arbitrary family, of 
lower semicontinuous functions is lower semicontinuous. Show that if/, g are 
>0 and lower semicontinuous, so also is fg. 

5. Prove: / is lower semicontinuous if and only if: 

V E > 0 V »o 3 U ( x 0 ): x e U (x 0 ) => f(x) > f(x 0 ) — e 
f is upper semicontinuous if and only if: 

Ve > 0Vr o 3 U (x 0 ): x <= U (x 0 ) => f{x) < f(x 0 ) + e 

Equivalently, / is lower (upper) semicontinuous if and only if for each real b, 
{x | f(x) < b } ({» | f(x) > b}) is closed. 

6. Let C 1 be the set of all continuous real-valued functions on [0, 1] that have a 
continuous derivative on [0, 1]. Let 2T be the topology having 

U e (f) = {g | V *: |g(tf) - f(x )| < e} 
as a basis. Define the length 

Kf) = f VTTTWdx. 

Jo 

Show that l: C 1 —> E 1 is lower semicontinuous. 

7. Let { /„} be a sequence of continuous reabvalued functions on a space X. Show 
that the set of points x e X for which the sequence { f n (x)} converges is an F ai 
(that is, a countable intersection of F^-sets). 

Section 11 

1. Let p: E l x E 1 -* E 1 be the projection (x, y) —> x. Show: (a) that p is an 
open mapping; (b) that p is not a closed map. (Consider p{(x, y) | xy = 1}.) 
Thus “bijective” in Ex. 2 cannot be replaced by “surjective.” 
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2. Let p(x) be a polynomial on E 1 . Show that x ->p(x) is a closed map of E 1 . 

3. Show that a continuous bijective map/: E 1 —> E 1 is an open map. 

4. Give an example to show that a continuous open map need not map the interior 
of a set onto the interior of the image. 

5. Let X be any space, and/: X— > E n an open mapping. Denote the distance of 
f(x) e E n to the origin by | f(x) j. Let A C Xbe any set. Prove that | f(a) \ < 
sup {| f(x) | | x e A} for every a e Int(^4). [Hint: Given a e Int(^4), there is, 
by 11.3(4), a ball B(f(a); e) C f(A)]. Since a nonconstant analytic function 
of a complex variable is an open map on its domain of definition, this result 
implies “maximum modulus theorem” of complex analysis. 

6. Show that /: X —> Y is open if and only if / -1 [Fr(Z?)] C Fr[/ _1 (5)]for 
each B C Y. 

7. Let f:X-+ Yandg: Y-»Z. Prove: 

a. If/, g are open (closed), so also is g of. 

b. If g of is open (closed) and / is continuous, surjective, then g is open 
(closed). 

c. If g of is open (closed) and g is continuous, injective, then / is open 
(closed). 

8. Let/: X —> Y be open (closed). Show that if A = f~ 1 (B) for some B C Y, 
then / | A is also an open (closed) map into B. 

9. Let {B a | a e sY} be an open, or nbd-finite closed, covering of Y. Let f:X—>Y 
be such that for each a e sY, f\f~ 1 (i5 a ) is an open (closed) map of / ~ 1 (B a ) into 
B a . Show that/is an open (closed) map. 

10. Prove: A surjective map p: X —> Y is a closed map if and only if it satisfies 
the condition of 11.2(1). 

11. Let p:X—>Y be a closed surjection. Prove: If U C X is open, then 
Fr[p(U)] C p(U) n p(X — U). 

12. Let p: XY be closed. Let U C X be open, and p~ 1 {y) C U. Show that 
y 6 Int [p(U)l 

13. Let p: X —> Y be closed. Prove: If A C X is closed, then / | A is a closed 
mapping of A into p(A). 

14. Prove that the following three statements are equivalent: 

a. p: X —> Y is a closed map. 

b. If U C X is open, then (y | p~ x [y) C U) is open in Y. 

c. If A C X is closed, then {y | p~ 1 (y) o A Y 0] is closed in Y. 

15. Let c: I—> 2 be the characteristic function of [0, C /• Show that c is 
surjective, open, closed, but not continuous. 

16. Let p: XY be an open and closed map. Let <p: X—> I be continuous, and 
for each ye Y, let <p(y) = sup [<p j / -1 (y)]. Prove: <p: Y —> I is continuous. 

Section 12 

1. In E 2 , let V 2 = B(0, 1). Show V 2 £ / x /. 

2. Show that the space of n x n matrices in 3, Problem 4, is homeomorphic to 
E n2 . 

3. Show: a. (X x Y) x Z ^ X x (Y x Z), 

b. X x Y ~ Y x X. 
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4. Let/: X —» Y be a map, and G(f) C X x Y the subspace {(x,/(^)) | x e X}. 
Show that x -» (x,/(#)) is a homeomorphism if and only if / is continuous. 

5. Let A, B be countable dense subsets of E 1 . Show A ^ B. [There is even a 
homeomorphism of E 1 carrying A onto B .] 

6. Let/: X —> Y and g : Y —> X be embeddings. Show that (see II, 7, Problem 7) 
X and Y can be written as disjoint unions: X = X x u X 2 , Y — Yi vj Y 2 such 
that/ | X 1 :X 1 ~ Y x and g | Y 2 : Y 2 ^ 

7. Let {5 a | a 6 be an open, or nbd-finite closed, covering of Y. Let/: X —> Y 
be continuous, and assume that for each a e sY, f \ f ~ 1 (B a ) is a homeomorphism 
off~ 1 (B a ) and B a . Prove that/: X = Y. 

8. Show that the map x — > e ix of [0, 2tt[ onto S 1 is not a homeomorphism. 
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In this chapter, we define the cartesian product topology for an arbitrary 
family of spaces and derive some of its basic properties. 


I. Cartesian Product Topology 

I. I Definition Let { Y a | a e stf) be any family of topological spaces. 
For each aej/, let tP a be the topology for Y a . The cartesian 
product topology in Y a is that having for subbasis all sets 

a 

CUfi) = PH x ( Cp), where U 0 ranges over all members of HP $ and 
)8 over all elements of ’. 

If any one factor Y a = 0, then the cartesian product is also empty and 
the topologies of the non-empty factors then play no role in determining 
that of the product; we wish to exclude such behavior, so we shall assume 
throughout this book that each factor of any cartesian product of 
topological spaces is non-empty. 

n 

Ex. 1 If si is a finite set, the cartesian product topology of PP Y a coincides 

a = 1 

with that previously defined in III, 3, Ex. 6. 

Ex. 2 Because of I, 9.6, it follows at once that the basic open sets are all those 
sets of form 

U a i X • • • X U an X {Y fi \ ft & OCi, * • «„} = P| pai(U a ,), 

where n is finite and each U ai is an open set in Y ai ; we will denote this set by 
<t/ ai , • • • U an >. Thus, whenever X(jY) = n < X 0 , a basis for the topology is 

n 

simply the family of all “boxes” PP U u where each U t is an open set in Y t . However, 

i = i 

whenever 5* H 0 , this is no longer true: In fact, a set of form PP U a , where 
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each U a ^ Y a and is open in Y a , is never an open set in the cartesian product: 
because each basic open set restricts only finitely many coordinates, no basic open 
set can be contained in ]~[ U a , so (III, 2.3) J"J U a is not open. 

a a 

Ex. 3 If X 0 , and each Y a is a discrete space having more than one 

point, Y„ is never a discrete space, for since each a a e Y a is an open set, it 

a 

follows from Ex. 2 that no point { a a } e Y a is an open set. The cartesian product 

a 

topology is frequently used in this way, to create a nontrivial topology in infinite 
families of objects, starting from the discrete topology in each. 

Ex. 4 It is useful to observe that if V is any set open in Y a , then p a (V ) = Y a 

a 

for all but at most finitely many a: any such V contains a basic U = <t/ ai , • • •, 
U an > and p a (U) C p a (V) for all a. 

As Ex. 2 indicates, results for finite cartesian products may not carry 
over formally to infinite cartesian products, so these two cases will be 
treated separately. 

1.2 Let be arbitrary. Then, in the space 17 {F a | a e s/j: 

(1) . For each a e stf, let E a be a subbasis for the topology^ of Y a . 

Then the family {< Vf) | all V $ eE b \ all /8 e s/j is also a 
subbasis for the cartesian product topology in Y a . 

_ a 

(2) . If A a C Y a for each a e sY y then — Yl A a (that is, in 

a a 

contrast to Ex. 2, the cartesian product of closed sets is always 
closed). 

(3) . If A a C Y a for each a esY, then Y\ A a as a cartesian product 

a 

of spaces (each having the induced topology) has the same 
topology that it receives as a subspace of PJ Y a . 

a 

(4) . Let y° = {y°} be a fixed element in ]^[ Y a , and let 

a 

D = {{jc a } j {.v a } and differ in at most finitely many coordinates). 
Then D is dense in Y\ Y a . 

a 

Proof: (1). This is immediate from I, 9.5, and is left for the reader. 
(2). Assume {y a }eYlA a ; we show that Va : y a e A a , that is, 

^ a 

(y«) e n A<r Let y a G U a , where U a is open in Y a \ since (y a ) e <t/ a >,. 

a 

we must have (III, 4.3) 

0 ^ <u„y nnj.-ii'.n a„) x nI^ ^ 

and so by I, 9, Ex. 1, we find U a C\ A a ^ 0. This proves y a e A a . The 
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converse inclusion is established by reversing these steps: If { y a } e 
n A at then for any nbd {y a } e • • •, £/„ n >, each U tti n A Ui # 0 

a 

so that £/«„> n n ^ 0 - 

a 

(3) . This is left for the reader. 

(4) . Let <t/ ai , • ■ f/ an ) be any basic open set; since all but the 

coordinates are unrestricted, this set contains a point having 
the coordinates^ for each # a lf ---,a n . By III, 4.13(3), D is dense. 

For the case X(j/) < X 0 , we have 

n 

1.3 In the space Y t : 

i = 1 

0)* (n = (A-i x A 2 x • • • x A n ) 

U (A x x A' 2 x A 3 x ■ • • x A t ) 

U • • • u (A ± x Z 2 x • • • x ^;). 

(2) . Int (n 4 ) = n Int (4). 

(3) . Fr (fj = [Fr (A t ) x A 2 y. • - • A n ] 

U [A x X Fr(i4 2 ) x ••• X 
U • • • u [Ij X I 2 X • • • X Fr (A)]- 

Proof: (1) is proved by induction, from the result for two factors: 

(a, b) g (A x B)' o ( a , b) e (A x B) - (a, b) 

= [(A - a) x B]u [A x (B - 6)] 
= [(4 - a) xl]u[lx (iT^T)] 
o («, 6) e [/T x B]kj [A x B'], 

where we have used 1.2(3) and III, 4, Ex. 11. 

(2) . From I, 9.6 and 1.2, 

im(n 4 ) = tffFrpj = 

= *■ 0 <«^> = 

1 

= fl I« (21,). 

1 

(3) . This is proved by induction and is left for the reader. 


*"[0 

n<«^> 
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2. Continuity of Maps 

2.1 Theorem Let { Y a \ a e jY} be any family of spaces. Then for 
each fixed es/, the projection p 0 : ]/[ Y a -^ Y $ is a continuous 

a 

open surjection. 

Proof: We have already seen (I, 9.3) that p 0 is surjective. If U is 
open in Y 0 , the formula <t/> = pf x (U) shows thatp/^f/) is open in 
j~I Y a and proves that p s is continuous. Since p e (U ai , • • •, U an ) = Y 0 

a 

(if jS ^ , a n ) or TJ ak (if ft — a k ), the image of any basic open set 

is open so, by III, 11.3, p e is open. 

Ex. 1 pp is not in general closed, even if H(jY) is finite. In E 2 = E 1 x E 1 , 
the set A = {(x, y) | xy = 1} is closed, but under projection on the first factor, 
pfA) = {# | x ^ 0}. 

2.2 Theorem Let { Y a | a e jY} be any family of spaces, and 

/: X —> Y a a map. Then / is continuous if and only if p# °f is 

a 

continuous for each jS e sY. 

Proof: Let / be continuous; since p 0 is continuous for each /, so also 
(III, 8.2) is pa o f. Conversely, assume each p B of continuous; then for 
each subbasic (Uf) in ]/[ Y a , f~ 1 {U B } is open because f~ 1 (U 0 } = 

= (Pf> °/) _1 (^)’ and so ( In > 8 - 3 )/ is continuous. 

For an/: X —*■ PJ Y a , the map p B ° /; X —> Y e is called the /th coordi- 

a 

nate function of/; in terms of its coordinate functions, / is the mapping 
x {p a o f(x)}. The importance of 2.2 is that it tells how to construct 
continuous maps into cartesian products. 

2.3 Corollary Let X be a fixed space, and {y a | a e sY) any family of 
spaces. Assume that for each a e jY, a map f a : X-> Y a is given. 
Then, defining f‘-X—>Yl T w by x -> {f a (x)},fis continuous if and 

a 

only if each given f a is continuous. 

Proof: This is immediate from 2.2, since p e o f = f B for each f e sY. 

Ex. 2 The usual notion “parametric representation of curves” is essentially 
an application of 2.3. Calling curve any continuous image of a closed interval in 
E 1 , to say that the system x = x(t), y = y{t) f (x(t), y(t) continuous) represents a 
curve in E 2 , we rely on 2.3 to assure that t —> (x(t), y(t)) is continuous. 
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Ex. 3 By 2.3 it is easy to establish III, 12, Problem 4: Let g: X -» G(f) be 
the map x —> and px>py the projections of X x Y onto X, Y, respectively. 

If g is a homeomorphism, f = py ° g and 2.1 show that / is continuous. Con¬ 
versely, if / is continuous, by 2.3 the map g: X —> G(f) C X x Y is continuous. 
Defining p = px I G(f), 2.1 shows that p is continuous, and since p ° g = 1, 
g o p = \ t HI 12.3 shows that g is a homeomorphism. 

2.4 (Unrestricted Associativity) Let { Y K \ a e stf] be any family of 
spaces and | p e Jt} a partition of srf. For each p, let 

Thenn K S Yl z >- 

a u 

Proof: For each peJf, define q u : J~J Y a — Z u to be the map 

a 

{y a }-+{ya | « by I, 9.3, each q„ is surjective. For each /3 g^, 

the map p 0 ° q u is the projection of ]~J Y a onto its /8th factor, so from 

a 

2.1 and 2.2, each q u is also continuous. 

Now define q: J~J Y a ^Y\ Z n b y y^{q u (y)}’, then, from 2.3, q is 

a u 

continuous. The map q is also open: given any basic <( U ai , • • •, U a ) in 
n Y a , we have 

a 

In (U ai , ', Uaf) 

_ ((Uaji ’ * ’> ^ *» a n} Gi u = {a ; -, • • •, 0^} 7^ 0 

\ Z u if { oc l> * > a n} ^ ^u = @ 

and from this it follows that q(U Ul , • • •, £/ ttn ) is open in J~J Z u . Finally, 

n 

q is bijective because {s/ u \ p e Jt] is a partition of sY. By III, 12.2, q is 
therefore a homeomorphism, and the proof is complete. 

2.5 Theorem Let be arbitrary. For each a e «</, let/ a : X a —> Y a 

be a map. Define Hf a : YJ X a -> b Y K) {/«(*«)}• 

a a 

Then: 

(1) . If each/ a is continuous, so also is Tlfcr 

(2) . If each f a is an open map, and all but at most finitely many 

are surjective, then Y\fa is a i so an open map. 


Proof: Ad (1). Let < V a ) be a subbasic open set in J~[ Y a ; then 

a 

(J~I fa )~ 1 (Y a ) = <(/« 1 (F a )), which is open because f a is continuous. 
By III, 8.3, n/« is continuous. 
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Ad (2). Each basic <t/ ai , • • *, £/ an ) maps to 

f ai ( u ai ) x • • • x f an {U an ) x n MX*) I P * «i> * •*,««}• 

Since all but at most finitely many f B are surjective, all but at most 
finitely many f B (X B ) = Y B , and the rest are open sets. Thus the image 
of (U ai , • • •, U Un } is an open set, which by III, 11.3, proves that Ylfa is 
open. 

2.6 Corollary Let {X a | a e s/} and { Y B | jS e £8) be two families of 
spaces, and <p: .srf —> SS a bijection. If for each a, X a ~ F <P(a) , 
then ]~J X a = P[ Y b . In particular, p[ X a is unrestrictedly 

a 0 a 

commutative. 

Proof: This is immediate from 2.5 and III, 12.2. 

2.7 Let Y be a fixed space, stf any indexing set with X(jaf) ^ X 0 . Let 
Y a = Y for each a, and let Z = J~[ Y a . Then each cartesian product 

a 

Z x Z x • • • x Z consisting of ^ X(,s/) factors Z is homeomorphic 
to Z. 

Proof: If there are X ^ X(j/) factors Z, the cardinal number of the 
factors Y present in Z x • • • x Z is X • X(s/) = X(j?/), so 2.6 applies. 

3. Slices in Cartesian Products 

In E 2 = E 1 x E 1 , we can identify a line parallel to the x-axis with E 1 ; 
this idea extends to arbitrary cartesian products. 

3.1 Definition Let Y\ F a be an arbitrary cartesian product, and 

CC 

y° = {y°} a given point. For each index /?, the set 

S(y°;P) =Y e x nWlMflcni'. 

a 

is called the slice in Y a through y° parallel to Y B . 

a 

Ex. 1 In E 3 = E 1 x E 1 x E 1 , with y° = (x?, x%, # 3 ), the slice S(y°; 1) = 
{(x, x%, X 3 ) | x e E 1 }, and so is a line parallel to the x-axis going through y°. 

3.2 Theorem The map s B : Y B ^ S(y°; /?) given by 

y& -*■ Ye x n {yl I « # 0} 

is a homeomorphism of Y B with the subspace S(y °; jS) = s. 
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Proof : We first note that, because of I, 9.6, the open sets 

U an yns 

of the subspace S are 0 , S, or S A (.Ug), where U s is open in Y e . Thus 
‘sKiu.,,---, u..yns) = 0, y^, or C/ 5 , hence it is always open, and 
therefore s e is continuous. Since the projection p $ : Yff is 

a 

continuous, so also is p = Pg \ S; and because p ° s e = 1, s B ° p = 1, 
an application of III, 12.3 shows that both s g and p are homeomorphisms. 

4. Peano Curves 

As one simple application of the results in this chapter, we prove the 
existence of space-filling curves. 

For each n = 1,2,-*-, let A n be the discrete space {0, 2}; in I, 9, 
Ex. 3, we have seen that if C is the Cantor set, the map 90 : J^[ A n —>• C 

n 

given by 

w-ifs 

is a bijection of the set PI A n onto the set C. 

4.1 Taking YJ with the cartesian product topology, and CCS 1 
with the subspace topology, <p: PI A n ^ C. 

Proof : <p is continuous: Given any c = 3 eC, and nbd B(c ;e)nC, 

i 

00 

choose N so large that ^ 2 • 3 " 1 < e ; then <p{(a x , • • •, a N )) C B(c ; e) n C. 

N 

<p is open: Given any x = {aj and nbd (a {i , • • •, containing x, 
let N = max (4, • • - , 4} and W = B(<p{x)\ 1/3 N + 1 ) n C; then 

W C 9 ?«a tl , • • •, a ik }) 

so III, 11.3, applies. Being bijective, 99 is a homeomorphism. 

4.2 Let I = [0, 1] C E 1 , and let ifj: PI A n —> / be the map 



Then f is a continuous surjection. 

Proof : Continuity follows as in the preceding proof and, by using 
dyadic expansions, the surjectivity is obvious. 

n 00 

The «-cube I n C E n is ]^[ /; the space /°° = ]~J I is called the Hilbert 

1 1 

cube. We now have 
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4.3 For each k ^ oo, there exists a continuous surjection of the Cantor 
set on I k . 

Proof: Let k ^ oo be given. We have <p -1 : C ^ A n , and by 2.7, 
an h: fl A = fMn x • • • x fMn (* ^ oo factors). Using 2.5 and 
4 . 2 , we obtain a continuous surjection: 

x - x n a.-*ix---x i-i*. 
i 

so that 



is the desired map. 

By a “curve” in a space Y is meant the image/(/) of a continuous map 
f: I —> Y. From 4.3, the existence of space-filling curves (that is, Peano 
curves) follows easily: 

4.4 Theorem (Generalized Peano) For each k < oo, there exists a 
continuous surjection I -> I k (that is, a curve going through each 
point of I k ). 

Proof: Let /: C —> / fc = / x • • • x / be the continuous surjection of 
4.3, and let p t of: C -> I be the coordinate functions. Recall that C C / 
is obtained by successively dropping out middle thirds. Extend each 
pi of: C —> I to a continuous /,:/->/ by defining f to be linear on each 
omitted interval. Then, by 2.3, F(t) = {/,(£)} is a continuous map 
I —> / fc , and since F \ C = /, it is surjective. 


Problems 


Section I 

1 . Let {F a | a e stf) be a family of spaces. Assume that each Y a has a basis of 
cardinal number < N. What is the cardinal of a basis for ]~[ Y a 1 

a 

2. Let be arbitrary and O A a C fl Y a . If all but at most finitely many 

factors A a = Y a , prove Int (]~[ A a ) = ]~J [Int(^4 0 )]. 

3. Let JR be the real numbers with the upper-limit topology (III, 3, Ex. 4). Show that 
R x R is not a discrete space, but that A = {(x, y) | x + y = 1}, as a subspace 
of R x R, has the discrete topology. 

4. Prove: ]j[ A a is dense in J~[ Y a if and only if each A a C Y a is dense. 
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1. Prove: The cartesian product topology in' Y a is the smallest topology for 

a 

which all projections p B : Y a —> Y B are continuous. 

a 

2. Let { Y a | a e srf} be a family of spaces. For each 38 C , let 

Pgr . n i « e j/} — n {y„ i pem 

be the projection. Let A C ]^[ Y a be closed. Prove: 

a 

2l = fl Pa^Pggi-A)]. 

38 finite 

Section 3 

1. Let Sf be the Sierpinski space, and Sf x {0} the slice in Sf x SP parallel to the 
first factor. Is Sf x {0} closed in Sf x 



Connectedness 


v 


Intuitively, a space is connected if it does not consist of two separate 
pieces. This simple idea has had important consequences in topology 
and has led to highly sophisticated algebraic techniques for distinguishing 
between spaces. In this chapter, we obtain the basic properties of this 
concept and those of some of its modifications. 


I. Connectedness 

1.1 Definition A space Y is connected if it is not the union of two 
nonempty disjoint open sets. A subset B C Y is connected if it is 
connected as a sub space of Y. 

Ex. 1 Sierpinski space £? is connected: The only possible decomposition is 
0, 1, and 1 is not open. The discrete space 2 is not connected. 

Ex. 2 The real number system with the upper-limit topology (III, 3, Ex. 4) is 
not a connected space, since (x | x > a} and {x | x < a} are both open sets. 

Ex. 3 The rationals Q C E 1 are not connected, since {# | * > V2j n Q, 
{x | x < V2} n Q is a decomposition as required. 

1.2 Theorem The only connected subsets of E 1 having more than 
one point are E 1 and the intervals (open, closed, or half-open). 
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Proof : Y connected implies that Y is an interval: For if Y is not an 
interval, then by definition there must be a, b e Y, c e Y with a < c < h, 
so Y n {* | x > c], Y r> {* | x < c) is a decomposition of Y. 

Y is an interval implies that Y is connected: If Y were not connected, 
then Y = A U B, where A, B are disjoint nonempty open sets, and 
there would be an a e A, b e B that (relabeling if necessary) satisfy 
a < b. Define a = sup {# | [a, £[ C A }; then a <6, and because Y is 
an interval, a e Y. Clearly, a e A Y ; noting that A = ^ Y B is closed in F, 
we must have a e A. However, A is also open in Y, and since Y is an 
interval, an application of III, 2.3 shows there must be a nondegenerate 
]a — h, a + h[ C A, which contradicts the definition of a. 

The definition l.l can be formulated in handier fashion: 

1.3 The following three properties are equivalent: 

(1) . y is connected. 

(2) . The only subsets of Y both open and closed are 0 and Y. 

(3) . No continuous/: Y —> 2 is surjective. 

Proof: (1) => (2). If G C Y is both open and closed, and G # 0,Y, 
then y = G u tfG shows that Y is not connected. 

(2) => (3). If/: y 2 were a continuous surjection, then/ _1 (0) # 
0, y, and because 0 is open and closed in 2,/' 1 (0) is open and closed 
in y. 

(3) => (1). If y = A U B, A, B disjoint nonempty open sets, then 
A, B are also closed, and the characteristic function c A : Y2 is a 
continuous surjection. 

Connectedness is clearly a topological invariant; even more, 

1.4 Theorem The continuous image of a connected set is connected. 
That is, if X is connected and f:X—> Y is continuous, then/(Jif) 
is connected. 

Proof: The map f:X->f(X) is continuous; if f(X) were not 
connected, there would be, by 1.3, a continuous surjection g: f(X) —> 2, 
and then g°f: X2 would also be a continuous surjection, contra¬ 
dicting the connectedness of X. 

1.5 Theorem Let Y be any space. The union of any family of con¬ 
nected subsets having at least one point in common is also connected. 

Proof: Let C = A a , y 0 e P) A a , and /: C 2 continuous. Since 

a a 

each A a is connected, no /1 A a is surjective, and because y Q g A a for 
each «,/(jy) = f(y 0 ) for all y e A a and all a. Thus /cannot be surjective. 
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Ex. 4 In contrast, the intersection of even two connected sets need not be 
connected. Furthermore, if all the A i} ieZ + are connected, and 3 A 2 , • • •, 
still 0 An need not be connected: let Y = I 2 — {(*, 0) | ^ ^ x sS f } and 

n 

An = {(*>40 eY\y^ 1 /«}. 

1.6 Theorem Let A C Y be connected. Then any set B satisfying 
A C B C A is also connected. In particular, the closure of a 
connected set is connected. 

Proof: Let f:B^-2 be continuous; since A is connected, /1 A is 
not surjective. Noting that B = A n B = A B , the continuity of /on B 
shows f(B) = f(A B ) C f(A) = f(A), so that /cannot be surjective. 

Ex. 5 Since Y — {(x,y) | y = sin l/#, 0<x^l}C£’ 2 isa continuous image 
of ]0, 1], it follows from 1.4 and 1.6 that Y = Y u {(0, y) | —1 y 1} is con¬ 
nected. Observe that even with omission of any subset of {(0, y) | — 1 ^ y ^ 1}, 
the resulting set is still connected. 

1.7 Theorem Let {F a | a e srf} be any family of spaces. J~[ Y a is 

a 

connected if and only if each Y a is connected. 

Proof: The connectedness of ]/[ Y a implies that of each Y a , since 

a 

each projection p e '-Y\ ^ a continuous surjection and 1.4 

a 

applies. For the converse, let y° e ]/[ Y a . We first show that 

a 

(1). If y° n) and y° differ by at most n < oo coordinates, then y° (n) 
and y° lie in a connected set. 

The proof is by induction on the number n of differing coordinates. 
Assertion (1) is true for n = 1, because if y° a) and y° differ in the ath 
coordinate, the slice S(y °; a) through y° parallel to the ath factor, being 
homeomorphic to Y a , is a connected set containing y° and y° (1) . Now, 
assume (1) to be true for all _ X) . Then given any y° n)> find a y°n - 1 ) that 
differs from it by one coordinate. By the case n — 1, y° n) andy° n _ 1} lie in 
a connected subset C, and by the inductive hypothesis, y° n _ andjy 0 lie 
in a connected C 1 ; since C n C x contains y° n - 1)} C U C 2 is connected, 
completing the inductive step. 

Now let A be the union of all connected subsets of ]/[ Y a containing 

a 

y°\ by 1.5, A is connected and, by (1), contains D = [y \ y and y° differ in 
at most finitely many coordinates}. But [IV, 1.2(c)] D is dense in j/[ Y a ; 

_ _ _ a 

since D C A, and, by 1 . 6 , A is connected, the theorem is proved. 
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Applications 

We obtain a generalization of the "intermediate value theorem” of 
analysis. 

2.1 Theorem Each continuous real-valued function on a connected 
space X takes on all values between any two that it assumes. 

Proof: Since f-.X-^-E 1 is continuous, f(X) C E 1 is connected 
according to 1.4, so by 1.2, f(X) is an interval. Thus, if f(x ) = a , 
f(x') = b, we have [a, b] C f(X), and therefore for each c such that 
a ^ c ^ b, there is an x" with f(x") = c. 

From 1.2 and 1.7 follows that E n , and 7 00 are connected; even 
more, 

2.2 Theorem Let n > 1, and B C E n be countable. Then E n — B is 
connected. 

Proof: We can assume that 0 e B, otherwise we move the origin. 
According to 1.5, it suffices to show that the origin and each x e E n — B 

are contained in a connected set lying in E n — B. Draw Ox and let / be 

any line segment (say, of length 1) intersecting Ox at exactly one point, 

distinct from 0 and x. For each z e /, let l z = 0# U zx\ each l z is a 
connected set, and any two have only 0 and x in common. At least one 
4 must lie in E n — B : for if l z O B # 0 for each z g /, then since the 
points of intersection for differing z are necessarily distinct, we would 
find that B has a subset in Lto-1 correspondence with the points of / 
and consequently B would not be countable. 

The usual technique for distinguishing between spaces stems from 
the observation: If h: X £ Y, then by removing a set A of prescribed 
topological type from X , the spaces X — A and Y — h(A) are also homeo- 
morphic, so that they must have the same topological invariants. 

2.3 Theorem E 1 and E n , n > 1, are not homeomorphic. 

Proof: Assume that h: E n ^ E 1 ; removing one point a e E n , we 
must have h : E n — a ^ E 1 — h(a), by III, 12.4. However, this is 
impossible since, by 2.2, E n — a is connected whereas E 1 — h(a) is not. 

The theorem that E n is not homeomorphic to E m for n # m is much 
deeper, involving more delicate topological invariants (although the 
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technique is the same). Concerning I n (n > 1) and 7 1 , a proof similar 
to 2.3 shows that they are not homeomorphic. Thus, though there is a 
bijective map of the set I 1 onto the set I n , there is no bicontinuous 
bijection and, as we shall see later, not even a continuous bijection 
(XI, 2 , Ex. 4). 

2.4 Theorem In E 1 each closed interval is homeomorphic to [ — 1, +1], 
each open interval to ] —1, +1[, and each half-open interval to 
] — 1, +1]. Furthermore, no two of these three intervals are homeo¬ 
morphic. 

Proof: Given an interval with end points a, b, a suitable one of the 

maps x —>■ — ± - 2 a x ex ^ibits a homeomorphism. To see that 

none of the three standard intervals are homeomorphic, note that we can 
remove 2, 0, 1 (respectively) points without destroying the connectedness. 


3. Components 

A disconnected space can be decomposed uniquely into connected 
"components”; the number of components provides a rough indication 
of how "disconnected” a space is. 

3.1 Definition Let Y be a space, and y e Y. The component C(y ) of 
y in Y is the union of all connected subsets of Y containing y. 

It is evident from 1.5 that C(y) is connected. 

Ex. t Let Q C E 1 be the subspace of rationals. The component of each 
y e Q is the points itself. Thus, even though Y does not have the discrete topology, 
the components may reduce to points. Y is called totally disconnected if C{y) = y 
for each y e Y. 

Ex. 2 Let y C E 2 be the subspace consisting of the segments joining the 
origin 0 to the points {(1, 1 /«) j n e Z + j, together with the segment ]£, 1] on the 
jc-axis. As in I, Ex. 5, Y is connected, but Y — {0} is not: in Y — {0} the com¬ 
ponent of each point is the ray containing it. 

Ex. 3 In Y a , the component of y = {y a } is C(y) = J7 C(y a ), where C(y a ) 

a a 

is the component of the coordinate y a in Y a . Indeed, by 1 . 7 , C(y) is connected, 
so it is contained in the component K of y. If K — C{y) ^ 0, select y° e K — C(y ); 
then some coordinate y„ e C(y a ), so that p a (K) C Y a is connected and contains 
Va e C(y u ), in contradiction to C(y a ) being the component of y a . In particular, 
though the infinite cartesian product of discrete spaces is never discrete (IV, I, 
Ex. 3) it is always totally disconnected. 
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3.2 Theorem (1). Each component C(y) is a maximal connected set in 
Y : there is no connected subset of Y that properly contains 

C(y). 

(2) . The set of all distinct components in Y forms & partition of Y. 

(3) . Each C(y) is closed in Y. 

Proof: (1) follows from the definition. 

(2) . If C(y) n C(y') ^ 0 , then by 1.5, C(y) U C{y') is connected, 
contradicting the maximality of C(y ). 

(3) . Since C (jy) is connected, so also (1 . 6 ) is C(y) ; by the maximality 
of C(y), we must have C(y) C C(j), so that C(y) is closed. 

Ex. 4 Components need not be sets open in Y, as Ex. 1 and Ex. 3 show. In 
particular, a splitting of a disconnected space into disjoint nonempty open sets 
is not generally accomplished simply by taking any one component as one of the 
"pieces.’’ 

The number and structure of each component of a space Y is a 
topological invariant: 

3.3 Theorem Let /: X —> Y be continuous. Then the image of each 
component of X must lie in a component of Y. Furthermore, if 
h: X ~ Y, then h induces a 1 -to-1 correspondence between the 
components of X and those of Y, corresponding ones being 
homeomorphic. 

Proof: If /is continuous, then f{C(x)) C C(f(x)) follows from 1.4, 
since f{C(x)) is a connected set in Y containing f{x). If h: X = Y, then 
because h is bicontinuous and bijective, we have both /?(C(x)) C C(/j(x)) 
and h~ 1 (C(h(x))) C C(.x), which shows that h(C(x)) = C(h(x)). The 
rest of the proof is trivial. 

Ex. 5 The Cantor set is totally disconnected, by Ex. 3 and 3 . 3 . 

Ex. 6 Components are also used to decide questions of nonhomeomorphism. 
As an application, we show that a strong version of the Bernstein-Schroder 
theorem is not valid for topological spaces: There may be a continuous bijection 
/: X -> Y and a continuous bijection g: Y —> X] yet, X and Y need not be homeo¬ 
morphic (C. Kuratowski). In E 1 , let 

X = ]0, 1[ u {2} u ]3, 4[ u {5} kj ■ ■ • u ]3 n, 3« + 1 [ u {3n + 2} u • • •, 

Y = ]0, 1] u ]3, 4[ u {5} u • • • vj ]3 n, 3n 4- 1[ w {In + 2} u • • •. 

These spaces cannot be homeomorphic, since the component ]0, 1] is not homeo¬ 
morphic to any component of X. However, f(x) = x (x ^ 2), /(2) = 1 is a con¬ 
tinuous bijection X —> Y, and g: Y —> X, where 

(x/2 if x e ]0, 1] 

g(x) = Ux-2)l2 if x e ]3, 4[. 
lx — 3 otherwise 


is also a continuous bijection. 
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4.1 Definition A space Y is locally connected if it has a basis consisting 
of connected (open) sets. 

Ex. 1 E n is locally connected, since each ball B(x ; r ) is connected. Further¬ 
more, each interval in E 1 is locally connected. For each n S 5 0, S n is locally 
connected. 

Ex. 2 A space may be locally connected, but not connected, as the discrete 
space 2 shows. 

Ex. 3 A space may be connected, but not locally connected. Let Y be the 
space of 3 , Ex. 2, y = (£, 0) and U = B(y\ -J-) r\ Y. Then U, and any nbd 
V(y) C U, is not connected: For V must intersect a ray joining 0 to some (1, \jn) 
and it is trivial to verify that this intersection is both open and closed in V. Thus 
no basis for Y can consist only of connected sets. 

4.2 Theorem Y is locally connected if and only if the components of 
each open set are open sets. 

Proof: Let G C Y be open, C a component of G , and {£/} a basis 
consisting of connected open sets. Given y e C, then because y e G, 
there is a U with y e U C G; but since C is the component of y and U 
is connected, y e U C C, showing that C is open (III, 2.3). For the 
converse, note that the family of all components of all open sets in Y is a 
basis as required. 

Ex. 4. Observe that 4.2 need not be true for nonopen sets, as {0} U {1} C 
shows. 

Ex. 5. Let y be the space of I, Ex. 5, and Z = F U (0). Then Z is not locally 
connected, since the components of Z n {(*, y)\y < \} are not open in Z. 

4.3 A cartesian product Y a is locally connected if and only if all 

a 

the Y a are locally connected, and all but at most finitely many are 
also connected. 

Proof: Assume that Y a is locally connected. Then: (1) All but at 

a 

most finitely many Y a are connected: if V is any connected open set in 
J ~[ Y a , we have (IV, I, Ex. 4) that p a (V) = Y a for all but at most 

a 

finitely many a, and projections are continuous. (2) Each Y e is locally 
connected: given y B e Y B and an open U C Y 0 containing^, then <(£/> 
is a nbd of some y having /Ith coordinate y B , so there is an open connected 
V with ye VC (U); since p B (V) is an open connected set, and 
y B ep B (V) C U , this shows that Y p has a basis consisting of connected 
sets. 
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To prove the converse, let 3d C sY be the finite set of indices for 
which the space Y a is not connected. Now let x e J~J Y a and let V be 

a 

any open set containing x. Then x e • • •, C V for suitable 

a i> • • •> a n - For each a t let V Ui be a connected nbd of p Ul (x) such that 

V Ui C XJ ai ; and for each ft, • • •, ft e £ - {a 1} ■ • aj, let V 0i be a 

connected nbd of p 0i (x). Then (V ai , • • ■, F an , F^, • • •, F^) is a con¬ 
nected (c/. 1.7) nbd of x and is contained in (U ai , • • • U Kn ). Thus, 

PJ Y a has a basis consisting of connected open sets, so it is locally 

a 

connected. 

Ex. 6 The hypothesis that all but at most finitely many Y a be connected is 
essential: If A n = {0, 2}, we have seen A n is totally disconnected. But though 

n 

each A n is locally connected, A n is not: Its components are its points, and since 

n 

A n is not discrete, none is an open set. 

n 

Ex. 7 Local connectedness is evidently a topological invariant, and therefore 
it can be used in questions of nonhomeomorphism. Thus the space Z of Ex. 5 
cannot be homeomorphic to any interval in E 1 . 

Ex. 8 Local connectedness is not invariant under continuous maps. Let X be 
the discrete space {0, 1, 2, • • •}, Y the subspace 0 u {l/n \ n = 1, 2, • • •} of E 1 and 
/: X —> Y the map /(0) = 0, f(n) — l/n. Then X is locally connected and / is a 
continuous bijection; but Y is not locally connected. 


5. Path-Con nected ness 

For most purposes of analysis, the natural notion of connectedness is 
joining by paths. 

In IV(4), we have defined a curve in a space Y to be a continuous 
image of the unit interval I. A path in Y is a continuous mapping 

/: I —> Y, rather than the image /(/) in Y. Thus, a path is a continuous 

function, whereas a curve is a subset of Y; we shall see later (Chapter 
XIX) one reason for this distinction between paths and curves. If 

f: I Y is a path in Y, we call /(0) e Y the initial (or starting) point, 

and/(1) e Y the terminal (or end) point, of the path/, and say that/runs 
from/(0) to /(1), or joins /(0) to /(1). If / runs from /(0) to /(1), it is 
clear that the mapping t ->/(l - t), te /, is a path in Y running from 
/(l) to/(0). 

5.1 Definition A space Y is path-connected (or: pathwise connected) 
if each pair of its points can be joined by a path. 

Ex. 1 E n and S n {n ^ 1) are path-connected. For any countable B C E n , 
E n — B is also path-connected. 
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Ex. 2 Sierpinski space SC is path-connected: The characteristic function of 
1 el, regarded as a map 1 —> SC, is a path joining 0 to 1. 

Ex. 3 A discrete space having more than one point is never path-connected. 
Every indiscrete space is path-connected. 

A trivial, but useful, reformulation of 5.1 is given in 

5.2 Let Y be a space, and y Q e Y any element. Y is path-connected if 
and only if each y e Y can be joined to y 0 by a path. 

Proof: If Y is path-connected, the condition is trivially true. Con¬ 
versely, assume that the condition is satisfied and that y, y' e Y have 
been given. Let /: / —> Y run from y to y 0 and g: I -> Y from y Q to y'\ 
then 

17(2/) 0 *$ / < * 

cp(t) = \ 

\g(2t - 1) * < / < 1 

is continuous [because at t = we have/(l) = g(0) = y 0 (cf. Ill, 9 . 4 )] 
and is a path running from y to y'. 

The general relation of connectedness and path-connectedness is 

5.3 Theorem Each path-connected space is connected. But a connected 
space need not be path-connected. 

Proof: Since the continuous image of / is connected, the assertion 
follows from 1.5 and 5.2. The following example shows that the converse 
is not generally true. 

Ex. 4 Let Ybe the space of I, Ex. 5; we have seen that Y is connected. How¬ 
ever, Y is not path-connected: there is no path joining (0,0) to the point (1 In, 0): 
For, note first that by IV, 2 . 2 , an/: I —> Y C E 2 is continuous if and only if both 
pi of and p 2 °f are. If pi °f is continuous, it must take on all the values ljmr, 
n = 1, 2, • • •, so that p 2 °f must assume the values -1-1, — 1 is each nbd of 0 e /; 
thus there can be no nbd [0, S[ mapped into ] — f, it by P ‘2 0 /> so p 2 0 / cannot be 
continuous. 

It is evident that path-connectedness is a topological invariant: Indeed, 
the continuous image of a path-connected space is path-connected. 
Furthermore, the union of any family of path-connected spaces having a 
point in common is, by 5.2, also path-connected. However, the closure of 
a path-connected set need not be path-connected: in Ex. 4, Y is path- 
connected. 

Because of the property of unions, we can define path-connected 
components as maximal path-connected subsets; as before, the path 
components partition the space; indeed, from 5.3, the path components 
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partition the components. However, the path components need not be 
closed subsets of the space: in Ex. 4, Y is a path component of Y. 

To determine when path-connectedness and connectedness are 
equivalent, we need 

5.4 The following two properties of a space Y are equivalent: 

(1) . Each path component is open (and therefore also closed). 

(2) . Each point of Y has a path-connected nbd. 

Proof: (1) => (2) is clear, using the path component containing the 
given point. 

(2) => (1). Let K be any path component, and let x e K. Since x has 
a path-connected nbd U, and since K is a maximal path-connected set 
containing x, x e U C K, proving that K is open. Noting that K is the 
union of the remaining (open) path components, K is also closed. 

5.5 Theorem Y is path-connected if and only if it is connected, and 
each y e Y has a path-connected nbd. 

Proof: Since path-connectedness implies connectedness, and Y is 
a path-connected nbd of each point, only the converse requires proof. 
For this, we find from 5.4(1) that each path component is both open and 
closed in Y; since Y is connected, this path component must therefore 
be Y. 

This yields the important 

5.6 Corollary An open set in E n (or S n ) is connected if and only if it is 
path-connected. 

Proof: If U C E n is open, each point x of the space U has a nbd 
B(x ; r) C U, and B(x\ r) is path-connected. The proof for S n is similar. 

Of course, as Ex. 4 shows, 5.6 need not be true for nonopen subsets of 
E n . 


Problems 


Section I 

1. Show that a discrete space having more than one point is never connected and 
that a space having indiscrete topology is always connected. 

2. Show that the extended real line E l is connected. 
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3. Let X be an infinite set, with topology 3T = { 0} u {A | X A is finite}. Show 
that X is connected. 

4. Let ( X , X) be connected, and C 3Z. Prove that (X, X x ) is connected. 

5. Let {Ai | i e Z + } be connected sets in Y, with A t r\ A i + 1 Y 0 for each i. 
Prove: (J A t is connected. 

i 

6. Let {A a | a e sY) be a family of connected subsets of Y, and assume that there 
exists a connected set A with A A a ^ 0 for each A a . Show that A u UA a 

a 

is connected. 

7. Let {A a | a e sY} be any family of connected sets. Assume that any two of them 
have nonempty intersection. Prove that U A a is connected. 

a 

8. Prove: 

a. Y is connected if and only if every open covering {U a \ a e sY} of Y has 

the following property: For each pair of sets U ai , U an , there are finitely 
many U a2 , • • •, U an _ x such that U ai n U ai+ x Y 0, i = 1, — 1. 

b. Y is connected if and only if every nbd-finite closed covering has the same 
property as in (a). 

9. (a) Let Y be a space and A C Y any subset. Let C C F be connected, con¬ 
taining points of A and points not in A. Prove: C must contain points of the 
boundary of A. [Hint: Recall that Y = Int (A) u Fr (A) u Int (&A).] 

(b) Why is 

A = {(*, y, 0) G E 3 | x 2 + y 2 ^ 1} 

and 

C = {(0,0,*) j -1 < * < 1} C E 3 

not a counterexample to this result? 

10. For each pair of positive integers a, b, let U{a,b) = {an + b |«e Z} n Z + . 
Prove that 

{U(a, b) | all (a, b) such that a is relatively prime to b } is a basis for a topology 
7X in Z + . Using this topology, show: 

a. For each prime p, the set {kp | k e Z + } is closed in Z + . 

b. If P is the set of all primes, then Int(P) = 0. 

c. {Z\AT) is connected. [Hint: Show that if W is open and if 
W n U(a, b) = 0, then no multiple of a can belong to W.] 


Section 2 

1. Prove: »S n is connected for all n ^ 1. 

2. Prove: / is not homeomorphic to S 1 ; and also [0, 2n[ is not homeomorphic to 

S 1 . 

3. Show that E 1 is not homeomorphic to E 1 . 

4. Prove that S n and S 1 are not homeomorphic. 

5. Let n 2, and in E n , show: 

a. If Ai = (x e E n | all coordinates of x are rational}, then E n — A x is 
connected. 

b. If A 2 = {x e E n \ all coordinates of * are irrational}, then A 2 is not 
connected. 

c. If A 3 = {x 6 E n at least one coordinate is irrational}, then A 3 is connected. 
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6. Show: If A C E n is connected and non-empty then = c or 1. 

7. Let C &{E 2 ) be the family of all connected sets. Find N(«.o/). 

8. In I, Problem 3, show that the only continuous real-valued functions on X are 
constant functions. 

9. Show that the analogue of the Bernstein-Schroder theorem for topological 
spaces is not valid, by exhibiting two spaces X, Y such that X is homeomorphic 
to a subset of Y and Y is homeomorphic to a subset of X, although X and F 
are not homeomorphic. {Hint: Use 2.4.) 

Section 3 

1. In a space X, define x ~ y if x and y are contained in a connected set. Show that 
this is an equivalence relation. What are the equivalence classes? 

2 . Let A C Y, where both A and F are connected. Let U be any set both open 
and closed in Y — A. Prove that A v U is connected. 

3. Let A C F, where both A and F are connected. Let C be any component of 
Y — A. Show that F — C is connected. 

4. Let B C F be a connected set both open and closed in F. Prove : B is a com¬ 
ponent of F. 

5. In a space X, define x ~ y if there is no decomposition of X into two disjoint 
open sets, one of which contains x, and the other y. 

a. Prove that this is an equivalence relation in X. The equivalence classes 
are called the quasi-components of X. 

b. Prove each quasi-component is the intersection of all the open closed sets 
containing a given element. 

c. Prove: Each component is contained in a quasi-component. 

d. In E 2 let be the line x = 1 and L 2 the line x = — 1. For each n e Z + , 
let R n be the rectangle {(*, y) | |*| n/{n + 1), |y| ^ n }. Finally, let F be 
the subspace Lj U L 2 ^ U Fr(i? n ) of E 2 . Show: The component of (1, 0) 

n 

is Li and the quasi-component of (1, 0) is L x U L 2 . 

e. Show that if x lf x 2 (resp. yi, y 2 ) belong to a quasi-component of X (resp. 
F), then (*i, yi) and ( x 2 , y 2 ) belong to a quasi-component of X x F. 

Section 4 

1. Prove that an open set in E n can have at most countably many components. 
Give an example to show that this is no longer true for closed sets. 

2. Let F be locally connected and let U be a component of the open G C F. 
Show G n Fr(C7) = 0. 

3. Let F be locally connected and A C F arbitrary. Let C be a component of A. 
Prove: 

a. Int(C) = Cn Int(^4), 

b. Fr(C) C Fr(^), 

c. If A is closed, then Fr(C) = Cn Fr(^3). 

4. Let F be locally connected, and A C F arbitrary. If Fr(/I) is locally connected, 
prove that A is locally connected. 

5. Let F be locally connected, F = A u B, where A, B are closed and A n B is 
locally connected. Prove that both A and B are locally connected. 
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6. Let Y be locally connected, A C Y arbitrary. Let S C A be connected and 
open in A. Show S = A r\ U, where U is connected and open in Y. 

7. Let Y be locally connected, but not connected. Show that a decomposition of 
Y into two nonempty disjoint open sets can always be accomplished by taking 
any component as one of the sets, and all the rest as the other set. 

Section 5 

1. Show: If any one of the conditions in 5.4 holds, then the path components of Y 
coincide with the components of Y. 

2. Let { Y a | a e sY) be a family of spaces. Show ]^[ Y a is path-connected if and 

a 

only if each Y a is path-connected. 

3. Let X be the connected set in I, Problem 3. Show that X is totally pathwise 
disconnected. (By definition, X is called totally pathwise disconnected if the 
only continuous maps /: / —»■ X are the constant maps.) 



Identification Topology; 
Weak Topology 



In this chapter we consider two methods for topologizing sets that play 
an increasingly important role in topology. The first uses a map of a 
space into a set to topologize the set: it makes precise numerous con¬ 
structions, such as identifying sets to points. The second constructs a 
space by “pasting” given spaces together along preassigned subsets. 
Finally, we obtain a relation between these two processes. 


I. Identification Topology 

l.l Definition Let Y be an arbitrary set, X a topological space, and 
p: X-> Y a surjection. The identification topology in Y determined 
by p is 'T(p) = {U C Y | p~ *( U) is open in X}. 

<T(p) is indeed a topology, since p _1 preserves set operations; and 
since p~ x preserves complementation, a B C Y is closed if and only if 
p~ x (B) is closed in X. 

Ex. 1 Let { Y a | a e jY] be a family of spaces. Using the cartesian product 
topology in |~[ Y a , the identification topology,^/)**) in the set Y B , determined by 
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the projection p p : J~J Y a -> Y 0 , is precisely the original topology in Y 0 , since 

a 

pp(U) is open if and only if U is open in Y e . 

Ex. 2 Let p:/->{0}u{l} be the characteristic function of [-J-, 1]. The 
identification topology in {0} u {1} makes it into Sierpinski space. Observe that 
with the topology T(p) in Y, the map p need not be either an open or a closed map. 

Ex. 3 The requirement that p be surjective is not essential. However, note 
that if Y - p\X) * 0, then Y — p(X) receives the discrete topology, since 
Q C Y-p(X) => p~\Q) = 0 => Q is both open and closed. 

1.2 T ( p ) is the largest topology in Y for which p: X — > Y is continuous. 

Proof: Continuity of p when T(p) is used is immediate from the 
definition; if ST is any other such topology, then U eT => p~ x {U) is 
open in X => U ET(p). 

For ease of reference to the situation in l.l, 

1.3 Definition Let X and Y be two spaces. A continuous surjection 
p : X —> Y is called an identification map (or identification) when¬ 
ever the topology in Y is exactly T(p), that is, the sets U open in 
Y are all those, and only those, for which p~ 1 (U) is open in X. 

Clearly, not every continuous surjection is an identification: indeed, the 
continuous bijection i: {X, ST f) -> (X, T 2 ) is an identification if and 
only if ST ± = 2T 2 . However, the concept of identification map contains 
that of open and of closed continuous surjections: 

1.4 If p: AT -> Y is a continuous open (or closed) surjection, then p is 
an identification. 

Proof: Let ST be the topology in Y; since p is continuous, 1.2 
shows that ST C T (p) ; for the converse inclusion in case p is an open 
map, let U eST(p); then /> _1 (I7) is open in X, and since p is open and 
surjective, the formula U = p(p~ 1 (U)) shows that UeT. For closed 
maps, the proof is similar. 

Another frequently used sufficient condition is the simple 

1.5 Let p: X -> Y be continuous. If there is a continuous s: Y —> X 
such that p o s — then p is an identification. 

Proof: Clearly, p is surjective (I, 6 . 9 ). Let A C Y be any set for 
which p~ 1 (A) is open; then s~ 1 p~ 1 (A) is open in Y; since s~ l p~ 1 = 
= l y , this shows that A is open in Y, and so p is an identifica¬ 
tion. 
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It is of importance to determine when an identification p: X —> Y is 
an open (or closed) map. To this end, a set A C X is called ^-saturated 
whenever it is the complete inverse image of some set in Y. Note that 
A is p-saturated if and only if ^4 = p ~ x pA : for if the formula holds, then 
A is the inverse image of pA; and if A = p~ 1 (B) for some B C Y, 
then because^) is surjective, p~ x p(A) = p~ 1 [pp~ 1 (B )] = p~ x (B) — A. 

Define the ^-load of any A C X to be the ^-saturated set p~ l p{A) D A. 
As Ex. 2 shows, the p-load of an open set in X need not be open. We 
now have 

1.6 Let p : X —»■ Y be an identification. Then p is open (closed) if and 
only if the p-load of each set open (closed) in X is also open (closed) 
in X. 

Proof: If p is open, then (XJ open in X) =>• ( p(U ) open in Y) 

( P~ 1 P{U ) open in AT), as required. Conversely, if (U open in X) => 
( P~ 1 P(U) open in X), this says that p(U) is open in Y, that is, p is an 
open map. The proof for closed maps is similar. 


2. Subspaces 

The identification topology does not behave well for subspaces of Y. Let 
p: X —>■ Y be an identification map, and let F C Y. Then F can receive 
two topologies: (1) ^~(F), that as a subspace of Y ; and ( 2 ) the identifica¬ 
tion topology 3~{p,F ) determined by the surjection p: p~ x (F) —>■ F. 
Sine ep: p~ x (F) —> F is continuous when F carries ^~{F), it follows from 
1.2 that we always have &~(F) C ^(p, F); however, these two topologies 
generally do not coincide. 

Ex. 1 Let F C / be the set of irrationals, and let Y = {1} u F. Give Y the 
identification topology determined by p : I —> Y, where p(x) = x if x e F and 
p(x) = 1 otherwise; it is easy to verify that the only nonempty open sets in Y are 
those sets of form p(W), where W C / is open and contains / — F \f7~ ( p ) is not 
the indiscrete topology!]. Thus the set F o ]0, £[ does not belong to 3F{F)\ how¬ 
ever, F n ]0,1[ evidently belongs to the topology (p; F). 

2.1 Theorem Let p: X —> Y be an identification, and F C Y. If 
either: 

(1). F is open or closed in Y (no restriction on p), 
or (2). p is an open or closed map (no restriction on F), 

then ^~{F) = & (pi F ). 

Proof: Since &~(F) C &~{p , F), only the converse inclusion requires 
proof. 
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Ad (1). Assume that F is open. Then U e &~(p, F ) implies that 
p~ x (U) is open in the open/> _1 (F) which implies that^> -1 (£/) is open in 
X (by III, 7.3) and therefore U e^'(F). The proof for closed F is 
similar. 

Ad (2). Assume that p is an open map. Then U G^~(p, F) implies 
that/> _1 (t/) is open in/> _1 (F), so that p~ 1 (U) = p~ 1 (F) n V , where V 
is open in X. By I, 6.5(b), U = F C\ p(V ), and since p is an open map, 
this shows that U is open in 2Z(F). The proof for closed maps is 
similar. 

Ex. 2 The requirement that the complete inverse image p _1 (F) be used to 
determine &~(p, F ) is essential. Let p: E 2 -» E 1 be the projection, so that/) is an 
open map. Let F = E 1 (which is open in E 1 ), and instead of /> ~ 1 (F), use M = 
{(je, >)) \y = x+ l(x^0),y = x — l (x< 0)}. Then p: M —>F' is surjective, 
and the identification topology determined by p\M has all sets [0, *[ open. Thus 
it does not coincide with the Euclidean topology. 


3. General Theorems 

If p: X Y is a continuous map, the continuity of any g: Y -> Z 
implies that of g ° p ; the fundamental (in fact, characterizing) property 
of identification maps p is that the converse is also true. 

3.1 Theorem Let p: X -> Y be a continuous surjection, p is an 
identification if and only if: for each space Z and each map/*: Y Z, 
the continuity of g o p implies that of g. 

Proof: “Only if ”: Assume that p is an identification and that g op is 
continuous. Then, for each open U C Z, (g o p)~ x (U) — p~ 1 (g~ 1 (U)) 
is open in X, so that £ _1 (t/) is open in Y ; g is therefore continuous. 
“If”: Assume that the condition holds. Let Y' be the set Y with 
topology 3F(p)\ to prevent confusion, let p': X —> Y' be the identifica¬ 
tion map. Let i: Y— > Y' be the identity map. Since i ° p = p' is 
continuous, the condition assures that i is continuous. Since i ~ 1 o p' = p 
is continuous, and p' is an identification, the “only if” part of the 
theorem shows that i~ x is continuous. Thus i: Y ^ Y\ so p is an 
identification. 

The most frequently used consequence is 

3.2 Theorem (Transgression) Let p: XY be an identification, and 
h: X —>• Z be continuous. Assume that hp~ x is single-valued 
[that is, h is constant on each fiber p~ 1 {y)\ Then: 
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(1) . hp _1 : y -> Z is continuous, and in addition, the diagram 

P 

X -> Y 

h 

Z 

is commutative. 

(2) . hp -1 : F-> Z is an open (closed) map if and only if h(U) is 
open (closed) whenever U is an open (closed) set satisfying 
U = p~ 1 pU [that is, whenever U is a ^-saturated open 
(closed) set]. 

Proof: Ad (1). Since for each x e X y p~ x p(x) is the fiber containing 
x, and since h is constant on each fiber, we have 

h(x) — hp~ x p(x) = (hp" 1 ) o p(x), 

that is, h = hp~ x ° p. Because h is continuous, 3.1 shows that the map 
hp~ x is continuous. 

Ad (2). Let V C Y be open; then U = p~\V) is open in X, and, 
being p- saturated, satisfies p~ x pU — U ; thus h(U) = hp~ x p(U) — 
hp~ x (V), from which the conclusion follows at once. 

3.3 Theorem (Transitivity) Let p: X Y be an identification, Z a set, 
and^: 7->Za surjection. Then 3~(g ° p) = -T (g) ; in particular, 
g ° p is an identification if and only if g is. 

Proof: g op is continuous if and only if g is, so that (g 0 p)~ x {U) is 
open if and only if g~ x (U ) is open. 

Whenever p : X —> Y is an identification, the results on connectedness 
and local connectedness can be strengthened., 

3.4 Let p: X -> Y be an identification, and assume that p~ x (y) is 
connected for each y 6 Y. Then an open (or closed) F C Y is 
connected if and only if p~ x (F) is connected. 

Proof: It is necessary to prove only that the connectedness of F 
implies that of p~ x {F). By 2.1, F has the identification topology deter¬ 
mined by q =p\p~ x (F). If p~ x (F) is not connected, there is a 
continuous surjection h: p~ x {F) —> 2; h is constant on each fiber q~ x (y), 
since q~ x {y) is connected, so from 3.2 it follows that hq~ x : F —> 2 is 
continuous. Since hq~ x is evidently also surjective, F is not connected. 
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3.5 Let p\ X—> Y be an identification. If X is locally connected, so 
also is Y. 

Proof: Let U C Y be open and K a component of U; by V, 4.2, it 
suffices to show that K is open, that is, p~ X (K) is open in X. Let 
x e p~ 1 (K) f and let C(jc) be its component in the open set p~ x (U); 
since p{ C(x ))• is connected, contains p(x) e K, and lies in U, we have 
p(C(x)) C K, so that a;gC(jc) C p~ x (K). Because X is locally con¬ 
nected, C(.v) is open, and from III, 2.3, it follows that/> -1 (J^) is open. 


4. Spaces with Equivalence Relations 

Let X be a space, R an equivalence relation in X, and X/R the quotient 
set; recall (I, 7.6) the projection p: X X/R is given by x —>» Rx. 

4.1 Definition The set X/R with the identification topology determined 
by the projection p : X -» X/R is called the quotient space of X by R. 

Since R "identifies points," this makes precise the topological structure 
of the resulting space. 

Ex. 1 For A C X, let R A be the equivalence relation (A x A) v {(*, x ) | *eZ}. 
The quotient space X/R A is the space X with A identified to a point, [A], and is 
written XIA. Observe that if A is either open or closed, then the complement C of 
[A] is homeomorphic to X — A:p \ X — A is bijective, and by 2.1, the topology of 
C C XIA is the identification topology determined by p \ X — A. 

Ex. 2 For any space X, let R c be the equivalence relation determined by its 
components: x ~ x' if and only if x and lie in a common component. Then 
X/Rc is totally disconnected: since each fiber is a component, it is con¬ 

nected so, by 3.4, an F C X/R c is connected if and only if p~ 1 (F) is connected. 
Thus F must consist of a single point. 

4.2 (1). Let P'.X^-XjR be the projection. If B C X/R is either 

open or closed, then B is homeomorphic to the space 
p~ x (B)/R 0 , where R 0 is the relation on p~ x (B) induced by R. 

(2) . p: X —> X/R is open (closed) if and only if 

R(U) = {J{Ru\ueU} 

is open (closed) in X for each open (closed) U C X. 

(3) . If h : X-+ Z is continuous and if hp 1 is single-valued, then 

hp- 1 : X/R —>■ Z is continuous; and it is open (closed) if and 
only if h(U) is open (closed) for each open (closed) U C X 
satisfying U = R(U). 
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Proof: (1). By 2.1, B has the identification topology determined by 
s = p | p~ 1 (B). Let q: p~ 1 {B) —> p~ 1 (B)/R 0 be the projection. Then 
sq~ 1 : p~ 1 (B)IR 0 —■> B is single-valued, and by 3.2, is continuous. 
Similarly, qs~ x : B -> p~ 1 (B)/R 0 is continuous, and since qs~ x y sq~ l are 
inverses of one another, each is a homeomorphism (III, 12.3). (2) follows 
from 1.6, since R(U ) is the/>-load of U. (3) is simply 3.2 in this special 
case. 

Ex. 3 Let / be the unit interval and R the equivalence relation 0 ~ 1, x ~ x 
(x # 0, 1), which “identifies” 0 and 1. Then I/R ^ S 1 . For, let p: 1 —> IjR be 
the identification and h: I —> S 1 be the map x —> e 2nix . Since hp~ 1 is single-valued, 
it is continuous and also bijective. To see that it is an open map, note that no open 
subset of I having form [0, b[, or]a, 1] satisfies U = R(U)\ therefore such intervals 
must always occur in pairs for sets that satisfy this condition. It follows that each 
p-saturated open set is mapped by h onto an open set in E 1 , so hp ~ 1 is open. 

Ex. 4 If p: X—+X/R is an open (closed) map, R is called an open (closed) 
relation. This is not related to the behavior of R as a subset of X x X: In I, 
define x ~ y by “ |x — y| is rational”; then p(]a, &[) = I/R for each open interval 
so that 2Y (/>) is indiscrete. Thus p is an open map, but R is not open in I x I. 

4.3 Theorem Let X, Y be spaces with equivalence relations R, S, 
respectively, and let /: X —> Y be a relation-preserving, con¬ 
tinuous map. Then, passing to the quotient (I, 7.7), the map 
/*: XjR —> YjS is also continuous. Furthermore,/* is an identifica¬ 
tion whenever / is an identification. 

Proof: We have the commutative diagram 



Since q of is continuous, and /* o p = q o/, 3.2 shows that /* is con¬ 
tinuous. Now assume that /is an identification; then 3.3 shows first that 
f*°P(— 9°/) is an identification and then that /* is also. 

5. Cones and Suspensions 

5.1 Definition For any space X, the cone TX over X is the quotient space (X x I)/R, 
where R is the equivalence relation (x, 1) ~ (x', 1) for all x, x' e X. 

Equivalently, TX = (X x I)/(X x 1); intuitively, TX is obtained from 
X x / by pinching X x 1 to a single point. The elements of TX are denoted by 
t). It is trivial to verify that the map x— > <ic, 0> is a homeomorphism, so we 
can identify X with the subspace «x, 0) | x e X} C TX. 
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Ex. 1 Though TX is, geometrically, a cone, it may have more open sets than 
a cone formed by possibly more elementary methods. In E 2 , let AT={(n,0) | neZ + }, 
and let CX be the subspace of E 2 obtained by joining each x e X to zv 0 = (0, 1) by 
a segment. It is easy to verify that there is a continuous bijection TX —> CX\ but 
the spaces are not homeomorphic. Indeed, let V n — all points on the segment 
from w 0 to («, 0) within 1 In of w 0 , and V = \J V n ; then V is evidently not open in 

n 

CX, but it is open in TX since p~ x (V) is open in X x I. 

5.2 A continuous /: AT —> Y induces a continuous map Tf:TX-^-TY by 

<>, ty </(», t>. 

Proof: Define f:XxI~^Yxl by (x, t)—> (f(x), t). Noting that / is 
relation-preserving, we pass to the quotient and use 4.3. 

5.3 Definition Let J be the interval [ — 1, +1]. For any space X, the suspension 
SX of X is the quotient space ( X x jf)/R, where R is the equivalence relation 
(, x , 1) ~ ( x', 1), (v, — 1) ~ (x' } — 1) for all x, x' e X. 

Intuitively, SX is obtained from X x J by pinching to points each of the sets 
X x 1, X x ( — 1). The elements of SX are denoted by <x, ty also. 

Ex. 2 It is easy to verify S S° £ S 1 ; we will see later, once compactness has 
been discussed, that ^ S n = S n + 1 for all n ( cf. XI, 2, Ex. 5). 

5.4 (1). SX ^ TX/X. 

(2) . TX is homeomorphic to the subspace {< x , t > e SX \ t 3* 0}. 

(3) . A continuous f:X—>Y induces a continuous map Sf: SX-+SY by 

<x, t> </(*), ty. 

Proof: (1) This follows easily by using the map u: TX SX sending 
<*, ty -> <x, 2t — \y and passing to the quotient. (2) is straightforward, and (3) 
follows as in 5.2. 


6. Attaching of Spaces 

The process of attaching a space X to a space Y by a map / has great 
importance in modern topology; it contains as special cases the cone and 
suspension constructions and also the identification of closed sets to 
points. 

The free union X + Y of disjoint spaces X, Y is the set X U Y with 
topology: U C X + Y is open if and only if U n X is open in X and 
U n Y is open in Y. Since X n Y = 0, X and Y keep their own 
topologies and are disjoint open sets in X + Y. Clearly, B C X + Y 
is closed if and only if both B C\ X and B n Y are closed. 

6.1 Definition Let X, Y be two disjoint spaces, A C X a closed subset, 
and /: A —> Y continuous. In X + Y, generate an equivalence 
relation R by a ~ f(a) for each a e A. The quotient space 
(X + Y)/R is said to be “X attached to Y by /,” and is written 
X Of Y ; / is called the attaching map. 
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In intuitive terminology, we “identify each a e A with its image 
f{a) e Y” 

Ex. 1 Let A C X be closed, and attach X to a point y 0 by f(A) = y 0 ; then 
X vJ/y 0 £ XIA. For, defining cp: AT -> X + y 0 by <p(x) = x, and f: X + y Q -* X 
by fix) = x, ifj(y 0 ) e A, both cp and f are continuous and relation-preserving; 
passing to the quotient gives continuous maps cp *: X/A —> X U/y 0 > f# • X yo~+ 
X/A , which are inverses. In particular, attaching I to y 0 by /(0) = /(1) = y 0 
gives S 1 . 

Ex. 2 TX is obtained by attaching X x I to a point p° by/ (X x 1) = p°, since 
TX = (X x I)f(X x 1); the suspension SX is obtained by attaching X x J to 
P° vp~ byfiX x 1) =p°,f(X x (-1)) =p-. 

Ex. 3 Attaching X x I x Y to the free union X + Y by (x, 0, y) -» x, 
lx, 1, y) —¥y gives a space called the join X * Y of X and Y. This consists of the 
spaces X, Y together with line segments joining each xeXto each y e Y, where 
no two of the segments have interior points in common. The reader can verify 
X * y 0 = TX, and X * S° ^ SX. 

The construction of closed sets in X Uy Y is generally based on 

6.2 Let p: X + Y-^ JAU/ Y be the projection, and let C C X + Y be 
such that Cnlis closed in X. Then p{C) is closed in X U/ Y 
if and only if (C n Y) \J f{C Cs A) is closed in Y. 

Proof: It is elementary to verify that for any C C X + Y,p~ 1 p{C) = 
c Uf(C n A ) u f- x [f{C n A)] l Jf-\C n Y); consequently, 

p-'[p(C)]nY = (Cn Y)\Jf{CnA), 
p-'[p{C)} cX={CcX) {Jf~ 1 [p~ 1 p{C) n Y]. 

Now assume that C n X is closed. Then, because A is closed in X 
and / is continuous, p~ 1 p(C) is closed in X + Y if and only if 
(C n Y) U f{C n A) is closed in Y. 

6.3 Theorem Let p: X + Y—> X U/ Y be the projection. Then: 

(1) . Y is embedded as a closed set, homeomorphic to Y, and p | Y 

is a homeomorphism. 

(2) . X — A is embedded homeomorphically as an open set, and 

p | X — A is a homeomorphism. 

Proof: (1) p | Y is continuous, and evidently bijective; by 6.2 it is 
also a closed map and hence is a homeomorphism. (2) is proved similarly. 

For subspaces, 

6.4 Let X be attached to Y by /: A —Y. Let X 2 C X and Y x C Y be 
closed subsets such that/(Yl n Xf) C Y 1? and attach X 1 to Y 1 by 
fx — f\ A n X x . Then X 1 KJf i Y x is homeomorphic to a closed 
subset of X U/ Y. 
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Proof: Let i: X x + Y x —> X + Y be the identity map; since 
.poiop' 1 : X 1 'Uf 1 Y 1 —> XKJf Y is single-valued, it is continuous. It is 
clearly also injective. We now show that it is a closed map by proving 
( 3 . 2 ) that p o i(Cf) is closed for each closed C 1 C X 1 + Y x satisfying 
p^ Pl (Ci) = C x . Since C x n X = C x n X x is closed in the closed X lf 
it is closed in X. Furthermore, by 6 . 2 , (C x n Yf) [Jf 1 (C 1 n A) is 
closed in the closed Y x and therefore also in Y ; since f x = /1 A n X x 
and C x C X x + Y x , this set is (C x n Y) {Jf(C x n A), and so, by 6.2, 
we have p{Cf) = p o i(Cf) closed inX Uy Y, completing the proof. 

The construction of continuous maps W Uy Y - —> Z is of frequent 
occurrence and is based on the important 

6.5 Theorem Let X be attached to Y by /: A—> Y, and let 
p: X + JU/7 be the identification map. Let cp: X Z and 
ifj'. Y Z be a pair of continuous maps, and let ( 95 , f): X + Y —> Z 
be their unique common extension. If 93 and ifj are “consistent” (that 
is, if 9 fa) — f[f(a)] for each aeA) then (<p,ijj)p~ 1 : XVfYZ 
is continuous. 

Proof: The transgressive map ( 93 , i(j)p -1 is single-valued, so 3.2 
applies. 


7. The Relation K(f) for Continuous Maps 

If /: X —> Y is a homomorphism of groups, we can construct f(X) 
from X and the kernel of /. We will see that a similar process for 
continuous maps of spaces is possible if and only if / is an identification. 

Let/: X —> Y be any continuous map. We define the relation K(f) 
in X by x ~ x' if f(x) = f(x'). This is clearly an equivalence relation in 
X, and therefore we have the identification map p:X-^XjK{f)\ 
X/K(f) is called the decomposition space of/. Since fp~ l is single¬ 
valued, it is a continuous (in fact, injective) map X]K(f) -> Y. Using 
3.2, we have thus proved the first part of 


7.1 


(1). Let/: X —> Y be continuous. Then/ can always be factored as 

XX/K(f) -> Y (that is, / = g op), where p and g ( = fp~ x ) 
are continuous, p is surjective , and g is injective. 

(2.) If 

/ 

-> Y 


n 

z 


* 


h 


■> w 
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is a commutative diagram of continuous maps, there is a 
continuous A: X/K(f) —> Z/K(h ) such that the diagram 


P g 

X - -> X/K(f) -> Y 



A 

Y N 

' Y 


Z -> Z/K(h) -> W 

p' g' 

commutes in each square. 


(g ° P = /; g' ° P' = h) 


Proof: (2) Because the given diagram commutes, it is trivial to 
verify that cp \ XZ is relation-preserving; A is the map 99 *, obtained 
from <p by passing to the quotient (4.3). The verification of commu¬ 
tativity in the resulting diagram is trivial. 

If /: X -> Y is surjective, then fp~ x \ XjK(f) -> Y is bijective and 
continuous. It need not be a homeomorphism: 


7.2 Theorem Let/: X -> Y be a continuous surjection. Then 

fP 1 : X/K(f) ^ Y 
if and only if / is an identification. 

Proof: Assume that / is an identification. We need show only that 
fp~ x is an open map. Using 3.2, if U = p^ 1 p(U) for some open set 
U C X, then since p~ x p{U) = / _ 1 /(U), we find that f(U) is open, 
as required. Conversely, if/p -1 is a homeomorphism, it is an identifica¬ 
tion, and by 3.2 and 3.3, so also isfp~ 1 °p — f. 

Let s/ be any set, and for each a e let p a : X a —> Y a be continuous. 
The relation A/fl Pa) f° r Tl Pa : E[ X a n Y a is evidently the same as 

n k(p„). 

a 


7.3 If each p a : X a —> Y a is a continuous open surjection, then 

nv. 


a 

Proof: By IV, 2.5, YYPa is an open map, and therefore is an 
identification. 

Ex. 1 Proposition 7.3 is not necessarily true if any one p a is not open. Let Q 
be the set of rationals, R the identity relation, and S the relation identifying all 
the integers. Then p: Q -> Q/R is an open surjection, but q: Q -> Q/S is not (q is 
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in fact a closed map). It is not difficult to verify that (Q x Q)/(R x S) is not 
homeomorphic to Q/R x Q/S. This example, due to J. Dieudonne, also shows 
(in view of 7.2) that the cartesian product of identification maps need not be an 
identification map. This question will be treated later, after local compactness 
has been discussed ( cf. XII, 4). 


8. Weak Topologies 

In this section, we shall study a method for topologizing a set that, 
under certain simple conditions, preserves some predetermined topology 
on a given family of subsets. We shall also show that this process is 
closely related to identifications. 

8.1 Definition Let X be a set, and let s 2l = { A a \ a e s/} be a family of 
subsets of X, with each A a having a topology. Assume that for 
each (a, fi) e sS x j/, both 

(1) . The topologies of A a and A e agree on A a n A 0 . 

(2) . Either (a) each A a n A 0 is open in A a and in A 0 or (b) each 

A a n A 0 is closed in A a and in A 0 . 

The weak topology in X determined (or induced) by §1 is 
S~(9t) = {U CX\</a: UnA a is open in A a j, 

It is evident that S~(%) is indeed a topology; furthermore, B C A is 
closed in the space X if and only if its intersection with each A a is closed 
in A a . The force of condition (2) is 

8.2 Each A a , as a subspace of (X,S~(W)), retains its original topology. 
In case (a), it is an open subset of space X; in case (b), it is a closed 
subset of the space X. 

Proof: We prove this for case (a); that for (b) is similar. Let B C A a 
be open in A a ; then for any /3, B n A 0 is open in A a n A e , so by 8.1(2) 
and III, 7.3, B n A e is open in A 0 ; by 8.1, this means that B is open in 
X, as required. In particular, taking B = A a , we find that A a is open 
in X. 

Ex. 1 S~ (91) is the largest topology in X that preserves the given topology of 
each A a : for, in any other such topology S', U eS => U A a is open in A a for 
each a => Ue-T{% I). 

Ex. 2 If {A a | a e .$/} is an open covering or a nbd-finite closed covering, of-a 
space X then the topology of X is exactly the weak topology (cf. Ill, 9.3). 

Ex. 3 Let R be a real linear vector space (cf. Appendix, I, 4.2). The weak 
topology S'(w) in R is that determined by the Euclidean topology on each of its 
finite-dimensional flats. This is called the finite topology of R and illustrates a 
typical way of using 8 . 1 . 
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Ex. 4 If X — (J A a 0 in 8.1, then the subspace X — (J A a of the space X 

a a 

is discrete. 

For spaces with weak topology, the continuity of maps is easily tested: 

8.3 If X is a space with weak topology determined by {A a | a e j/}, 
then an/: X -> Y is continuous if and only if each/ | A a : A a Y 
is continuous. 

Proof: The only proof required is that the continuity of each 
fa — f | A a implies the continuity of /. Let U C Y be open; then, 
f~ 1 (U) n A a = f~ 1 (U) is open in A a for each a, and by 8.l,/ -1 (t/) is 
therefore open in X. 

Remark: In view of Ex. 2, note that III, 9.4 is a special case of 8.3. 

We now describe weak topologies in terms of identifications; it will be 
seen that spaces with weak topology are always obtainable by “pasting” 
spaces together along specified subsets. 

8.4 Definition Let {Y a | a e <?/} be any family of spaces. For each a, 
let Y' a be the space {a} x Y a , so that Y' a ^ Y a and the family 
{ Y„ | a e sY} is pairwise disjoint. The free union of the given family 
{Y a | « e j/} is the set 1J Y’ a with the weak topology determined 

a 

by the spaces Y' a ; this space is denoted by 2 Y'. 

a 

8.5 Theorem Let (X } be a space with weak topology determined 
by the covering { A a | a e . 5 /}. Let A = ^ A ^ be the free union of 

{A a | a e jY], and for each a let h a : A' a —>■ A a C X be the homeo- 
morphism (a, a) —> a. Define h: ^ A' a -> X by h | A' a = h a . Then 

a 

h is continuous and AjK(h) ^ X. 

Proof: The continuity of h is evident from 8.3, and its surjectivity is 
obvious. To prove the theorem, we need show ( cf. 7.2) only that h is an 
identification. For this, let U C X be such that A -1 (t/) is open in 
2 A' a ; then, h~\U)cA a = h~\U n A a ) is open in A' a for each a, 

a 

and, since h a is a homeomorphism, U n A a is open in A a . Thus U is 
open in X, completing the proof. 

Ex. 5 If X has the weak topology determined by {A a | aej/} and Y that 
determined by {Bp | jS e 38), the cartesian product topology X x Y may not be the 
weak topology induced by {A a x B 0 \ (a, ft) e s/ x 38}. The following example 
is due to C. H. Dowker: 
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Let <M be the set of all maps of Z + into itself. Let X be a real vector space 
having a basis {u 0 J <p e in 1-to-l correspondence with the set , and let Y 
be a real vector space with a basis {v n | n e Z + }. We take both X and Y with the 
finite topology of Ex. 3. The induced weak topology in X x Y is simply the finite 
topology of the vector space X x Y; we will show that this is not the cartesian 
product topology of the spaces X and Y. 

Let P C X x Y be the set 

{(<p(«) Ucf ” <p(n) 

We observe that P is closed in the finite topology of X x Y, since its intersection 
with any finite-dimensional flat is a finite set and so is closed in the Euclidean 
topology of that flat. However, P is not closed in the cartesian product topology of 
the spaces X and Y. For, if it were, &P would be open, and since the origin 
0 e tfP, there would be a basic nbd U x V with 0 e U x VC r €P. Since U, V 
are open in X, Y, respectively, then for each cp and each n, there would be an a 0 
and a n such that 

{Am^, | 0 ^ A < a 0 } C U, {p.v n | 0 //. < a n } C V. 

Let <p e be the map 



and find n with <p(n) > l/a 0 . Then 

(^j u *’ W) v ^ e u x v ’ 

but is not in ftP, a contradiction. 

[The reader will note (c/. 7, Ex. 1) that this example shows again that 
(X x Y)/(R x S) is in general not homeomorphic to (XjR) x ( Y/S).] We shall 
see later that if one of the spaces X, Y is locally compact, the cartesian and the 
induced weak topology in X x Y do in fact agree (c/. XII, 4.4). 


j <p e n e Z + j~ 


Problems 


Section I 

1. Reversing the situation treated in the text, let X be a set, ( Y, ST) a space, and 
p: X —> Y a subjective map. Prove: 

a. x — {p _1 (U) | U open in Y } is a topology in X. 

b. p: (X, STx') ^ ( Y, ^) is continuous, open, and closed. 

2. For each a eg/, let p a : X a Y„ be a continuous, open surjection. Show 

n>..-n —► J! Y a is an identification. 

a a a 

3. Let X be a space and A C X a subspace. Assume that there exists a continuous 
r: X —*■ A such that r \ A = 1 A (such a map is called a retraction of X onto A). 
Show that r is an identification. 
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4. Let X be any set. Given any family {( Y ay 3T a ), f a | a e ,c/} of spaces and maps 
f a : X -+ Y a , the “projective limit topology of X determined by this family’’ is 
V ( cf . Ill, 3, Problem 8). Prove: 

a 

a. If j: X-> fl Y a is the map j(x) = { f a (x)}, then V fa 1 (^ r a) is the topology 

a a 

in X determined by j as in Problem 1. 

b. If whenever x x', there is some index a such that f a (x) /„(*'), then 

j is an embedding. 

Section 2 

1. Let X have the projective limit topology (I, Problem 4) determined by 

{Y a ,f a \aesS} 

and let A C X. Prove: The subspace topology of A is the projective limit 
topology determined by the maps/ a | A. 

Section 3 

1. Let p: X—> F be a continuous open surjection, and assume that each fiber 
p _1 (y) is connected. For any F C Y, show that F is connected if and only if 
p~ x (F) is connected. 

2. Let X have the projective limit topology determined by the family 

{( Y a> ^ a ),f a | 064 

Assume that each 3T a is the projective limit topology determined by a family 
{(Zc' 0 , 3T a f), g aB | /3 6 3d). Prove: ^ is the projective limit topology deter¬ 
mined by 

{(Za. e , g a , B o f a I (a, |8) 6 s/ X 

3. Let X have the projective limit topology determined by { Y a ,f a \ a e ja/}. Prove: 
/: Z —> X is continuous if and only if each f a ° f is continuous. 

Section 4 

1. Let p: X —> X/R be an open (or closed) map, and B C XjR any subset. Show 
that B is homeomorphic to p ~ 1 (B)/R 0 . 

2. Give an example showing that if A C X is not open or closed, then X — A 
need not be homeomorphic to the complement of [A] in X/A ( cf . 2 , Ex. 1). 

3. These problems will be much easier after studying compactness. (Use now 
III, 9, Problem 1.) 

a. In I 2 , let (0, y) ~ (l,y). Show I 2 jR ^ the cylinder 5 1 x I. 

b. In / 2 , let (0,3’) ~ (1,1 — y). Show I 2 /R = Moebius band. 

c. In I 2 , let Fr(/ 2 ) ~ (0, 0). Show I 2 /R £ S 2 . 

d. In I 2 , let (0, y) ~ (1,3’), (x,0) ~ (x, 1). Show I 2 /R £ the torus S 1 x S 1 . 

4. Let R be an equivalence relation in X. For each A C X define C(A) = 
{x G X | 3 a e A: x R a}. Show that p(U) is open in X/R if and only if C(U) is 
open in X. 

5. Let R , »S be two equivalence relations in X, and such that SCR (cf. I, 7, 
Problem 6). Prove ( A/S)/(R/S ) ~ A/R. 
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6 . Let 0 be the origin in E 3 . In E 3 — 0, define xRy if x and y lie on a line 
through the origin. Show that R is an equivalence relation; (E 3 — 0 )/R is called 
the projective plane P 2 . Call line in P 2 any set A such that p ~ 1 (A) is a plane in 
E 3 — 0 going through the origin. Show that a line in P 2 is homeomorphic to 
S 1 . 

7. Let V 2 = {x e E 2 | |x| ^ 1}. Generate an equivalence relation by xRy if 

M = \y\ = an d x > y are diametrically opposite. Show V 2 /R is homeo¬ 

morphic to P 2 . 

Section 5 

1. If A C X is closed, prove that TA is homeomorphic to a closed subspace of TX. 

2. Let i: Int(7) —> 7 be the inclusion map. Show that the map Ti: T[Int(7)] —► TI 
is not an embedding. 

Section 6 

1. Let A C X and B C Fbe closed. Show that A* B can be identified with a closed 
subspace of X * Y (it is a convention that 0 * Y = Y, X * 0 = X). 

2. Prove: X* Y ~ Y * X. 

3. Use 6.4 to prove that TX can be considered a closed subspace of SX. 

4. Attach TX to TX by fix, 0> = <*, 0>. Show that TX u/ TX ~ SX. 

5. Let X be attached to Y by /: A —> Y. Let F C Fbe open, and let 17 C X be 
open, such that/ _1 (F) = U n A. Prove: p{V u U) is open in X U/ Y. 

6 . Let F C X 'Uf Y be a given set. Assume that VC Y, U C X are open and 
satisfy: (a) Y n p^(F) C V; (b) X n p-^F u p(V)] C U. Show that 
p[(U — A) u V] is open in X U/ Y and contains F. 

Section 7 

7. Show that I n is a quotient space of the Cantor set. 

2. If Y is a quotient space of X, and Z is a quotient space of Y, prove that Z is 
homeomorphic to a quotient space of X. 

3. Let Ri, R 2 be two relations in a space X such that x R 1 x' => x R 2 x' for every 
pair x, x . Show that X/R 2 is a quotient space of XfR 1 . 

4. Let A C X be a retract of X, and let r : X —> A be the map in I, Problem 3. 
Show A = X/K(r). 

Section 8 

7. If we drop both requirements in 8.1, does the process still determine a topology? 

2. Let both X and Y have weak topology, with that for X determined by 
{A a | aesY) and that for Y determined by {B p | /3 e 34}. Let Z x Fbe the cartesian 
product topology, and let ( X x Y,2?~) be the weak topology inZ x Fdetermined 
by {A a x B p | (a,I S)ej/ x 34}. Show that the map 1:{X x Y;<!F) X x Y 
is continuous. 

3. In Problem 2, let both {A a | a e sY} and {B 0 | j3 e 38} be open coverings or 
nbd-finite closed coverings. Show that l is then always a homeomorphism. 
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4. In Problem 2, assume that each x e X is in the interior of some A a and also that 
eachy e Y is in the interior of some B e . Show that the map /: {X x Y ; YT) —> X x Y 
is a homeomorphism. 

5. Let {Y a | aesY} be any family of spaces, and {62} a fixed point in J~J Y a . Let 

a 

P Y a be the subset of all points in the set Y a having at most finitely many 

a 

coordinates different from {62}. For each finite 3F C sY, let s(^) be the slice 
through {62} parallel to J7{ Y a | a e J 5 "}. Take each s(3^) with the cartesian 
product topology, and let PY a be given the weak topology determined by the 
family (s(^)}. Prove: (1) Each projection p 0 | PY a : PY a -> Y s is a con¬ 
tinuous open map. (2) If 5 ( 6 ; a) is the slice in J - } Y a through { 6 a } parallel to Y a , 

a 

the map s a : Y a -+s(b;a ) is continuous. (3) This type of cartesian product is in 
general not associative {hint: use Dowker’s example). 



Separation Axioms 

vn 


So far, our only requirement for a topology has been that it satisfy the 
axioms. From now on, we will impose increasingly more severe 
additional conditions on it. With each new condition, we will determine 
the invariance properties of the resulting topology: by this we mean 
(1) whether the topology is invariant under open or closed maps rather 
than only homeomorphisms; (2) whether the additional properties are 
inherited by each subspace topology; and (3) whether the additional prop¬ 
erties are transmitted to cartesian products. We will also give various 
desirable features that each such topology has, and more important, we 
will determine to an extent its behavior under quotient-space formation. 

In this chapter, we will require of a topology that it “separate” 
varying types of subsets. 

I. Hausdorff Spaces 

Hausdorff topologies have the weakest kind of separation that we will 
consider in this book; after this section , all spaces will be assumed to be 
Hausdorff, unless specifically stated otherwise. 

1.1 Definition A space Y is Hausdorff (or separated) if each two 
distinct points have nonintersecting nbds, that is, whenever/) # q 
there are nbds XJ (/>), V ( q ) such that U n V = 0 . 
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Ex. 1 E n and discrete spaces are Hausdorff. In any set Y , a topology larger 
than a Hausdorff topology is also Hausdorff. 

Ex. 2 Sierpinski space and indiscrete spaces having more than one point are 
not Hausdorff. 

Ex. 3 Hausdorff spaces are also called T 2 -spaces in the literature. There are 
two weaker separation axioms. T 0 —for each pair of distinct points, at least one has 
a nbd not containing the other, and 7\—for each pair of distinct points, each one has 
a nbd not containing the other. Sierpinski space is T 0 but not 7\; an infinite set 
with topology = {0}u{C7| < ^’C7is finite} is a Ti-space that is not Hausdorff. 

The definition has several equivalent formulations: 

1.2 The following four properties are equivalent: 

(1) . Y is Hausdorff. 

(2) . Let p e Y. For each q # p, there is a nbd U(p) such that 

qeU{f). 

(3) . For each p e Y, P) {U | U is a nbd of p] = p. 

(4) . The diagonal A = {( y , y) | y e Y) is closed in Y x Y. 

Proof: (1) => (2). Given q ^ p, there are disjoint U{p), U(q), which 
says that q e U(p). 

(2) => (3). If q ^ p, there is a nbd U(p) with q e U ( p ), so that 
q e {U | U is a nbd of p}. 

To prove the remaining implications, observe that the statement 
“U n V = 0” is equivalent to “(U x V) n A = 0 since 

(U x V) nd # 0 o 3 p: (p,p) e U x V 
o(peU) a (pe V) 
oUnVyt 0. 

(3) => (4). We show that ^A is open. Let ( p , q) e A ; then p # q, 
and since p = f) {U \ U is a. nbd of p], there is some U with p e U, 
qeU. Since U n &U = 0, U x &U is a nbd of ( p , q) in ^A. 

(4) => (1). If p ^ q, then (p, q)EA\ therefore (p, q) has a nbd U x V 
not meeting A , that is , p e U, q <= V and U n V — 0. 

The invariance properties of Hausdorff topologies are 

1.3 Theorem (1). Hausdorff topologies are invariant under closed 

bijections. 

(2) . Each subspace of a Hausdorff space is also a Hausdorff space. 

(3) . The cartesian product { Y a \ a e is Hausdorff if and 

only if each Y a is Hausdorff. 

Proof: (1). Since a closed bijection is also an open map, the images of 
disjoint nbds are disjoint nbds, and the result follows. 
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(2) . Let A C Y and p, q e A; since there are disjoint nbds U(p), 
U(q) in y, the nbds U(p) n A and U(q) n A in A are also disjoint. 

(3) . Assume that each Y a is Hausdorff and that {/> a } # {^ a }; then 
Pa # 9a f° r some a, so choosing disjoint nbds U(p a ), U(q a ) gives the 
required disjoint nbds < U(p a )>, <(U(q a )y in J~| Y a . Conversely, if 

a 

iQ Y a is Hausdorff, then (IV, 3.2) each Y a is homeomorphic to some 

a 

slice in Y a , so by (2) (since the Hausdorff property is a topological 

a 

invariant), Y a is Hausdorff. 

Ex. 4 In contrast to connectedness, the Hausdorff property is not preserved 
under continuous maps, nor even under continuous open maps, as V, 5 , Ex. 2, 
shows. 


Hausdorff topologies have the following special features, which serve 
to minimize acutely pathological behavior. 

1.4 In Hausdorff spaces: 

(1) . Each finite set is a closed set. 

(2) . y is a cluster point of A C Y if and only if each nbd of y 

contains infinitely many points of A. 

(3) . Each slice S(y°, /?) C Y1 Y<x is closed in J~[ Y a . 

a a 

(4) . Let {A a | a esY} be a nbd-finite family of nonempty sets in 

Y. If X(s/) ^ X 0 , then there exists a discrete closed sub¬ 
space D such that N(Z)) = N(j/) and D C U ^er 

a 

Proof: (1). A = {y lt • ■ •,y n } is the unions of its finitely many points, 
and by 1.2(3), each point (being the intersection of closed sets) is closed. 

(2) . If the condition holds, y e A' is clear. If the condition does 
not hold, there is a nbd U(y) with U n (A — {jy}) = {y lf • • - ,y n }; by 
(1), U n c 3{y lt • ♦ •, ^ n ) is a nbd of y not intersecting A — {y}, so y e A'. 

(3) . To see that ( ^S{y°,\3) is open, observe that any y e S(y°, f3) 
has some coordinate y Y ^ y Y , (y # /?); because Y y is Hausdorff, there is a 
nbd U(y Y ) not containing^, and then y e (U(y Y )y C < ^S(y°;^). 

(4) . Let r be the initial ordinal of cardinal we will define an 

injection <p\ [0, T[ —> (J A a by transfinite construction. Let < T and 

a 

assume <p(y) = y Y e Y defined for all y < /?. Let 
®{y y ) = {« e sY | y Y e A a j 

and let 08 R = U {08(y y ) | y < |8}. Each ^\38{y y )\ < X 0 because the 
family is nbd-finite, so since N([0, /3[) < X(j/), we find (II, 8.3) that 
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X(^) < Thus, stf — 38 e ^ 0 , and we define <p(/S) to be the first 

element in U {A u \ p e $0 — & e } in some fixed well-ordering of Y. 
This completes the inductive step. 

Now let D = <p([0, T[); because <p is injective, we have X(D) = 
Furthermore, D is clearly a nbd-finite system of points in Y ; since Y is 
Hausdorff, so that points are closed sets, III, 9.2 shows that D and each 
subset of D is closed in Y, consequently D is closed and discrete. 

For continuous maps into Hausdorff spaces, 

1.5 Let X be arbitrary, Y be Hausdorff, and f,g:X-+ Y be con¬ 
tinuous. Then: 

(1) . {x | f(x) — ^(x)} is closed in X. 

(2) . If D C X is dense, and /1 D = g \ D> then / = ^onX 

(3) . The graph of the continuous /: X-+ Y is closed in X x Y. 

(4) . If / is injective and continuous, then X is Hausdorff. 

Proof: (1). {x | f(x) — ^(x)} is the inverse image of the closed 
A C Y x Y under the continuous map x ( f(x ), ^(x)) of X -» Y x Y. 

(2) . The set on which / and g agree is a closed set containing the 
dense set D; by III, 4.13, this must be X. 

(3) . The graph of / is the inverse image of the closed A C Y x Y 
under the continuous map (x, y)-^{ /(x), y) of X x Y -> Y x Y. 

(4) . The inverse map / -1 : f(X) -> X is a closed bijection of the 
Hausdorff space f{X) onto X. 

We now consider conditions under which an identification topology 
is Hausdorff. Given p: X Y observe that IT(p) is Hausdorff if and 
only if distinct fibers are contained in disjoint ^-saturated open sets. 
Since this is a condition on both p and the topology in X, it cannot be 
expected that a simple requirement only on either p or the topology of 
X will suffice to assure <T(p) is Hausdorff. One simple sufficient con¬ 
dition that frequently appears is 

1.6 Let X be arbitrary, let R be an equivalence relation in X, and let 
p: X —> X/R be the identification map. If both 

(1) . R C X x X is closed in X x X, 

(2) . p is an open map, 
then X/R is Hausdorff. 

Proof: Let p(x), p(y) be distinct members of X]R; since x and y are 
not related, and R C X x X is closed, there is a nbd U x V of (x, y) 
such that U x V C R■ Thus, p(U), p(V) are disjoint, and since p is 
an open map, are open in XjR. 
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Ex. 5 The hypothesis (1) is essential: If XjR is Hausdorff, for any space X, 
then R must be closed in X x X, since R is the inverse image of A C XjR x XjR 
under the continuous map ( x , ;*') -> ( p(x ), p(x')) of X x X —> X/R x X/R. 

One other particularly simple condition that assures a quotient space 
is Hausdorff is 

1.7 Let Y be Hausdorff, X be arbitrary, and /: X —► Y any continuous 
map. Then XjK{f) is Hausdorff. 

Proof: Since the map 

S — fP~ x : X/K(f) -► Y 

is continuous and injective, this follows from 1*5(4). 


2. Regular Spaces 

A separation condition stronger than Hausdorff is obtained by replacing 
one of the points in l.l by a closed set: 

2.1 Definition A Hausdorff space is regular (or: T 3 ) if each y e Y and 
closed set A not containing y have disjoint nbds; that is, if A is 
closed and ye A, then there is a nbd U of y and an open V D A 
such that U n V = 0. 

Ex. 1 Discrete spaces, and E n , are regular (the regularity of E n is easily seen 
from 2.2 below). 

Ex. 2 Every regular space is a Hausdorff space, but not conversely. Let E 
be the set of all real numbers, and IX the topology having the open intervals and 
the set Q of rationals as subbasis. Since is larger than the Euclidean topology 
of E, (E, ST} is a Hausdorff space. However, is not regular: is a closed set, 

but 1 and #Q do not have disjoint nbds. Observe also that, since 3T is larger 
than the Euclidean topology, this example shows that a topology larger than a 
regular topology need not be regular- 

The definition has several equivalent formulations: 

2.2 The following three properties are equivalent: 

(1) . Y is regular. 

(2) . For each y e Y and nbd U of y, there exists a nbd V of y with 

yeVCVCU. 

(3) . For each y e Y and closed A not containing y, there is a nbd 

V of y with V n A = 0 . 
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Proof: (1) => (2). Given U, thenjy and the closed U have nbds V D y, 
W D VU with Vn W = 0 ; thus V C <#W, so that V C also, 
and from V C\ U C V (~\ W — 0,we find V C U. 

(2) => (3). Using y and its nbd *8A, find F satisfying je V C VC &A; 
then V n A = 0. 

(3) => (1). Let A be closed, ye A. Choose a nbd V D y such that 
V n A = 0 ; then A C &V, and V n WV = 0. 

Ex. 3 If the condition 2.2(2) is known to hold only for all subbasic open U, 
the space is still regular: for if G is any given nbd of y, there is a finite intersection 

n n __ 

Pi Ui of subbasic open U t with ye f) U t C G ; from y e V t C V { C U { for each 
1 1 

i, we find 

y e n v t c n Vi c n u t c g. 


For invariance properties we have 

2.3 Theorem (1). Every subspace of a regular space is regular. 

(2). ]^[ { Y a | ae.c/} is regular if and only if each Y a is regular. 

Proof: (1). Given X Q Y, let B C X be closed in X and x 0 e X — B. 
Then B = X n A, where A is closed in Y, and since A does not contain 
x 0 , there are disjoint open U D x 0 , V D A. Then U n X and V n X 
are the required disjoint nbds of x 0 and B in X. 

(2). As in 1.3, it follows immediately from (1) that if Y a is regular, 
then each Y a is regular. For the converse, let { y a } be given and (JJf) 
be any sub-basic nbd; choosing V a so that y a e V a C V a C U a gives 

c<F7> = <F„> c <c/„> 

(cf. IV, 1.2), and therefore, by Ex. 3, the regularity of Y a follows. 


The following special property of regular spaces is frequently useful: 

2.4 Let Y be regular and A C Y any infinite subset. Then there exists 
a family {U n \ n ^ 0} of open sets whose closures are pairwise dis¬ 
joint and such that A n U n ± 0 for each n ^ 1. 

Proof: We proceed by induction, taking U 0 = 0 . Assume that 
U 0 , • • •, U n have been defined so that U 0 , • • •, U n are pairwise disjoint, 

n _ 

A n U k ^ 0 for 1 < k ^ n, and A n = A — U U t is an infinite set. 

o 

Choose a, b e A n ; since Y is regular, we find first an open V such that 
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aeVcVcY— [U 0 U ■ • • U U n \J {6}] and then an open W such 
that b eW C W C Y — [U 0 U • • • u U n U F]. Now define t/ n + 1 = F 
if V n >4 is finite, and U n + 1 = W otherwise. Then U 0 , • • •, f/ n + 1 are 

n +1 _ 

pairwise disjoint, A — IJ t/j is infinite, and An U k ^ 0 for 1 < 

« + 1, so the inductive step is complete. 

We now consider quotient spaces of a regular space X. Since the 
unit interval is regular, VI, 4, Ex. 4, shows that if the projection map 
p: X —> W/i? is open, then R C X x X need not be open; however, for 
closed maps, 

2.5 Let X be regular and let the projection p: X —> XfR be a closed 
map. Then R C X x X is closed. 

Proof: Let (x, y) e R ; we are to find a nbd (x, y) e U x W C ^7?, 
that is, open sets such that p(U) n p{W) — 0. To this end, note that 
(x, y) e R => p(x) ^ p(y) => xEp~ 1 p(y); since ( 1.4) y is a closed set and 
p is a closed map, p~ 1 p(y) is closed, so there are disjoint open sets U } V 
with x E U, and p~ 1 p(y) C V. Since/) is a closed map, III, 11.2, gives a 
nbd W of p(y) with P~ 1 p(y) C p~ x (W) C V, and so U x p~ x (W) is 
the desired nbd of (x, y). 

Ex. 4 The converse of 2.5 is not true: In E 1 , define x ~ 1/x (x ^ 0) and 0 ~ 0; 
then R C X x X is closed; yet p : X —> X/R is not a closed map, since the 
p-load of the closed {x | |x| 2* 1} is not closed. 

2.6 Let X be regular and p : X X/R be a closed and open map. 
Then X/R is Hausdorjf. 

Proof: Immediate from 1.6 and 2.5. 

For the identification of closed subsets of regular spaces to points we 
have the useful 

2.7 Let X be regular and A C V be closed. Then X(A is Hausdorjf. 

Proof: Let £, be two elements of XjA ; if neither one is the element 
[A], the existence of disjoint nbds follows by noting X — A is Hausdorff. 
If £' = [^4], then is a single point and p~ x ( £) e A; consequently, 

there are disjoint nbds of/> -1 (£) and A, the images of which are evidently 
open and provide the disjoint nbds of | and [A], 
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3. Normal Spaces 

Separation stronger than regularity is given by 

3.1 Definition A HausdorfF space is normal (or: T^) if each pair of 
disjoint closed sets have disjoint nbds. 


Ex. 1 Discrete spaces, and E n , are normal (the normality of E n follows more 
simply later). We shall see later that the cartesian product of any family of closed 
intervals is normal (XI, I, Ex. 1). 

Ex. 2 Let r be any ordinal number. With the topology in III, 3, Ex. 5, 
[o, n is normal: Let A, B be disjoint closed sets. For each a e A, the set 
{j9 < a | j3 e Bj has a supremum b a (II, 6.4), which necessarily belongs to B = B; 
note that ]b a , a] is an open set containing no points of B. We thus get an open 
U = U {]&„, a] | a e A} 3 A, and similarly, an open V = U {]a^, j8] | f3 e B} D B. 
Now, U and V are disjoint: For, if U n V ^ 0, then some ]6„, a] n ^ 0 ; 

assuming, say, that ft < a, this gives {} e]b a , a], which is impossible. Similarly, 
[0, .T], and El, the reals with the upper limit topology (III, 3, Ex. 4) are normal 
spaces. 

Ex. 3 Clearly, every normal space is regular; but the converse is not true. 
Since El is normal, and therefore regular, El x El is certainly regular; we will 
show that it is not normal. To do this, we first establish the following result of 
F. B. Jones: If a space Y contains a dense set D and a closed discrete subspace 5 1 with 
X(S) ^ 2 K(D) then Y is not normal. Indeed, assume that Y were normal. Since 
every subset of S is closed in Y, we could find for each A C S an open U(A) 3 A 
and an open F(5 — A) 3 S — A such that U r\ V — 0. We would then have 
D n U(A ) ^ D n U(B) whenever A — B 0 : for, because D is dense in Y, 
the set D Pi U(A) n V(S — B) is not empty, is contained in D O U{A), and does 
not meet U(B). This shows that the map ^(S) —» ^(D) given by A —> D O U(A) 
would be injective; but this is impossible, since X[^(S)] > N[^(D)]. With this 
result established, to see that El x El is not normal, we need observe only that 
D = {(r, 5 ) | r, s, rational} is a countable dense subset, and that 

5 = {(*, —x) | x irrational} 
is a closed discrete subspace of cardinal 2 8 °. 


The definition has several equivalent formulations: 


3.2 The following four properties are equivalent: 

(1) . Y is normal. 

(2) . For each closed A and open U D A there is an open V with 

A C V C V C U. 
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(3) . For each pair of disjoint closed sets A, B , there is an open U 

with A C U and U n B = 0 . 

(4) . Each pair of disjoint closed sets have nbds whose closures do 

not intersect. 

The straightforward proofs are left for the reader. 

In the invariance properties, we meet a situation different from those 
met before. 

3.3 Theorem (1). Normality is invariant under continuous closed sur¬ 
jections. 

(2) . A subspace of a normal space need not be normal. However, 

a closed subspace is normal. 

(3) . The cartesian product of normal spaces need not be normal. 

However, if the product is normal, each factor must be 

normal. 

Proof: (1). Let Y be normal and p : Y —»■ Z be closed and con¬ 
tinuous. Given disjoint closed A , B in Z, the normality of Y gives 
disjoint open sets with p~ x (A) C U, p _1 (B) C V. Because p is closed, 
III, 11.2, assures that there exist open U A D A, V B D B such that 
P~ 1 (U A ) C U, p-\V B ) C V and U Ai V B are evidently the required 
disjoint nbds of A and B. 

(2) . We give an example below; the proof of the second assertion 
is immediate from the observation that a set closed in a closed subspace 
is also closed in the entire space. 

(3) . Ex. 3 shows that the cartesian product of normal spaces need 
not be normal; we remark that it is in fact an open problem in general 
topology whether 7 x / is normal whenever Y is normal. The second 
part of (3) follows from (2) and (1), as in 1.3(3) because of 1.4(3). 

Ex. 4 Let Q be the first uncountable ordinal, o> the first infinite ordinal, and 
take both [0, Q~\ and [0, to] with the topology in III, 3, Ex. 5. It is not difficult to 
verify directly that [0, f2] x [0, a>] is in fact normal, but we shall do this more simply 
later (XI, 6, Ex. 2). Let T be the subspace [0, Q] x [0, a>] — (Q, co); we show 
that T is not normal by proving the disjoint closed in T sets A = {{Q,n) | 0 ^ n < a>}, 
B = {(£, (d) | 0 < £ < Q) cannot be separated. Indeed, let U be any nbd of A ; 
since for each fixed « the point (Q, n) e U, there is an ordinal a n < Q such that 
]a n , £?] x n C U. By II, 9.1, the countable collection {a„} has an upper bound 
cc 0 < Q so that the “tube" Jcc 0 , O] x [0, o>[ C U. It follows that any nbd of 
(oc 0 + 1, to) e B must contain points of U ; therefore each V D B will intersect U. 

For identification topologies we have 

3.4 Let X , y be normal, A C X closed, and /: A Y continuous. 

Then XU/ Y is normal. 



146 Chap. VII Separation Axioms 

Proof: Let F lt F 2 C X U/ Y be disjoint closed sets. For i = 1, 2, 
there are open V { C Y such that Y C\p~ 1 (F i ) C V { and V x C\ V 2 = 0. 
Since p(V { ) is closed in X^jfY (VI, 6.3), there are also disjoint open 
Ui C X with Xnp-'lFiU p(Vi)] C U u The sets p[(U x - A) u V t ] 
are disjoint and p[{U { — A) U F ( ] D F { ; we will show them open in 
X \Jf Y. Noting that Y C\ p~ 1 p[(U i — A) U Vj\ = F £ , and 

X n p~ l p[(U i - A) u Vi] = (U t - A)uf-\V % ), 

we need prove only that (U x — A) U/ _1 (Fj) is open in X. To this end, 
observe X C\ p~ l p{ V t ) C U { so that/ _1 (F t ) C I/ £ and, being open in A y 
f-\V x ) = A. Thus 

(tf, - ^4) = (^i - u (t/, nW { cA) 

= U t n [Wi u ^i4], 

and so is open in X. That points are closed sets (so that in particular 
X U/ Y is Hausdorff) is trivial. 

3.5 Let X be normal, and A C X closed. Then XjA is normal. 

Proof: Immediate from 3.4, since XjA is obtained by attaching X 
to a point q by the constant map /: A —> q. 

There is a separation property stronger than normality: A Hausdorff 
Y is completely normal if every pair of sets A y B satisfying A n B = 
A n B = 0 can be separated. It is easy to see from the proof given in 
Ex. 2 that [0, Q\, [0, Q[, and El are indeed completely normal. Example 
4 can also be regarded as stating that the normal space [0, Q] x [0, to] 
is not completely normal. We shall not deal extensively with complete 
normality. 


4. Urysohn's Characterization of Normality 

It is not true that a nonconstant continuous real-valued function can be 
defined on any given space. For example, since the spaces in I, Ex. 3, 
are connected and countable, each continuous fiX-^E 1 must be a 
constant map; there are examples of regular spaces for which this 
occurs. One reason for the importance of normal spaces is that one can 
be sure nonconstant continuous real-valued functions exist on them. 

4.1 Theorem (P. Urysohn) Let Y be Hausdorff. The following two 
properties are equivalent: 

(1). Y is normal. 
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(2). For each pair of disjoint closed sets, A, B in Y, there exists 
a continuous /: Y —r E 1 , called a Urysohn function for 
A, B, such that: 


(a). 

0 <f(y) < 1 

for all y e F. 

(b). 

f{a) = 0 

for all a e A. 

(c). 

m = 1 

for all h g B. 


Proof: (2) => (1). Let A, B C Y be disjoint closed sets. Using a 
Urysohn function/for this pair, U — {y | f(y) < -§■}, V = {y \f(y) > £} 
are disjoint open sets with U D A, V D B. 

(1) => (2). Let R be the set of all rationals r of form k/2 n , 0 ^ k)2 n ^ 1. 
We first show that with r e R, we can associate an open U{r) C Y such 
that: 

(i) . A C U(r) and U(r) n B = 0 . 

(ii) . r < r' => U(r) C U(r')\ that is, the ordering in R is identical 

to set inclusion (with closure). 

We proceed by induction on the exponent of the dyadic fractions, 
letting 

D m = | k = 0, 1, • •2»}. 

D 0 consists of U( 1) = tfB and U{ 0) = some open set satisfying 
A C U{ 0) C U(0) C %B, 

which exists by normality. Assume D m _ x constructed, and note that only 
U(k/2 m ) for odd k requires definition; for each odd k, we have from 
D m _ 1 that U((k — l)/2 m ) C U((k + l)/2 m ), so we define U(k/2 m ) to be an 
open set U satisfying 

CUCUC U^±f). 

This completes the inductive step. 

To define /, replace U{ 1) by Y, let D = (J D m , and let 

m 

f(y) = inf {r | y e U (r)}. 

Clearly, 0 ^ f(y) ^ 1. Furthermore f(B) = 1, since each b e U( 1) = Y 
only; and f(A) = 0, since each a e U{r) for all r. It remains to prove 
continuity. Let f(y 0 ) — r 0 , and choose any W = ]r 0 — e, r 0 + e[. If 
r 0 ^ 0 or 1, choose also f, r such that r 0 — e < r < r 0 < f < r 0 + e; 
then U = U(f) — U(r) is a nbd of y 0 and f(U) C W, since y g U(r) 
f(y) < r, and y e U(r) =>> f(y) ^ r. If r 0 = 0 (or 1) then the nbd U(f) 
(or J(r)) of y Q alone suffices. This completes the proof. 
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Remark : The pair of numbers 0 and 1 can be obviously replaced by any 
(not necessarily nonnegative) pair a < fl, since the continuity of / implies that of 

« + (P ~ a)/- 

The Urysohn function / in 4.1 evidently satisfies A C / -1 (0). The 
theorem does not assert that A = / -1 (0); in fact, this is possible only 
for certain types of closed sets: 


4.2 Corollary A necessary and sufficient condition for the existence of 
a Urysohn function satisfying A = / _1 (0) is that A be a G d . 

Proof: If there is such a function, A = P| {y \f(y) < (1 /n)} shows A 

n 

CO 

to be a G 6 . Conversely, assume A = P) U t ; it is no restriction (III, 6 . 2 ) to 

assume that ^ D U 2 D • • • and that U x n B = 0 . Let f n be a Urysohn 
function for the closed sets A, U nt where f n (A) = 0. By III, 10.5, the 

function f(y) = f n (y) is continuous on Y and is evidently a 

Urysohn function for A , B. Since 


yeA =>yeQ U t =>3n 0 :yeU no =>/„ 0 (j) = 1 =>f(y) > 
we have / _1 (0) = A. 


2 n o 


4.3 Corollary A necessary and sufficient condition that there be a 
Urysohn function /with A = f~ 1 ( 0), B = / _1 (1) is that both A 
and B be G^-sets. 


Proof: If both A and B are G^-sets, find Urysohn functions /, g for 
the pair A, B such that/ -1 (0) = A, g _1 ( 0) = B; then 

^ = f(x)+\(x) 

is the required function. Because A n B = 0, the denominator never 
vanishes, so <p is indeed continuous. The converse is trivial. 

A normal topological space in which each closed set is a G 6 is called 
perfectly normal. The ordinal space [0, £?] is an example of a completely 
normal space that is not perfectly normal: as we have seen in III, 6 , 
Ex. 4, the closed set (f?) is not a G 6 . However, 

4.4 Every perfectly normal space is completely normal. 
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Proof: Let F be perfectly normal, and let A, B be subsets with 
JnB = AnB = 0. Find /, g: Y —I vanishing only on A, B, 
respectively, and set U = {y \ f{y) < g(y)}, V = {y \ g(y) < f(y)}. 
Clearly, U , V are open sets, and U n V = 0 . Furthermore, A C U, 
since if y e A, then f(y) — 0, and, because BnA= 0 , we have 
g(y) > 0 5 similarly, B C V, completing the proof. 


5. Tietze’s Characterization of Normality 

Let X, Y be two spaces, A C X closed, and /: A —>■ Y continuous. A 
continuous F: X Y such that F \ A — f is called an extension of / 
over X relative to Y. A “general extension theorem for maps of closed 
subsets of X into Y” is a statement giving conditions on X and Y, under 
which it is true that for every closed A C X, each continuous /: A —Y 
is extendable over X relative to Y. General extension theorems are rare 
and usually have interesting topological consequences. 

It is important to realize that the requirement that Y not be enlarged 
is essential. Without some such restriction, there is no problem, since 
by simply attaching X to Y by /, the map F = p \ X: X X U/ Y is 
an extension of / over X (relative to X Uy F!). However, once Y has 
been fixed, a genuine question arises: It is generally difficult to decide 
if a given map A-> Y is extendable over X and, indeed, some may not 
be. For example, if A C 7is{0, 1}, the map/(0) = 0,/(l) = 1 of A-+2 
is obviously not extendable over I (relative to 2). 

It is easy to see that if Y is Hausdorff (with at least two points) and 
if there is a general extension theorem for maps of closed subsets of X 
into y, then X must be normal. For, given disjoint closed A, B C X, 
the map /: A U B -> Y sending A toy 0 and B toy 1 # y 0 is, by hypothe¬ 
sis, extendable to a continuous F: X —> F, and if U, V ^re disjoint nbds 
oiy 0 , y lt then i ?_1 (t/), F -1 (F) are disjoint nbds of A, B. 

Urysohn’s theorem can be regarded as a special case of the following 
general extension theorem. 

5.1 Theorem (H. Tietze) Let X be Hausdorff. The following two proper¬ 
ties are equivalent: 

(1) . AT is normal. 

(2) . For every closed A C X, each continuous f'.A-^E 1 has a 

continuous extension F: X -+E 1 . Furthermore, if |/(«)| <c 
on A, then F can be chosen so that |F(a:)| < conX 

Proof: (2) => (1). This conclusion follows from the preceding 
remarks, since E 1 is Hausdorff. 
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(1) => (2). To keep the discussion clear, we state as a lemma the main 
tool used in the construction of F: 

Lemma: Let giA^E 1 be continuous, |^(«)| ^ c for all a e A. 
Then there exists a continuous h: X —> E 1 such that 

(1) . |A(a:)| ^ for all xe X. 

(2) . |^(a) — h(a) | ^ %c for all a e A. 

Proof of Lemma: Let 

A + = {aeA | g(a) > A - = {a e A \ g(a) ^ -|c}; 

these sets are clearly disjoint and, being closed in the closed set A C X, 
are also closed in X. Since X is normal, a Urysohn function h: X —> E 1 
having value on A + , — on A _ and satisfying h(x) < on 

X, evidently fulfills the requirements. 

The proof of (1) => (2) is accomplished in three steps. 

(a). | f(a) | ^ c on A. Using / as the given g in the lemma, find the 

function h 0 : X-+E 1 . On A we thus have | f(a) — h 0 (a) | ^ \c. Apply 
the lemma again, this time to the function f — h 0 defined on A, to get 
h x : X E 1 satisfying 

|Ax(x)| xeX, 

\f(a) - h 0 (a) - A^a)! ^ c aeA. 

Proceeding by induction, assume h 0 , • ■ •, h n to be defined; apply the 
lemma to the function g = f — h 0 — • • • — h n on A to get h n+1 : X —> E 1 
satisfying 

\K+i{x)\ ^ KiT c xeX, 

\f(a) - h 0 (a )- K +X (a)\ ^ %(%) n c aeA. 

We thus have a function h n : X E 1 for each ne N. By III, 10.5, 

00 

the function F{x) = ^ h n {x) is continuous on X ; the second inequality 
o 

shows F(a) = f(a ) for each aeA, and the first shows that, on X, 
o 

(■>)• l/(«)l < c on A. The extension F constructed in (a) satisfies 

Let A 0 = {# | \F(x)\ = c}\ then A 0 is closed in X, and 
A 0 n A = 0 . Therefore there exists a Urysohn function <p\ X —> E 1 
having value 1 on ^4 and 0 on A 0 , with 0 ^ cp(x) < 1 on X Define 
G(x) — cp(x)-F(x); this is continuous (III, 10.3), and since 93 (a) = 1 for 
each aeA, we have G(a) = F(a) = f(a) for each aeA, showing that G 
is also an extension of /over X relative to E l . Furthermore, | G(x) | < c 
on X: if x e A 0 , then G(x) = 0, and if x e X - A 0 , then | ^(x) | ^ 1 
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(c). /is not necessarily bounded. Let AiF 1 —>-] — 1, + 1[ be the 
homeomorphism x —> xj( 1 + |jc|). By (b), the map h of: A —> ] — 1, + 1 [ 
has an extension F: X—> ] — 1, +1[, and then A -1 ° F is an extension of 
f since A -1 ° F(a) = A -1 o h o/(a) = /(a), for each a e A. The theorem 
has been proved. 

Remark : It is frequently important to know that ii f (A) C ]a, b[ an extension 
F can be found so that F(X) C ]a, b[ also. This follows from the theorem by 
translating the origin in F 1 to (a 4- b)/ 2. 

A space that can be substituted for E 1 in Tietze’s theorem is called an 
absolute retract for normal spaces, abbreviated as "AR (normal)”. 
Formally, Y is an AR (normal) if for every normal X and closed A C X, 
each continuous /: A —► Y has an extension F: X Y. There are 
many AR (normal): 

5.2 Corollary Let { Y a | a e $4} be any family of spaces. ]/[ Y a is an 

a 

AR (normal) if and only if each Y a is an AR (normal). In particular, 
F n , 7 n , and 7 00 are AR (normal). 

Proof: Let X be normal and A C X closed. Assume that each Y a is 
an AR (normal) and f:A^~Y\ Y a continuous; then (IV, 2.2) each 

a 

p a of:A-^Y (X is continuous, so is extendable to a continuous F a : X —> Y a , 
and x —> (F a (^c)} is an extension of / over X. Conversely, assume ]/[ Y a 

a 

is an AR (normal) and /: A Y B is continuous. Let s fi : Y$-+Y\ ^ a 

a 

be a homeomorphism onto a slice S(y 0 ;f3) C PJ Y a (IV, 3.2); 

a 

then s e of: A —> J~[ Y a is extendable to F: X -> ]/[ Y a , and because 

a a 

ppo s 0 = 1, it follows that p 0 ° F is an extension of/ over X relative to Y 0 . 
If we replace E n by the w-sphere S n , the conclusion of 5.1 is different: 

5.3 Corollary Let X be normal, A C X closed, and /: A —> S n con¬ 
tinuous. Then there exists a nbd U D A (U depends on /) over 
which / can be extended (relative to S n !). 


Proof: We consider /: A > S n C F” + 1 ; by 5.2, / has an extension 
F: X E n+1 . Let U = {x \ F(x) # 0), which is open and contains A. 
On U, define 


F(x) 


F(x) . 

\mv 


then F: U S n is clearly an extension of /. 
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No improvement can be made on 5.3 unless restrictions are placed on 
X or on /; the map/cannot in general be extended over X. For n — 0 
and connected X, this is obvious, and we shall see later that if V n + 1 is 
the ball bounded by S n , the identity map 1: S n —> S n cannot be extended 
to a map F n + 1 ->S n (this is equivalent to Brouwer’s fixed-point 
theorem). 

Ex. 1 This illustrates a restriction on / that allows an extension over Ain 5.3: 
If f(A) ^ S n , then / is extendable over X , and an extension F can be chosen so 
that F(X) ^ S n also. For, selecting p e S n — f(A), let /x: S n — p = E n be a 
stereographic projection from p ; then p ° f: A —> E n is extendable to F: X —> E n , 
and /x _1 ° F: X —> S n is an extension of/. 

Any space that can be used for S n in 5.3 is called an absolute nbd 
retract for normal spaces, written ANR (normal). Formally, Y is an 
ANR (normal) if for every normal space X and closed A C X, each 
continuous/: A -> Y can be extended over a nbd U D A (relative to Y !). 
Clearly, every AR (normal) is an ANR (normal), but not conversely. 

5.4 Corollary Let (y, | i = 1 ,•••,«} be any finite family of spaces. 

n 

Then ]~J Y { is an ANR (normal) if and only if each Y t is an ANR 
x 

(normal). 

Proof: Let X be normal and A C X be closed. Assume that each 

n 

Y, is an ANR (normal) and /: A —> ]/J Y { ; since p t of: A —v Y t has an 

i 

extension F t over some U t D A, x -> (F , <(^)} is an extension of / over 

n 

Ui. The converse follows as in 5.2. 

. i 

6. Covering Characterization of Normality 

A covering {A a | a e .s/} of a space Y is called point-finite if for each 
y e Y there are at most finitely many indices a e sY such that y e A a ., 
The normal spaces are characterized by the “shrinkability” of such open 
coverings: 

6.1 Theorem The following two properties are equivalent: 

( 1 ) . y is normal. 

(2) . If { U a | a e sY) is any point-finite covering of Y by open sets, 

there exists a covering { V a | a e s/} of Y by open sets such 
that V a C JJ a for each a eand V a ^ 0 whenever 
U a # 0. 

Proof: (1) => (2). Well-order the indexing set sY and for each 
y g y, set h(y) = sup (a | y e U a }\ h(y) e srf is well-defined, since each 
y belongs to, at most, finitely many sets. 
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Well-order 2P{Y)\ we will define a map 99 : s/ —> Y) by transfinite 

construction, so that 99 (a) = V a is an open set for each a and 

(a) . V a C U a , V a # 0 whenever U a # 0 . 

(b) . \V B | 0 ^ aj U {U y | y > a} is a covering of Y. 

Assume that is defined for all /3 < a. Note first that 

{Vb I P < «} u {U y | y > «} 

is also a covering of Y: indeed, given y e Y, if h(y) ^ a, then 

y G U {Uy I y ^ «}> and if A(y) < «, then y e (J I 7 > A(y) > a} 

and (b) shows y & V x for some r ^ /z(j) < a. From this observation 
follows that 

F = Y-[ U ^ u U C/ r ] C C/« 

ft < a y > a 

and, since F is closed, there is an open V with F C V C V C U a (if 

F = 0 , replace F by a point in f/ a ); letting 99 (a) = V a be the first such 

V in the well-ordering of 0>(Y), the conditions (a) and (b) are evidently 
satisfied by the new family. Thus, according to II, 5.2, we have a 
uniquely defined map 99 : stf —> Y) with V a C U a for each a e stf. It 
remains to show that {V a | a e s/} is a covering of Y: given y e Y, we 
have y g [J {U y \ y > h(y)} therefore, and because of (b), y belongs to 
some V B with < h(y). 

(2) => (1). Let A, B be disjoint closed sets in Y. Then 

[Y - A, Y - B} 

is evidently a point-finite open covering and hence can be shrunk. Since 
V x C Y — A, V 2 C Y — B, we find that tfVi, are nbds of A, B, 
respectively, and ^V x n ^V 2 = < &’(V 1 U V 2 ) = UY = 0 . Thus Y is 
normal. 

7. Completely Regular Spaces 

Since subspaces of normal spaces need not be normal, the question arises 
whether they can be directly characterized by some topological property. 
We will see in this section that they do in fact form a well-defined class, 
between the regular and the normal spaces, characterized by the following 
weaker form of 4.1: 

7.1 Definition A Hausdorff space Y is completely regular (or 
Tychonoff) if for each point p e Y and closed A not containing 
p , there is a continuous 9 o: Y -+ I such that cp{p) = 1 and 99 (a) = 0 
for each as A. 

Clearly, the definition can be equally well formulated in terms of p and 
nbds U D p by taking A = tfU. 

Ex. 1 Every subspace of a normal space is completely regular. For, if Y is 
normal and B C Y is a subspace, then for a given b and closed Cin B not containing 
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applies to the closed sets b, F. This result and 3, Ex. 4, also shows that a completely 
regular space need not be normal. 

Ex. 2 Every completely regular space is regular. For, given p and a nbd U D p, 
find the function <p for p and *6 U ; since V = {y \ <p(y) > F} satisfies peV C V C U 
2.2(2) gives the result. 

Ex. 3 A regular space may not be completely regular. Let ( cf. 3, Ex. 4) 

T = [0, I2~\ x [0, to ] — (12, to) and for each n e Z let T n — T x {«}; denote the 

00 

elements of T n by (a, x; n). In the free union (VI, 8.4) ^ T n , make the identi- 

— 00 

fications (12, x;2k + 1) ~ (12, x;2k + 2) and (a, to; 2k + 1) ~ (a, to; 2k) for 
each k e Z, a, and x, to get a “spiral staircase” space S. Let Y = S u a U b, 
where a, b, are two objects not in S, and take the nbds of a (resp. b) to be all sets 
of form {a} U W (J {T n C S | n ^ N} (resp. {b} U ^ U { T n C S | n 3* N}). Clearly, 
Y is a regular space; we will show that Y is not completely regular. 

First note that for a continuous/: T —> E 1 , 

(i) If f(a, to) 3 s r > s for all large a, then f(I2, x) > s for all large x. 

(ii) If f(Q, x) ^ r > s for all large x, then/(a, to) > s for all large a. 

Indeed, one easily verifies (cf. XI, 3, Ex. 2) that / has a continuous extension 
F: [0, Q\ x [0, oj] ~^E l ; the hypothesis of either (i) or (ii) gives F(Q,to) 3= r 
since F takes values ^ r in each nbd of (12, to); and because (Q, to) has a nbd 
mapped by F into ]s, 00 [, the conclusions follow. 

Now let/: Y—> E 1 be any continuous function with/(a) = 1; we will prove 
that f(b) 3* 0. For, / is on some nbd of a, and therefore also on some T 2 k + i- 
TQius, f(a, to; 2k + 1) = f(a, to; 2k) S? using (i) gives f(I2, x; 2k) = 
f(I2, x; 2k — 1) > ^ for all large x; then (ii) gives f(a,to; 2k — 1) = 
f(a, to; 2k — 2) > £ for all large a. By induction, /( a, to; 2k — N) > I/2N for 
each N e Z + and all sufficiently large a; thus, / is positive at points in each nbd 
of b, so f(b) ^ 0. This result implies that Y is not completely regular: for, if it 
were, a continuous F: Y —> E 1 with F(a) — 1, F(b) — 0 would exist, and then 
/ = 2 F — 1 would be a continuous function on Y with f(a) = 1, f(b) = — 1. 
[More generally,/(a) = f(b) for each continuous/: Y-> E 1 .] 

For invariance properties, we have 

7.2 Theorem (1). Every subspace of a completely regular space is 
completely regular. 

(2)- U{Y a \«e is completely regular if and only if each Y a is 
completely regular. 

Proof: Ad (1). Let B C Y be a subspace and p e V, where V is 
open in B. Since V = B n TJ y where U is open in Y, then letting 
<p: Y -> / satisfy 7.1 for p and ^ U , it is clear that <p [ B satisfies the 
requirement for p and <€ B V . 

Ad (2). That the complete regularity of J~[ Y a implies that of each 

a 

Y a follows in the usual manner from (1), since complete regularity is a 
topological invariant. For the converse, lety = { y a } and (U Ul , • • •, U an ) 
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g(y) = min { 9i ° p ai (y) | i = 1, • • •, n) 

which, according to III, 10.4, is continuous. Then g(y) = 1 and it is 
evident that g vanishes outside <(£/ ai , • • •, U an >. 


Ex. 4 Any cartesian product of unit intervals is called a parallelotope. By 
3, Ex. 1 and 7.2(1), (2), every parallelotope and all subsets of parallelotopes are 
completely regular (we will prove later that all parallelotopes are in fact normal). 

For any space Y , let I Y denote the set of all continuous maps/: Y — > /. 
Let {If | f e I Y } be a family of unit intervals indexed by I Y , and let P Y be 
the parallelotope jf] {I f | / e I Y } ; the points of P Y are denoted by {t f }. 

The following theorem is a converse of Ex. 4. 

7.3 Theorem If Y is completely regular, then it can be embedded in a 
parallelotope. Precisely, the map p: Y P Y , defined by p{y) ~ 

\f{y)f) is a homeomorphism of Y and p{ Y) C P Y . 


Proof: p is injective, for if x # y, there is a nbd containing x but not 
y, so by complete regularity, there is an / e I Y with f(x) = 1, /(y) — 0; 
then p(x) # p(y), since they differ at the fth coordinate. 

p is continuous: for the projection of p on the fth axis is p f ° p(y) = f(y), 
which is continuous. 

p: Y-+ P (Y) is an open map. First observe that the family of open 
sets {V f | V f — / _1 ] 0, 1]} in Y form a basis: For any open U and p e U 
there is, by regularity, a V with p e V C VC U and therefore an 
/: Y-+I with f{p) = l,/(*fF) = 0 so that p<=V f C U (cf III, 2.2). 
Since for any basic set V fo , we have p(V fo ) = {{*,} | t fo > 0}Op(F); 
this shows that p(V fo ) is open in p(Y), and, by III, 11.3, proves that p is 
an open map. 


Since Y and p{ Y) are homeomorphic, it is evident that for any space 
Z, each continuous h : Y -> Z is uniquely of the form g ° p } where 
g: p(Y) Z is continuous. If Z is also completely regular, we have 


7.4 Corollary Let Y f Z be completely regular spaces, and let h: Y Z 
be continuous. Then there exists a continuous H : P Y -> P z {H is 
defined on the entire parallelotope P Y ) such that the diagram 

h 

Y -► Z 



pr - > pz 

H 


is commutative. In particular, H | p{Y): p(Y)^> Pi(Z). 
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Proof: Since for each g e I z we have g ° he I Y , define h g : P Y —> 7 a 
by hg{t f ) = * aoft (that is, project P Y onto the g ° A-axis and identify 7 aoft 
with I g ). Since each h g is continuous, we obtain a continuous map 
H : P y —P z by //{*,} = {A c {//}}. From the definition of H we have that 

// ° p(y) = H({/0W) = {h g {f(y),}} = to - Ky)),}, 

and from 7.3 that 

pi ° = {s(Ky)) 0 } 

so that the diagram is indeed commutative. Since the commutativity 
implies that H(p(Y)) C pi(Z), the continuity of H on P Y shows that 
H(p(Y)) C H( P (Y)) C pi(Z), and the proof is complete. 


Problems 


Section I 

1. Let Y be Hausdorff. Prove: 

a. Pj {F | (p e F) A ( F is closed)} = p. 

b. H {U | (p e U) A (U is open)} = p. 

Give examples to show that neither of these two properties is equivalent to 
"Hausdorff.” 

2. Let fo, • , x n } be a finite subset of a Hausdorff space. Show that there exist 

pairwise disjoint nbds U(x i), • • •, U(x n ). 

3. Let X be a finite set. Prove that the only Hausdorff topology in X is the 
discrete topology. 

4. Prove that in Hausdorff spaces: (a) A' is always closed; (b) (A')' C A'; and 
(c) (Ay = A'. 

5. Let f:X-^- Y, g: Y^X be continuous, with g°/= l x - Prove: If Y is 
Hausdorff so also is X, and f(X) is closed in Y. 

6. Let Y = I 'u {£}, where $ e I, with the identification topology determined by 
p : [ — 1, + 1] —> Y, where x —> |x|, x ^ — 1, and p( — 1) = £. Show that (a) p 
is an open map; (b) Y is not Hausdorff; (c) the relation K(p) is not closed in 
X x X. 

7. Prove: A necessary and sufficient condition that points be closed sets is that 
the topology be T x . 

8. Prove: X/R is 7\ if and only if each equivalence class is closed in X. 

9. A point y 0 of a connected Hausdorff Y is called a dispersion point if Y — {y 0 } is 
totally disconnected. Prove: Y can have at most one dispersion point. 

10. Let X be Hausdorff, let/: X — > Y be continuous, and let D C X be dense. 
Assume / | D is a homeomorphism into Y. Prove: f(X — D) C Y — f(D). 

11. Let X be Hausdorff and /: X —> X be continuous. Prove: (x | f(x) = x} is 
closed in X. 

12. Prove: Every infinite Hausdorff space contains a countably infinite discrete 
subspace. 
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13. Let D be a dense subset in each of the two Hausdorff spaces X and Y. Let 
1: D —> D be extendable to a continuous f: X —*■ Y and also to a continuous 
g: Y —y X. Prove that / and g are homeomorphisms and that / = g~ x . 

14. Let Y be Hausdorff. Prove that the cone TY is Hausdorff. 

15. Show that the space (Z + ,^~) of V, Problem 1. 10 is a Hausdorff space. 
[This example of a countable connected Hausdorff space is due to Morton 
Brown.] 

Section 2 

1. Let Y be Hausdorff, and assume that each y e Y has a nbd V such that V is 
regular. Prove: Y is regular. 

2. Prove: If Y is regular, each pair of distinct points have nbds whose closures do 
not intersect. 

3. Retopologize the real line by taking as complete system of nbds at each x the 
sets U n {x) = {*} kj {y | (y is rational) A (|y — x\ < 1/n)}, ne Z + . Show 
that this space is not regular, but that each pair of distinct points have nbds 
whose closures do not intersect. Thus, the converse of Problem 2 is false. 

4. Show that the space (Z + ,57~) of Problem 1. 15 is not regular. [Hint: The 
closed sets {2 n | n e Z + } and {1} do not have disjoint nbds.] 

5. Let X be regular, and A Q X closed. Show that 

A = H {U | [U is open] A [U D A]}. 

Section 3 

1. Show that if “Hausdorff” is omitted in the Definition 3.1, then the indiscrete 
spaces and Sierpinski space are normal. 

2. Let X be normal and p: X —> X/R be a closed and open map. Show that X/R 
is normal. 

3 (a). Let X be the set of irrationals in E 1 and let u: X E l be a map that is 
always positive. For each ne Z* let H n = {x | u(x ) 3* 1/n}. Prove: There 
exists an m and an open interval 0 such that O II m ^ 0 for every open 
interval J' C [Hint: Assume this assertion were false; letting 

(r n | n e Z + } be an enumeration of the rationals, we could then find a 
sequence {7 n } of intervals, each having rational end points such that for each 
n, (1) r n e J n \ (2) J n n H n = 0 ; (3) J n + 1 C (4) 0 < length J n < 1/n. 
By Cantor’s definition of real numbers P) J n would be some real number £. 

n 

But £ cannot be rational because of (1), and it cannot be irrational either 
since Vn: £ e H n , so u(£) = 0, an impossibility.] 

(b). Use part (a) to show that in x El the disjoint closed sets A = {(r, — r) | r 

rational} and B = {(x, — x) \ x irrational} cannot be separated. [Hint: 
Let U D B be any open set. For each irrational x, let 

u(x) = sup (A | ]x — A, x] x ] — x — A, — #]C U}\ 
u(x) is never zero. Letting re/ 0 , every nbd of (r, — r) intersects U .] 

4. Let T be the space of Ex. 4 and A, B be the subsets indicated there. 

a. Attach T to a single point p A by the map f(A) = p A . Show that T'Ufp A 
is Hausdorff, but not regular. 

b. Attach T to two points, p A u p B by the map/(^4) = p A ,f(B) = p B . Show 
that T vj/ ( p A u p B ) is not Hausdorff. 
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5. Let X be the upper half of the Euclidean plane E 2 , bounded by the x-axis. 
Use the Euclidean topology on {(*, y) | y > 0}, but define nbds of the points 
(x , 0) to be [(x, 0)] u [open disc in {(x, y) | y > 0} tangent to the x-axis at (x, 0)]. 
Prove that this space is not normal. 

6. Show that the unit interval I is completely normal. 

7. Let / be the unit interval, and^" its Euclidean topology. Let Q C I be the set 
of irrationals in I. Define a topology tTi in the set I by taking ST \j 0*(Q) as 
subbasis. Prove that {I,3T x ) is normal. 


Section 4 

1. Let Y be a connected normal space having more than one point. Determine a 
lower bound for N(Y). 

2. Let X be normal. Prove: Every F a -set in X is also normal. 

3. Let X be perfectly normal. Prove that every subspace of X is also perfectly 
normal. 

4. Let X be normal, A C X closed, and U an open set containing A. Prove: 
There exists an open F a -set V such that A C V C U. 


Section 5 

1. Show [a, b[ C E 1 is an AR (normal). 

2. Prove: If Y is an ANR (normal), then every open subspace of Y is also an 
ANR (normal). Give an example to show that this need not be true for closed 
subsets. 

3. A normal space Y is said to have property Q if whenever Z is normal and 
Y C Z is closed, there is a continuous r: Z Y such that r(y) = y for each 
y e Y. Prove: Y has property Q if and only if it is an AR (normal). Formulate 
a similar criterion for ANR (normal). 


Section 6 

n 

1. Let y be normal, and F u • • •, F n closed subsets such that f) F t = 0. Prove: 

i 

There exist open sets V, D F { such that V x n V 2 ^ • • • n V n = 0 also. 

2. Prove: Y is normal if and only if for each finite covering U ly • • •, U n oi Y by 

n 

open sets, there exist n continuous maps / ( : Y —> / such that 2 ft(y ) = 1 an d 
each f t (y) = 0 for y e Y — U t . 

3. Let y be a space having weak topology with respect to a countable closed 
covering {A n | n e Z). Prove: If each A n is a normal space, then Y is normal. 

4. Let {U a | a € s/} be a nbd-finite covering of the normal space Y by open sets. 
For each (a, f$) e sY x .$/, and each y e U a n U B , let V a . B (y) C U a n U s be a 
given nbd of y. Prove that one can assign a nbd V (y) to each y e Y such that: 

a. y e U a n U e => F(y) C F«.„(y). 

b. If F(y) n V(x) * 0, there exists an a such that V(y) u V(x) C U a . 
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1. Let F be a T 0 space satisfying the condition: each y e Y and closed A not 
containing y have disjoint nbds. Prove: Y is a regular (Hausdorff) space. 

2. Let Y be completely regular, V open, and peV. Prove: A necessary and 
sufficient condition that there be a continuous cp: Y —> I such that <p _1 (l) = p, 
cplf&V) = 0, is that p be a Gf,. 

3. Prove: If Y is a connected and completely regular space with more than one 
point, then N( Y) C. 

4. Let X be completely regular. Show that the topology of X is precisely the 
projective limit topology determined by the family of all continuous maps 
f:X-y I ( cf . VI, I, Problem 4). 

5. Let X be completely regular, and C(X) the set of all bounded continuous real¬ 
valued functions on X. For each x,f, e let U(x,f, c) = {y \ \ f(x) — f(y) \ < e}. 
Prove: { U(x, /, e) \ all /, x, and e > 0} is a subbasis for the topology of X. 

6. Let Y be completely regular, and/: Y -> E 1 lower semicontinuous. Show that 
/ = sup f a for a suitable family {f a | a 6 stf) of continuous functions. Con¬ 
versely, show that if Y is any space such that each lower-semicontinuous 
function is the sup of continuous functions, then Y is completely regular. 



Covering Axioms 

vm 


In VII, 6.1, a normal space was characterized by a property of certain 
types of coverings by open sets. In this chapter, we study some other 
important classes of spaces that are determined by some requirement 
on the behavior of their coverings. 

I. Coverings of Spaces 

In this section, we shall be concerned primarily with finite, nbd-finite, 
and point-finite coverings of a space Y by arbitrary sets. It is clear that 
any finite covering is nbd-finite and any nbd-finite covering is point- 
finite; however, as III, 9, Ex. 1, shows, a point-finite covering need not 
be nbd-finite. By a subcovering of the covering { A a | a e s8) of Y is 
meant any subfamily {A a \ a £ 88), 88 C j/, that is also a covering of Y. 

1.1 Theorem Let {A a | a £ s>/) be a point-finite covering of Y. Then 
there exists an irreducible subcovering, that is, a subcovering that, 
when any single set is removed, is no longer a covering of Y. 

Proof: Call a family R C { A a } removable if {A a } — R still covers 
Y. Partially order the set 88 of all removable families by inclusion. If 

{/? H } is any chain in 88, it has an upper bound, R = yj R^ m 88: for, if 

u 

R £ 88, there would be some y £ Y such that the finitely many sets 
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J ■ ■ - , A ttn containing y are in R, and since {R u } is a chain, these A a> 
would all lie in some one R u ., which would contradict R u . e 0k. By 
Zorn’s lemma, there is a maximal removable family R 0 , and so 

{A a | a e s8} — R 0 

is irreducible. 

Ex. 1 The hypothesis of point-finiteness is essential: The covering of E 1 by 
the sets A n = ]—«,«[, n = 1, 2, • • •, has no irreducible subcovering. 

The family of all coverings of a given space has a natural preorder: 

1.2 Definition Let {. A a | a e sf} and {B p \ (3 e 08} be two coverings of 
a space Y. {A a } is said to refine (or be a refinement of) {B^} if for 
each A a there is some Bp with A a C Bp. We write { A a } -< {B^}. 

It is clear that any subcovering of a given covering is a refinement of 
that covering. If {C y } -< { A a } and {C y } -< {Bp}, then {C y } is called a 
common refinement of { A a } and {Bp}. 

Ex. 2 The relation -< of refinement is easily seen to be a preordering in the 
set of all coverings of Y. It is not a partial ordering: In E 1 , each of the two 
coverings A n = {x \ x < n}, n = 1, 2, • • • and B n = {x | x < n + |}, n = 1, 2, • • • 
is a refinement of the other. 

1.3 Let {A a | a e s8} and {B d \ fl e be two coverings of Y. Then: 

(1) . M.nB.IKffl x 88} is a covering of Y, refining both 

{A a } and {B^}. Furthermore, if both {A a } and {Bp} are nbd- 
finite (point-finite), so also is {A a n B b }. 

(2) . Any common refinement of {A a } and {Bp} is also a refinement 

of {A a n Bp}. 

Proof: (1). Each y e Y belongs to some A a n Bp, since (3 a: y e A a ) 
A (3/3: ye Bp); thus {A tt C\Bf} is a covering, and it is evidently a 
common refinement. If both {A a } and {B 0 } are nbd-finite, each y e Y 
has a nbd U intersecting at most finitely many A a , and a nbd V inter¬ 
secting at most finitely many Bp, so U n V is a nbd of y intersecting at 
most finitely many {A a n Bp}. The proof of the point-finite case is 
similar. 

(2). If the covering (C y | y e i^} refines both {A a } and {B 0 }, then 
for each C y , we have (3 A a : C Y C A a ) A (3 B 0 j C y C B e ), so that 
C y C A a n Bp and (C y ) -< {A a n B e }. 

A refinement of a covering may contain more sets than the given 
covering; a refinement {Bp \ $e 88} of {A a | a e s8} is called precise if 
08 — and B a C A a for each a. 
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\ .4 Theorem If the covering { A a | a e stf) of Y has a point (nbd)- 
finite refinement {B 0 | (3 £ &}, then it also has a precise point (nbd)- 
finite refinement { C a \ a e s/}. Furthermore, if each B 0 is an open 
set, then each C a can be chosen to be an open set also. 

Proof: Define a map cp : £% -> srf by assigning to each (3 e AS some 
aesY such that B 0 C A a . For each a, let C a = (J [B 0 | cp{{3) = a}; 
some C a may be empty. Clearly, C a C A a for each a, and also {C a \ aes/j 
is a covering because each B 0 appears somewhere; C a is evidently open 
whenever each B 0 is open. If B 0 is point (nbd)-finite, then each (some 
nbd of) y e Y lies in at most finitely many B 0 and therefore cannot 
meet more than that number of C a \ (C a ) is therefore point (nbd)-finite. 

A covering of a space by open (closed) sets is called an open (closed) 
covering. We have the important “expansion” 

1.5 Theorem Let [E a \ a e jY} be any family of sets (not necessarily 
a covering!) in a space Y , and let {B 0 | p £ ,#} be any nbd-finite 
closed covering of Y. Assume that each B 0 intersects at most finitely 
many sets E a . Then each E a can be embedded in an open set 
U(E a ) such that the family { U(E a ) \ a £ sY) is nbd-finite. 

Proof: For each a, define U(E a ) = Y - (J | B 0 n E a = 0.} 
Each U(E a ) is open, because { B 0 } is a nbd-finite family of closed sets 
and III, 9.2 applies. { U(E a ) | a £ s/} is nbd-finite: Any given y £ Y has 

71 

some nbd lying in a finite union (J B 0i ; since B 0 n U(E a ) # 0 if and 
only if B 0 n E a # 0, and since each B 0i intersects at most finitely 

71 

many E a> (J B 0i intersects at most finitely many U(E a ). Finally, 
E a C U(E a ) is evident, and the proof is complete. 

2. Paracompact Spaces 

2.1 Definition A Hausdorff space Y is paracompact if each open 
covering of Y has an open nbd-finite refinement. 

Ex. 1 Any discrete space is paracompact; we will see in Ex. 5 that E n is 
paracompact. 

Ex. 2 The ordinal space [0, Q] is paracompact. Let {U a | a e stf) be any 
open covering. Since the sets ]A,^t] form a basis, define 9 ?: [0, —> [0, by 
associating with each (3 ^ 0a (pQ3) < such that ]cpQ3), f3] C some U a , and setting 
<p(0) = 0. By induction, construct a sequence /3 0 = Q, = (p{Q), • • •, [3 n = 
9>(Ai-i),- • • ; then j 8 0 > /?i > • • • and, since every descending sequence of ordinals 
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is finite (II, 6.4), this terminates with some /3 n . Because the process cannot be 

n 

continued, /3 n = 0, and so ]0, Q] C j 8 i]. Choosing a U ai containing each 

/3j] and some U Uo D 0, we have a finite subcovering of {U a \a e s/}, which 
is consequently an open nbd-finite refinement. 

Ex. 3 [0,i2[ is not paracompact: the open covering by the sets [0,ce[, 0 < a < Q, 

has no open nbd-finite refinement. For, given any open refinement { U a }, define 
cp: [0 ,.Q[-h>- [0, as in Ex. 2; because of II, 9.2, there must be some j3 0 such that 
Vy 3j8 > y: <p(j3) < /3 0 , and it follows easily that /3 0 + 1 is contained in infinitely 
many sets U a . 

The relation of paracompact spaces to those we know is 

2.2 Theorem Every paracompact space is normal. 

Proof: We first show that the paracompact Y is regular. Let a closed 
A C Y and ay e A be given. Since Y is Hausdorff, we find by VII, 1.2, 
that each ae A has a nbd U a withy e U a . Since {U a | a e A} U {ftA} is an 
open covering of Y, we use paracompactness and 1.4 to get a precise nbd- 
finite open refinement {V a \ a e A} U G. Then W = U {V a \ a e A} is 
open and contains A; furthermore, because { V a j is nbd-finite, III, 9.2, 
shows that W = u {V a | a e A], and since yeU a 3) V a for each a e A, 
we findy e W; thus and W are disjoint nbds ofy and A, as required. 
We now show Y to be normal. Given disjoint closed A, B, the regularity 
of Y gives for each a e A a nbd U a with U a n B = 0 ; reasoning as 
before (with y replaced by B) gives disjoint nbds of A and B. 

Ex. 4 As Ex. 3 shows, not every normal (even completely normal) space is 
paracompact. 

For regular spaces Y, Definition 2.1 has several equivalent formu¬ 
lations, wherein the nature of the sets making up the refinement is varied. 

2.3 Theorem (E. Michael) Let Y be a regular space. The following 
four properties are equivalent: 

(1) . Y is paracompact. 

(2) . Each open covering of Y has an open refinement that can be 

decomposed into an at most countable collection of nbd- 
finite families of open sets. 

(3) . Each open covering of Y has a nbd-finite refinement, con¬ 

sisting of sets not necessarily either open or closed. 

(4) . Each open covering of Y has a closed nbd-finite refinement. 


Proof: That (1) => (2) is clear. 
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(2) => (3). Let {Up | £ e @f) be any open covering of Y ; by (2) there 
is an open refinement {V n a | («, a) e Z + x j/}, where for each fixed 
n 0 , the family {V notU \ a e srf} is nbd-finite (not necessarily a covering!). 
For each n, let W n = (J V n>a ; then {W n | n e Z + ) is an open covering 

of Y. For each i — 1, 2, * * - define A t = — [J Wj. We observe 

j<i 

that {A t } is a refinement of {W n | ne Z + }; it is a covering, since each 
y g A n(y) where n(y ) is the first i for which y g W if and it is also nbd- 
finite, since the nbd W n(y) of y does not intersect any A { for i > n(y). 
Now {A n n V n a } is a refinement of {U e }; it is nbd-finite, since each 
y g Y has a nbd intersecting at most finitely many A n> and for each such 
n, the point y has a nbd intersecting at most finitely many V nM . 

(3) => (4). Let {[/} be an open covering. With eachy g Y, associate a 

definite U y e{U) containing it, and then, since Y is regular, find a V y 
with y g V y C V y C U y . The family { V y | y e y) is an open covering, 

so it has a precise nbd-finite refinement {A y \ y g y}. Since by III, 

9.2, {A y | ye Y} is also nbd-finite, and since A y C V y C U y , for eachy, 
{Ay | y g y} is the desired refinement. 

(4) => (1). Let {U} be any open covering and {is 1 } be a closed nbd- 
finite refinement. Then each y e Y has a nbd V y meeting at most 
finitely many sets E. Using {V y \ y e T}, find a closed nbd-finite refine¬ 
ment {jB} ; since each B intersects at most finitely many sets E, it follows 
from 1.5 that we can enlarge each E to an open G{E) such that {G(£)} is 
nbd-finite. Associating with each E a single set U(E) e{U) containing 
E, it is evident that {G(E) n U(E)} is an open nbd-finite refinement 

Ex. 5 E n and any subspace of E n (or, more generally, any regular space with 
countable basis) is paracompact. For, given any open covering {U}, express each 
U as the union of sets V belonging to the countable basis. The sets V used form 
an open refinement of {£/}, and since there are at most countably many distinct 
sets V, the conditions of 2.3(2), with each family consisting of a single set V, are 
satisfied. 

Ex. 6 El is paracompact. Let {U} be any open covering; we will show that 
{U} has a countable subcovering. Since E\ is normal, by VII, 3, Ex. 2, its para- 
compactness will then follow from 2.3(2). Each x e El is the end point of an 
interval I x = ]a z , x] C some U. For each rational ri in the interior of some I x , 

let b t = sup {b | ]r h b\ C some U }, and let L/ 4 e{C7} be a set with ]r 4 , & 4 ] C l/ 4 . 

00 00 

The countable family {C/ 4 } covers Y = E\ — (J b t — (J r 4 : each x e Y lies in 

i i 

00 

some U, so there is an r n with ]r„, x] C some U\ and, since xe\J b u we have 

. i 

b n > x, showing that x e U n . Adding to the {U n } one set containing each 6 4 and 
one containing each r 4 gives the required countable subcovering. 
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The invariance properties are similar to those for normality; they 
are summarized here for convenience, and the proofs are given separately, 
as indicated. 

2.4 Theorem (1). (E. Michael) Paracompactness is invariant under con¬ 

tinuous closed surjections (cf. 2 . 6 ). 

(2) . A subspace of a paracompact space need not be paracompact. 

However, a closed subspace is paracompact (cf. 2.5). 

(3) . The cartesian product of paracompact spaces need not be 

paracompact. However, if the product is paracompact, each 
factor is paracompact. 

Proof of (3): In Ex. 6, we have seen that El is paracompact. Since 
by VII, 3, Ex. 3, El x El is not normal, it cannot be paracompact. 
The second assertion follows in the usual manner from (2). 

For (2), we prove, more generally, 

2.5 (a). (E. Michael) Each F^-set in a paracompact space is paracompact. 
(b). If each open set in a paracompact space is paracompact, then 

every subspace is paracompact. 

00 

Proof: (a). Let F = U Fu where each F { is closed, and let 

i 

{U a | a e ts/j be any open covering of F; each U a = F n V a , where 
V a is open in Y. For each fixed «, { V a } U F n } is an open covering of 
Y and so has an open nbd-finite refinement {W an }. For each n , let 
38 n = {W an n F | W an n F n =£ 0 }; then each 38 n is a nbd-finite 
family of sets open in F, and 38 n is clearly an open covering of F 

n 

refining {XJ a | a e sY}\ by 2.3(2), F is therefore paracompact. 

(b). Given any B C Y and any open covering {W n B}, where 
each W is open in Y, then (J W is an open set, and so is paracompact 
by hypothesis. If {V} is an open nbd-finite refinement of the covering 
{W} of (J W, then {V n B) is a nbd-finite refinement of [W n B}. 

2.6 Let X be paracompact, and p: X Y a continuous closed sur¬ 
jection. Then Y is paracompact. 

Proof: Let {U a \ a gj/} be any open covering of Y. Since by VII^ 
3.3, Y is normal, 2.3(2) says that it suffices to show {U a | a gj/} has 
an open refinement which can be decomposed into at most countably 
nany nbd-finite families. 
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We assume j/ is well-ordered and begin by constructing an open 
covering {V a n j (a, n) e srf x Z + ] of X such that: 

(1) . For each n, {V an | aestf) is a covering of X and a precise 

nbd-finite refinement of { p~ 1 (U a ) | a e stfj. 

(2) . If£ > a, then P(V e n + 1 ) C\ p(V an ) = 0 . 

Proceeding by induction, we take a precise open nbd-finite refinement 
of and shrink it (VII, 6.1) to get {V a>1 }. Assuming {V a i } to be 

defined for all i ^ n, let W a>n + 1 = p~ 1 (U a ) —p~ 1 p([J V\., n )• Each 

A < a 

W a>n +1 is open, since by nbd-finiteness F A>n is closed and p is a closed 

A < a 

map. Furthermore, {W a n + 1 j a e sV} is a covering of X : given x e X, 
let a 0 be the first index for which x ep~ 1 {TJ a )\ then x e W aotn + 1 , since 
p~ x p{V A,n) C P~\U, a) for each A. Taking a precise, open nbd-finite 
refinement of {W a>n + 1 | a g stf), shrink it to get {F a>n + 1 }. Clearly ? 
condition (1) holds, and since V B<n + x is not in the inverse image of any 
P(V a n ) for a < condition (2) is also satisfied. 

For each n and a, let H a n = Y — p( U V 0Jl ) which is an open set. 

j 3±tt 

We have 

(a) . H a n C p(V a n ) C U a for each n and a. 

Indeed, 

p-\H a , n ) = X~ p-'pl U V a \ CX- p-'p(X - V an ) 

} 

C K, n C p~\U a ). 

(b) . H a>n n H e§n = 0 for each n whenever a =£ j3. 

In fact, y e H ajl => y e p(V a n ) and is in no other p(V 0n ). 

(c) . {H a n \(a,n)estf x Z + ) is an open covering of F. 

Let ye F be given; for each fixed n there is, because of (1), a first 
oc n with y e p(V an%n ); choosing now 

a k = min{a n | n e Z + }, 

we have y e p(V akk ). If < a fc , then the definition of a k shows 

yep(V ftk+1 ); if P > «fci then by (2), we find thaty ep(V ejc+1 ); therefore 
we conclude that y e H Ukik + 1 . 

To complete the proof, we need only modify the H a n slightly to 
assure nbd-finiteness for each n. Choose a precise open nbd-finite 
refinement of {p -1 (Z/ a>B ) | (a, n) e stf x Z + ), and shrink it to get an 
open nbd-finite covering satisfying p(K a n ) C H a n . For each n, 
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let S n = {y | some nbd of y intersects at most one H an ]; S n is open and 
contains the closed (J p{ K a n ) = p{ U Ka,n)> so by normality of Y we 

a a 

find an open G n with (J P{K an ) C G n C G n C S n . The open covering 

a 

{G n n H an | (a, n)esY x Z + ], with the decomposition {G n nH a n \aGs/} 
for n = 1, 2, • ■ • satisfies the conditions of 2.3(2) for the given {U a }. 

3. Types of Refinements 

In this section, we obtain characterizations of paracompact spaces by 
means of refinements that are not necessarily nbd-finite. 

Let It = (L/^ | « e ..%/} be a covering of a space Y. For any B C Y, 
the set (J { U a | B n U a ^ 0} is called the star of B with respect to U, 
and is denoted by St(B, U). 

3.1 Definition A covering SB is called a barycentric refinement of a 
covering U whenever the covering (St(y, 91) | y e Y) refines U. 

3.2 Let Y be normal, and U = {U a | a e j/} an nbd-finite open 
covering. Then It has an open barycentric refinement. 

Proof: Shrink U to an open covering SB = {V a | aej/} such that 
V a C U a for each a; clearly, SB is also nbd-finite. For eachy e Y, define 

W(y) = n {U„\yzV„} n n I y S v,}. 

We show that SB = {W(y) \ y e Y} is the required open covering. Note 
first that each W(y) is open: the nbd-finiteness of SB assures that the first 
term is a finite intersection, and that the last term, ^ (J V#, is an open 
set (III, 9.2). Next, SB is a covering, since y e W{y) for each y e Y. 
Finally, fix any y 0 e Y and choose a V a containing y 0 . Now, for each y 
such thaty 0 6 W(y), we must havey e V a also, otherwise W(y) C ^F a ; 
and because y e V a , we conclude that W(y) C U a . Thus, St(y 0 , SB) C U a , 
and the proof is complete. 

3.3 Definition A covering SB = {V 0 \ is called a star refinement 

of the covering U whenever the covering (St(Fg, SB | /3 e 
refines U. 

3.4 A barycentric refinement SB of a barycentric refinement SB of It is a 
star refinement of U. 

Proof: Given W 0 e SB, choose a fixed y 0 e W 0 . For each W e SB 
such that W n W 0 ^ 0 , choose a z e W n W 0 ; then W U W 0 C 
St(^, 95S) C some V e SB. Because each such V contains y 0 , we conclude 
that St(IF 0 , SB) C St(y 0 , SB) C some U eU. 
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Since it is clear that a barycentric refinement of any refinement of 
U is also a barycentric refinement of U, it follows from 3.2 and 3.4 that 
each open covering of a paracompact space has an open barycentric, and 
an open star, refinement. Much more important, however, is that this 
property characterizes the paracompact spaces, not only among the 
Hausdorff spaces, but in fact also among the T 1 spaces: 

3.5 Theorem (A. H. Stone) A T x space Y is paracompact if and only 
if each open covering has an open barycentric refinement. 

Proof: Only the sufficiency requires proof. We first show that any 
open covering U = {U a | a e j/} has a refinement as required in 2.3(2). 

Let U* be an open star refinement of U ( cf . 3.4) and let (lt n | n ^ 0} 
be a sequence of open coverings, where each U n + 1 star refines U„ and 
U 0 star refines U*. Define a sequence of coverings inductively by 

®1 = Ui, SS 2 - (St( V, U 2 ) I V e ®i}, • • •, 

5B n = (St( V, U B )| Ve ••• 

Each is an open refinement of U 0 ; in fact, each covering 
(St(F, U n ) | V e 93 n } refines U 0 : this is true for n = 1 and, proceeding 
by induction, if it is true for n — k — 1, its truth for n = k follows 
by noting that whenever V = St(F 0 , U k ) for some L 0 eSS fc _ 1 , then 
St(F, U fc ) = St[St(F 0 , U fc ), U k ] C St(F 0 , _j) because U fe is a star 
refinement of Ufc.!. 

Now well-order Y and for each (n, y) 6 Z + x Y define 

E n (y) = St(y, m n ) - IJ {St(ar, SS n + 1 ) | z precedes y} 

Then @ = {^(y) J (w, y) e Z + x Y) is a covering: given p e Y> the 

oo 

set A = (s' | p e (J St(#, SB f )} is not empty, since p e A; if y is the 

i = 1 

first member of A , then p e St(y, 23 n ) for some n e Z + and p e St(s-, ^8 n + x ) 
for all z preceding y, so p e E n (y). Moreover, since %$ n refines U 0 , we 
find that © refines U*. 

Each U e U n + 1 can meet at most one E n (y ): for, if U n E n (y ) # 0, 
then there is a V e $3 n with y e V and V n U ^ 0, so yeVuUC 
V 0 e 23 n + 1 and U C St(y, S3 n + 1 ). Thus, if E n (y) is the first set U meets, 
it cannot meet any E n (p) for p following y. 

Now let W n (y) = St(E n (y), U n+2 ). Then 

» = {W„(y)\(n,y)eZ + x 7} 

is clearly an open covering of Y. Furthermore, 28 refines U because @ 
refines U*. Finally, for each fixed n e Z + , the family {W n (y) | ye Y} is 
nbd-finite: indeed, each U e U n + 2 can meet at most one W n (y), because 
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Un W n (y) 7 ^ 0 if, and only if, E n (y) n St(U, U n + 2 ) # 0 and 
St(£/, U n + 2 ) is contained in some U 0 eU n + 1 which we know can 
meet at most one E n {y). 

The theorem will follow from 2.3(2), once we show that Y is regular. 
To this end, let B C Y be closed and yeB. Since in a T x space each 
point is a closed set, U = {Y — y, B } is an open covering. Let 93 be 
an open star .refinement. Then St (y, 93) and St(5, 93) are the required 
disjoint nbds of y and B: for if there were a V containing y and a V' 
meeting B such that V n V # 0 , then St(F, 93) would contain y and 
points of B, which is impossible. The theorem is proved. 

This leads to still another characterization of paracompactness, this 
time based on a sequence of open coverings. 

3.6 Definition Let U = {U a | a e stf) be an open covering of Y. A 
sequence (U n | n e Z + } of open coverings is called locally starring 
for U if for eachy> e Y there exists an nbd V(y) and an n e Z + such 
that St( V , U n ) C some U a . 

3.7 Theorem (A. Arhangel'skii) A 7\ space is paracompact if and 
only if for each open covering U there exists a sequence (U n | n e Z + } 
of open coverings that is locally starring for U. 

Proof: “Only if” is trivial. “If”: We can assume that U n + 1 -< U n for 
each n e Z + . Let 

93 = {F open in Y | 3 n: [V C U e U B ] A [St(F, U n ) C some U a ]}. 

For each Fe 93, let n(V) be the smallest integer satisfying the condition. 
Because (U n | n e Z + j is locally starring for U, it follows that 93 is an open 
covering; we will show that 93 is in fact a barycentric refinement of U. 

Let y e Y be fixed, let n(y) = min{n(F) | (y e V) A (Fe93)}, and 
let V 0 e 93 be a set containing y such that n(V 0 ) = n(y). For any V e 93 
containing^, we have n(V ) ^ n{y), and consequently 

St (y, 33) C U {St (y, U 4 ) | i ^ n(y)}. 

Since Uj + x -< U f for each i, this shows 

St (y, 93) C St(j, U n(y) ) C St(F 0 , U n(Vo) ) C some U a . 

By Stone’s theorem, Y is therefore paracompact. 


4. Partitions of Unity 

Partitions of unity play an important role in modern topology; one of 
the reasons that paracompact spaces are useful is that “arbitrarily fine” 
such partitions exist on them. 

For any space Y, the support of a map /: Y E 1 is the closed set 



170 Chap. VIII Covering Axioms 

{y I f(y ) ^ 0}; observe that y is not in the support of / if and only if y 
has a nbd on which / vanishes identically. 

4.1 Definition Let Y be a Hausdorff space. A family {k u \ a e sY} of 
continuous maps K a : Y —> / is called a partition of unity on Y if: 

(1) . The supports of the K a form a nbd-finite closed covering of Y. 

(2) . ^ K a{y) — 1 f° r each y e Y (this sum is well-defined 

a 

because each y lies in the support of at most finitely many 
*«)• 

If {U 0 | j8 g 88) is a given open covering of Y, we say that a 
partition {k 0 | f e 88) of unity is subordinated to {Up} if the support 
of each k 0 lies in the corresponding Up. 

Clearly, every space has a partition of unity subordinated to the covering 
by the single set itself. 


4.2 Theorem Let Y be paracompact. Then for each open covering 
{U a | a e s8) of y there is a partition of unity subordinated to 

m- 


Proof: Shrink a precise nbd-finite refinement of {U a } to get a nbd- 
finite open covering {V a } with V a C U a for each a. Now shrink {V a } 
to get a nbd-finite open covering {W a } satisfying W a C V a . For each 
a e VII, 4.1, gives a continuous g a : Y -> /, which is identically 1 
on W a and vanishes on ( €V a (we take g a = 0 if V a = 0 ); each g a has 
its support in U a . Since {W a } is a nbd-finite covering, it follows that for 
each y e Y at least one, and at most finitely many, g a are not zero, 
consequently ^ga is a well-defined real-valued function on Y and 

a 

is never zero. is continuous on Y: every point has a nbd on which 

a 

all but at most finitely many g a vanish identically, so the continuity of 
2 ga on this nbd follows from that of each g a , and by III, 9.4, 2 g a is 
therefore continuous on Y. The required partition of unity is given by 
the family of functions {k u | a e j/}, where 


K a(y) 


gq(y) , 

2 Saiy) 


We remark that in a normal space Y, tfye proof shows that a partition 
of unity subordinated to a given nbd-finite open cover exists; C. H. 
Dowker has shown that their existence for each open cover is equivalent 
to paracompactness of Y [cf. 5.5(2)]. 
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To give an application of 4.2, note that if | a e sY) is a partition 
of unity on Y, and if {cp a \ a e jY} is any family of continuous maps 
(p a : Y E 1 , then the map Y —> E 1 given by y -> ^ <p a (y)K a (y) is also 

a 

continuous. 

4.3 (C. H. Dowker) Let Y be paracompact. Assume that g is a lower, 

and G an upper, semicontinuous real-valued function on Y 
such that G(y) < g(y) for each y e Y. Then there exists a con¬ 
tinuous cp: Y —> E 1 such that G(y) < <p(y) < g(y) for each y e Y. 

Proof: For each rational r , let U r = {y \ G(y) < f] C\ {y | g(y) > r)\ 
due to the semicontinuities, this is open; and because for each y there is 
some rational f with G(y) < f < g(y), the family {U r } is in fact an open 
covering of Y. Let {k t } be a partition of unity subordinated to { U r ]; the 
required continuous function is <p(y) = ^r-K r (y). For, let y e Y be 

r 

given, and let k T i , • • •, be all those functions whose support contains 
y; then y e U Ti n • • • n U Tn so that G(y) < r { < g(y) for each i = 1, 

• ••,«, and therefore 

G(y) = G(j)- 2 K r,(y) < 2 r iKrt (y) = <p(y) < g(y )• 2 * rt (y) = g{y)- 


5. Complexes; Nerves of Coverings 

The concept of a partition of unity subordinated to a given open covering has an 
alternative, more geometrical, interpretation. To develop this, we need two 
preliminary notions. 

(1). Let s/ be any set. By an n-simplex a n in jY is meant a set ( a 0 , • • •, a n ) 
of n + 1 distinct elements of sY ; a 0 , • • •, a n are called the vertices of a", 
and any o q C a n is termed a g-face of o n . 

5.1 Definition An abstract simplicial complex YC over sY is a set of simplexes 
in jY with the property that each face of a a e YC also belongs to YC. 


With each abstract simplicial complex we will associate a standard topological 
space. For this we need 


(2). Given (n + 1) independent points p 0 , ■ • 
geometric n-simplex a 11 spanned by p 0 , • 



0 < Aj 1, 


•, p n in an affine space, the open 
• - ,pn is 

i = 0,- • nj; 


it is denoted by ( p 0 , • • •, p n ). 


o n is the interior of the convex hull of {p 0 , • • •, p n } in the «-dimensional Euclidean 
space that these vertices span; for example, ( p 0 , pi) is a segment without its end 
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points, and (po, Pi, P 2 ) is a triangle without its boundary. The A u i = 0, • • •, n, 
are called the barycentric coordinates of 

n 

= 2 hPi > 

0 

the closed geometric ^-simplex a n = (p 0) • • ■, p n ) consists of o n with its boundary, 
and is obtained by allowing 0 < A< ^ 1 for i = 0 , • • •, n. 

5.2 Definition Given any set sY, let L{sY) be a real vector space with finite topology, 
having a basis {/„} in fixed 1 -to-l correspondence b a : a with the elements of 
sY, and let u a be the unit point on the vector b a . Given any complex AY 
over sY, let K C L{sY) be the union of all open geometric simplexes 
(u ao> ’ • •, u a n ) for which (a 0 , •••,«„) is a simplex in A2. The subspace 
K C L{sY) is called a polytope with vertex scheme AY (or a standard geomet¬ 
rical realization of AY). 

It is evident that the space K has the weak topology determined by the Euclidean 
topology on its closed simplexes, so that an/: K —> Y is continuous if and only if 
it is so on each a n . This implies that any two standard geometrical realizations 
K lf K 2 of a given AY are homeomorphic: for, to each o n e AY there correspond 
unique a” = (pl t .... pf) and o 2 — {pi, • • -pi) in K 1} K 2 , respectively, and by bary- 

n n 

centrically mapping each ct? on the corresponding o 2 (that is A t p\ ^ A t pf), the 

0 0 

desired homeomorphism is obtained. Thus we can speak of the geometric realization 
of Jf. 

In a polytype, the star, St u 0 , of a vertex u 0 is the set of all open geometric sim¬ 
plexes having u 0 as vertex. It is important to note that St u 0 is an open set in K: 
given any closed 5 = («„„,• • •, u an ), its intersection with K — St u 0 is either a if 
no u ai = u 0 or a face of a if some u at = u 0 \ in either case, this intersection is 
closed in d, so K — St u 0 is closed in K. 

The process of associating with each open covering of a space a complex called 
its nerve is very important because it is one method for relating the topological 
to the algebraic properties of spaces; intuitively geometric realizations of nerves 
approximate the space with the finer covering giving the better approximation. 

5.3 Definition Let {U a | a e ,s/} be any covering of a space. Define a complex AT 
over stf by the following condition: (a 0 , • • •, cc n ) is a simplex of AY if and 
only if U ao n • • • n U an ^ 0. It is evident that AY is indeed a complex, 
called the nerve of {U a | a e sA). The standard geometric realization of AY is 
called the geometric nerve of {U a | a e sY) and is denoted by N(U a ). 

The vertex of N(U a ) corresponding to the set U a is denoted by u a . 

5.4 Theorem Let Y be any space and { U a | a es/} be an open covering. Then 
for each partition of unity subordinated to { U a } there exists a continuous 
k: Y —> N(U a ) such that k _1 (St u a ) C U a for each a. 

Proof : Let {/c a | a e .s/} be a partition of unity subordinated to {U a }, and define 
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k\ Y —> N(U a ) by x(y) = ^ K a (y)u a . This is continuous: each yeY has a 

a 

nbd on which all but at most finitely many K a vanish, and since this nbd is mapped 
into a finite-dimensional flat in L(sY), the addition is continuous ( cf . Appendix 
I, 4), so k is continuous on that nbd and its continuity on Y results from III, 
8.3. Since K a (y ) = 1, /c(y) is in fact a point of the closed geometric simplex 

a 

spanned by {u a \ K a (y) ^ 0}. The inverse image of St u ao consists of all y for 
which K ao (y) ^ 0, and because the support of K ao is in U ao , we have 

K~ 1 (Stu ao ) C U ao 

as required. 

It should be observed that if V C Y is an open set intersecting the supports 
of only the finitely many *c Cl , • • •, K an , then k(V) C ( u ao , • • •, u a J. 

5.5 Remark It is known (cf. Appendix I, 5.2) that the geometric nerve N(U a ) 
is always a paracompact space. Using this fact, we can prove 

(1) . A continuous k: Y —> N(U a ) satisfying /c -1 (Sttt a ) C U a for each a 

exists if and only if there is a partition of unity subordinated to {U a }. 

The "if” is 5.4; the “only if” follows by finding a partition of unity {k„ | a e s/} 
subordinated to the open cover {St u a | a e sY} of the paracompact N(U a ) and 
defining A a : Y —> / by A a = k« o k. 

(2) . Y is paracompact if and only if for each open covering {U a } there is a 

subordinated partition of unity. 

The "only if” is 4.2; the “if” follows by finding a nbd-finite refinement 
{V B | ft e 38} of the open covering {St u a | a e sY) in N(U a )‘, then 

{•c-KV 0 )\pem 

is the desired nbd-finite refinement of {U a }. There is a simpler proof of "if” 
which uses the geometry, rather than the paracompactness, of N(U a ): letting N' 
be the barycentric subdivision of N(U a ) [cf. Appendix I, 5] and using stars in N', 
we have that {K~ 1 (Stp') | p' a vertex of N'} is a barycentric refinement of 
{U a \ a e,s/}. This indicates the origin of the term barycentric refinement. 

6. Second-countable Spaces; Lindelof Spaces 

In this section, we study two properties of spaces related to the behavior 
of their open coverings; it turns out that when any one of them is present, 
weak separation properties become very strong. 

6.1 Definition A Hausdorff space is 2° countable (or, satisfies the 
second axiom of countability) if it has a countable basis. 

In recent literature, the least cardinal of a basis for a space X is called 
the weight of X ; thus, X is 2° countable if it has weight ^ N 0 . 

Ex. 1 E n is 2° countable, as seen in III, 2, Ex. 3. A countable discrete space is 
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2 ° countable, whereas an uncountable discrete space is not. 

Ex. 2 The space El is not 2° countable: If {]a n , b n ] | n e Z } is any countable 
collection of open sets, then by choosing a, b ^ any b n , the open set ]a , b ] can 
evidently not be exhibited as a union of sets ]a n , b n ]. 

6.2 Theorem (1). 2° countability is invariant under continuous open 
surjections. 

(2) . Every subspace of a 2° countable space is 2° countable. 

(3) . f~[{F a |aej/} is 2° countable if and only if each Y a is 
second countable and all but at most N 0 are spaces consisting 
of a single point. 

Proof: (1). If {U n | n e Z } is a basis for X and p: X —> Y is a con¬ 
tinuous open surjection, { p(U n ) | n e Z) is easily verified to be a basis 
for Y. 

(2) . This is trivial. 

(3) . If P = bl Y a is 2° countable, then from (1), each Y a is 2° 

countable. Let & be a countable basis for P and note that, if ^ 2 , 

then there is some B e 38 with 0 ^ Pa{B) ^ Y a (choose a B contained 
in an open < Uf) where 0 ^ U a # F a ). But (IV, I, Ex. 4) K{a | p a {B) # 

< X 0 for each J and X(B) ^ N 0 , so there are, at most, count¬ 
ably many Y a with N( Y a ) ^2. 

Now assume each Y a is 2° countable and K(F«) > 2 for each a; the 
cardinal of the subbasis for P is ^ N 0 - N(jaf) so, by II, 8 . 8 , the cardinal 
of a basis (that is, all finite subsets of Sf) is also ^ X 0 - K(jaf); thus P is 
2 ° countable whenever N(,jaf) ^ N 5 . 

The main property of 2° countable spaces is 

6.3 Theorem (Lindelof) If Y is 2° countable, then every open covering 
{U a } has a countable subcovering. 

Proof: Let (F* | i e Z) be a countable basis for Y. Since each U a is 
a union of the V u there is a covering {V X) \j e Z} refining {U a }\ choosing 
one U aj D V i} for each j gives the required countable subcovering {U Uj }. 

Abstracting the property of 6.3 leads to 

6.4 Definition A Hausdorff space Y is Lindelof if each open covering 
contains a countable subcovering. 

Ex. 3 All 2° countable spaces are Lindelof. The converse is not true: From 
2 , Ex. 6, it follows that El is Lindelof but, by Ex. 2, it is not 2° countable. 

6.5 Theorem (K. Morita) In Lindelof spaces, the concepts of regularity 
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and paracompactness are equivalent. 

Proof: Paracompactness always implies regularity. For the converse, 
we shall show that 2.3(2) holds: Given any open covering {U a }, extract a 
countable subcovering {U U( }; then {U a( } «< {U a } and {U at } decomposes 
into countably many nbd-finite families, each consisting of one set XJ a . 

6.6 Theorem (1). The Lindelof property is invariant under con¬ 
tinuous surjections. 

(2) . A subspace of a Lindelof space need not be Lindelof. How¬ 

ever, a closed subspace is Lindelof. 

(3) . The cartesian product of Lindelof spaces need not be 

Lindelof. However, if the product is Lindelof, each factor 
must be Lindelof. 

Proof: (1). Given/: X -> Y and an open covering {U a } of Y, find 
a countable subcovering of {/“ 1 (U a )}; then {U a( } is a countable 

subcovering of {U a }. 

(2) . It is shown in 2, Ex. 2, that [0, Q\ is in fact Lindelof; since 
we know that the subspace [0, Q[ is regular and not paracompact, it 
cannot be Lindelof. The remaining part of (2) is trivial. 

(3) . El is Lindelof. If x El were Lindelof, then the sub¬ 
space C = {(x, — x) | x is irrational}, being closed in El x El, would 
also be Lindelof; but this is impossible, since C is uncountable and 
discrete. The second assertion follows from (2). 

7. Separability 

7.1 Definition A Hausdorff space is separable if it contains a countable 
dense set. 

Ex. 1 E n and countable discrete spaces are separable; uncountable discrete 
spaces are not separable. 

Ex. 2 El is separable: the rationals are a countable dense set. 

For the invariance properties, we have 

7.2 Theorem (1). The continuous image of a separable space is separable. 

(2) . A subspace of a separable space need not be separable. How¬ 

ever, an open subspace is separable. 

(3) . n{^«|«e stf) is separable if and only if each Y a is separable, 

and all but at most 2 S ° are spaces consisting of a single point. 

Proof: (1). Let f:X—>Y be continuous and D C X be dense; 
since Y = f(X) = f(D) C f(D),f(D) is dense in Y. 
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(2) . It is trivial to verify that if G is open, G n D is dense in G; 
an example for a subspace of a separable space that is not separable, and 
even closed, is given in Ex. 3 below. 

(3) . “Only if”: Because each projection is continuous, the separa¬ 
bility of each factor follows from (1). Now, let 88 = {a e si | X( Y a ) ^ 2}, 
and for each [3 e 88, let U B , V B be nonempty disjoint open sets in Y e . 
Let D be a countable dense set in O { Y tt | a e sYj and for each \8 e 88, 
let D 0 = D n < [Uf). Observe that if-/3 # y, then D 0 # D Y : for, since 
D is dense in Y a , there is some de D n < U B , V y ) = D n (U & y n (V y ), 
and it is clear that d e D 0 but d e D y . Thus, the map /3 — D 0 of 88 into 
8?(D) is injective, and therefore #,(88) < X (8P(D)) ^ 2 x o 

“If”: There is no loss in generality to assume that X( Y<x) 8 2 for each 
a g sY. In each Y a , let {y a (ri) \n = 0, 1, 2, • • •} be a countable dense set. 
Since X(j 3 /) ^ c, there is a bijection <p of sY onto a subset K of the unit 
interval I ; we shall assume that X(j/) = c and K = I because in all 
cases the details are similar. For each finite pairwise disjoint family 
J x , • • •, J k of closed intervals in I with rational endpoints, and each 
finite set n x , • • •, n k of nonnegative integers, let p(J x , • * *, J k \ n lt • • ■, n k ) 
be the point {y a (s a )} e fl Y a , where for each a, we take s a = n { if <p(a) e J t 
and s a = 0 otherwise. It is clear that the set 

{P{ 8 1» ' ’ " > 5 w l> ' ‘ J ^fc) | ^ ‘ > Jk > n \y ’ > ^fc)> 

is countable. It is also dense: given any <t/ aj , • • •, U ak }, find pairwise 
disjoint J { 3 and for each i find an n t such that y ai (n 4 ) g U Bi ; then 

P{J 1 > ‘» Jk'y n \t '» ^ k ) ^ ^ ^a f)' 

Ex. 3 El x El is separable, since El is separable. The subspace {(ac, — x) \ x 
is irrational} is closed and uncountable; being discrete, it is not separable. 

Ex. 4 If a Hausdorff space X is separable, then 2 C . To see this, let D 

be a countable dense set, and for each x e X define a map < p x : 8?{D) —*■ 2 as follows: 
< p x (A) = 1 if A = D n U for some nbd U of x, and tp x (A) = 0 otherwise. The 
map ac-» Qp x of X into 2^ (D) is injective: if x ^ y, choose disjoint nbds U(x), U{y) 
and let A = D n U(x); then <p x (A) = 1, but q> y (A) = 0 because every nbd of y 
will contain points of the dense set D which are not in U{x). Since x^cp z is 
injective and N[.^(D)] ^ C, the desired conclusion follows. Observe that by 
taking X to be the cartesian product of 2 8 » discrete spaces {0, 1}, Theorem 7.2(3), 
shows that this estimate of X(.X') cannot be improved. 


The relation of separability to the previous concepts is 
7.3 Theorem If Y is 2° countable, then every subspace of Y is separable. 

Proof: Letting {L/ t } be a basis for Y, choose a y t e U t for each i; 
{yj is countable; it is dense because each open U is a union of the U t . 
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Ex. 5 The converse of 7.3 is not true: Every subspace of El is separable, yet 
it is not 2° countable. 

It is important to observe that separability and Lindelof are not re¬ 
lated: [0, f2] is Lindelof, as shown in 2, Ex. 2, but it is not separable 
(since any countable set of ordinals < Q has an upper bound < Q). 
On the other hand, E* x is separable, but it is not Lindelof. However, 

7.4 In paracompact spaces, separability implies Lindelof. 

Proof: Let { U a | a e s/} be a given open covering of the separable 
paracompact Y, and let {V e | £ e 38} be an open nbd-finite refinement; 
we can assume that each V 0 # 0. Because Y has a countable dense 
set {</,}, the family [V 0 } is at most countable: otherwise, since each V 0 
contains at least one d u there would be some d n contained in uncount- 
ably many V e , which would contradict nbd-finiteness. Choosing for 
each V 0 a U a D V e gives the required countable subcovering. 

As [0, Q} shows, a paracompact Lindelof space need not be separable. 


Problems 


Section I 

1. Call a covering of a space star-finite if each set of the covering intersects at most 
finitely many others. Show that the concepts of star-finiteness and nbd- 
finiteness are independent, but that for open coverings, star-finiteness implies 
nbd-finiteness. 

2. Let X be Hausdorff, Y arbitrary, and /: X —> Y surjective. Prove that / is a 
bijective open map if and only if for each open covering {U} of X there exists 
an open covering {V} of Y such that {/ - 1 (L)} refines {£/}• 

3. Let Y be any space, and {A a \ a e sY) a covering of Y having a nbd-finite closed 
refinement. Show that {A a | a e <$/} has a precise nbd-finite closed refinement. 

4. Let y be any space, letd = {(y, y) | y e y} be the diagonal in Y x Y, and let 
U D A be any set open in Y x Y. For eachy 6 Y, let U[y] = {z | (y, z) e U}. 
Prove: 

a. A(U) = {U[y] | ye y} is an open covering of Y. 

b. If 58 = {V a | a e stf} is an open covering of Y that has a nbd-finite closed 
refinement, then there is a nbd U of the diagonal A such thatd(L) refines 93. 

[Hint: Let {F a | a 6 s/} be a precise closed nbd-finite refinement of 93. For each 
aei, let W a - (V a x V a ) U &F a x WFa); then U = Int p) {W a \ a e s3} 
is not empty, and is the required nbd ofd.] 
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5. Let | a ebe a nbd-finite closed covering of a space Y. Prove: 
(Int(F a ) | a e sY} is also a nbd-finite closed covering of Y. [Hint: Well-order 
the indexing set s /, and use transfinite induction to show that each family 

= {Int(FJ | a U {F y | y > is a covering.] 

6. A grating of a space Y is a family {V a \ a of pairwise disjoint open sets 
such that {V a | a e-Jt/j is a covering of Y and Int(F a ) = V a for each a e stf . 
Let {V a | a 6 sd} and {W e | /3 e 38} be two gratings of Y. Prove: 

{ V a n W 0 | (a,p)es/ x 38} 

is a grating of Y. [ Cf . Problems III, 4.22.] 

7. Let {F a | a e sY} be an nbd-finite closed covering of a space F. Prove that there 
exists a grating {V a | a e srf} of F such that V a C F a for each a e stf. [Hint: 
Well-order sZ, and let 

V a = Int(F a ) - U {Int(F^) | ft precedes a}]. 


Section 2 

1. Let F be paracompact and let p: X —> F be an identification. Show: each 
covering of X by p-saturated open sets has a nbd-finite open refinement. 

2. Let X be paracompact and A C X closed. Show that X/A is paracompact. 

3. Let A C X be closed and /: A —> Y be continuous. Assume that X, Y are 
paracompact and that / is a closed map. Prove that X U/ F is paracompact. 
(The conclusion is also true without the assumption that / is a closed map). 

4. Let F be paracompact, and let A C F be a subset with the following property : 
for each open U D A, there is an i^-set F with A C F C U. Show that A is 
paracompact. 

5. Let F be regular, and let { A a | a e s/} be a nbd-finite family of closed sets in 
F. Assume that each A a is paracompact. Prove: (J A a is paracompact. 

a 

6. Prove: Each subset of a perfectly normal paracompact space is paracompact. 

7. Prove: If F is paracompact, then for every nbd U of the diagonal in F x F 
(cf. I, Problem 4) there exists an nbd V of the diagonal such that 

U [V[y] X V[y] I y e F} C U. 

8. A space is called countably paracompact if each countable open covering has 
an open nbd-finite refinement. Prove: F is countably paracompact if and only if 
for every descending sequence Fi 7) F 2 D • • • of nonempty closed sets such that 
flfi= 0, there exists a sequence of open sets G t D F t such that P| G, = 0. 
[Hint: “Only if ”: take 58 to be a precise open nbd-finite refinement of { F — F n | n e 

CO 

Z + } and let G n = U V t . "If”: Given an open covering {U n I neZ + }, let 

n +1 
n 

F n — Y — U C iy and find a family {G„}; then {G n Pi C/ n + 1 | n e Z + } is the 
required refinement.] 

Section 3 

1. For any space F and any covering U, let St(U) be the covering {St(y, U) | y e Y}. 
Prove St[St(Af, U), U] = St[Af, St(U)] for every M C F. 
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2. Let 5 = {F a | a e sY\ be an nbd-finite closed covering of a space Y. Prove 
(Int[St(y, g)] | y e Y } is an open covering of Y. 

3. Show that the space (I, T x ) of VII, 3, Problem 7 is paracompact. 

4. Supply the details in the following outline of Stone’s proof of his Theorem 3.5 
(it is in this proof that the important idea of decomposing an open covering into 
countably many nbd-finite families was first presented). LetU 0 = {U a | a esY) 
be the given open covering, and let {U n | n e Z + } be a sequence of open 
coverings where each H n is a barycentric refinement of tl n _ i. 

For each A C Y, let (A, -n) = {y | St(y, U n ) C A} and (A, n) = St (A, 1I„). 

For each a G sY, let V a x = (U a , - \),V a 2 = (F«\ 2), • • •, V a n =(VS~ \n), • • •• 
Prove: (i). V a = U L a n C U a [Show by induction that in fact (V a n , n) C U a ]. 

n 

a. { V a | a e sY) is an open covering of Y and has the property: 

If x e F„^then (x, n) C V a for suitable n. 

Now, well-order sY and for each ne Z + define a transfinite sequence of sets by 

H n>1 = (V u -n) 

H n , a = (V a -U | j8 < a), - n) 


Prove: 

b. { H n<a | (n,a)eZ + x sY} is a covering [Given yeY, let ^ - min 
{a | ye V a j and choose n so that (y, n) C Vp; then y e H nt p]. 

c. Each U e U„ +2 can intersect at most one H n , a [If U n H ntCC Y 0, then 

u c v a - y o H n .„]. 

d. Let G n , a = St(H„.«,U n + 2 ). Then {G n ,« | ( n,a)eZ + x sY } is an open 
covering, and for each n, a set U 6U n + 2 can intersect at most one G n> „. 

e. Define F n = U St(H n ,«, U n + 3 ). Then each F n is closed. 

a 

f. Let Wi'Ct = Gi,« and for each n > 1 let W n , a = G n ,« — (Fi U. . ,uF„-i). 
Then {W„ ia \ (n , a) e Z + x sY) is a nbd-finite open covering and W n<a C U a 
for each ( n, a). [Each St(y, U n + 3 ) meets no W k , B for k > n and at most 
one Wi't, for each l ^ «.] 

5. Let X be paracompact, and A C X closed. Let {U a \ a g jY} be a nbd-finite 
open covering of A. Show that there exists a nbd-finite open covering 
{V a | a e sY) of X such that U a = A n V a for each a e.sY. [Hint: Let 2B be 
an open star-refinement of an nbd-finite open covering in which each set meets 
at most finitely many of the U a . Choose an index a 0 , and let 

V ao = U ao u (X - A), V a = U a U [St(C7«, W) - A] if a Y « 0 .] 


Section 4 

1. Let Y be paracompact and let {U a } be a nbd-finite open covering. Assume that 
for each U a , there is given a real number i a > 0. Show that there exists a 
continuous cp: Y -> E 1 such that <p(y) > 0 for all y G Y, and 
<p(y) ^ sup{i a j y g U a } 


for each y. 
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1. Let {U a } be an open covering of Y, and let k: Y —>N(U tt ) be the map of 5.4. 
Let /: Y —> Y be continuous, and such that f(U a ) ^ U a = 0, for each a. 
Show k o f(y) ^ K(y) for each y e Y. 

Section 6 

1. Prove [0, i3] is Lindelof, but not second countable. 

2. A point y in a space Y is called a condensation point if each open set containing 
y contains uncountably many elements of Y. Prove: If Y is second countable, 
and N( Y) > N 0 , then Y has at least one condensation point. 

3. Let Y be second countable. Prove: 

a. From any family of open sets in Y (not necessarily a covering of F), one 
can always extract a countable subfamily having exactly the same union. 

b. Any family of pairwise disjoint open sets is necessarily countable. 

c. Any chain of open sets, well-ordered by inclusion, is necessarily countable. 
Conclude that any increasing, well-ordered sequence of real numbers is 
necessarily countable. 

d. N(F) =$ 2- and the cardinal of the topology is C. 

4. Let F be 2° countable. Call a property P of subsets of F inductive if for each 

descending sequence Ax D A 2 3 • • • of closed sets, whenever each A t has P, 
00 

then so also does fj A { . The set A C F is called iMrreducible if no proper 
i 

closed subset has property P. Prove: If P is inductive and some closed set has 
property P, then there is a P-irreducible closed subset of F having property P. 

5. State and prove the analogs of 6.2, 6.3 for spaces of weight X. 

6. Let X, F, be Lindelof, and A C X a closed set. Let /: A —> F be continuous. 
Prove: X yjf F is Lindelof. 

7. If each open subset of a regular space F is Lindelof, prove that F is perfectly 
normal (and paracompact). {Hint: Use VII, 5, Problem 2.) 

8. Prove: F is Lindelof if and only if every open covering has a countable refine¬ 
ment. 

Section 7 

1. Let A C E 1 be the subspace of irrationals. Is this space separable? 

2. Let F be any space, and let D be an infinite dense subset. Show that for any 
point-finite covering {U a | a e s/} of F by nonempty open sets, card {U a } ^ 
card D. 



Metric Spaces 

ix 


In this chapter, we will study spaces in which the topology is derived 
from a notion of distance. 

I. Metrics on Sets 

l.l Definition A metric (or distance function) on a set Y is a map 
d : Y x Y-> E 1 with the properties: 

(1) . d(x,y) ^ 0 for each pair x, y. 

(2) . d(x , jy) = 0 if and only if x = y. 

(3) . d(x, y) = d(y, x) for all x, y (symmetry). 

(4) . d(x, z) ^ d(x, y) + d(y, z) for each triple of points (triangle 

inequality). 

d(x y y) is called the distance between x and y. 

Ex. 1 If Y is any set, defining d(x, y) = 1 if x ^ y and d(x, y) = 0 if x = y 
gives a metric on Y. 

Ex. 2 In the set of all real numbers E 1 , d(x, y) = I# — y| is a metric. More 
generally, in the set E n , d 0 (x, y) = max{|x ( — y ( | | 1 < i < n) is a metric: the 
triangle inequality follows because 

|*< - zi\ < |*i - y»| + bt - *»| < d^y) + d 0 (y, z) 
for each 1 ^ i ^ n. 


181 




182 


Chap. IX Metric Spaces 


Ex. 3 In the set E n , 

d p (x, y) = \xi - y t \ p 

1 

is a metric for each p ^ 1. To verify the triangle inequality, note that for p 5= 1, 
the function f(x ) = x p satisfies f"{x) 3* 0 on {x e E 1 | x ^ 0} and so is convex, 
that is, it satisfies f(Xx + [1 — A]y) < A f(x) + [1 — A]/(y) for x, y > 0. Thus, 
for any set of real numbers a ly • • - , a n , b u • • •, b n , letting 

A = Tikh B = P J% N p 
1 1 

and expressing the convexity of x v for each 1 i ^ n with 


x = 


<*i 

A’ 



A = 


A 

A + B’ 


addition of these n inequalities gives Minkowski’s inequality: 

p in p in p rn - 

vZ \ a1 + bi \ P ^ J Z + v Z kk 

1 .1 X 

the triangle inequality follows by taking a { = — y u b { = y t — z t , for 1 ^ i ^ «. 

Ex. 4 Let Y be any set and C(F) = {/ | /: Y — ^ E 1 and / is bounded}. 
Then d(f,g) = sup{|/(y) - g(y)| | y e Y} is a metric in C(T). Note that if 
some/o were unbounded, d would not be a metric: using g(y) = 0, the function d 
is not defined at the point (/ 0 , g) e C( Y) x C( Y). 


If axiom (2) is present only in the weaker form {!'): (x =y) => ( d(x,y ) = 0), 
d is called an ecart or a pseudometric in Y. An ecart p in Y always gives 
a metric in a suitable quotient set: By defining xRy to mean p(x , y) = 0, 
R is easily seen to be an equivalence relation in Y, and d(Rx, Ry) = 
p(x y y) is a metric in the quotient set Y/R. 

The absence of only axiom (3) is easily remedied: 

d\x,y ) = d(x,y) + d(y, x) 
gives a metric d' in Y itself. 


2. Topology Induced by a Metric 

With each metric d in a set Y, we are going to associate a definite 
topology 3~{d) in Y. 

The set B d (a, r) = {y | d(y, a) < r } is called the */-ball of radius r 
and center a. Clearly, B d (a, r) C B d (a, r ') if r ^ r and B d (a, 0) = 0. 
In the future, we will omit the distinguishing d whenever the metric is 
clear from the context. 

2.1 The family {B d (y, r) \ y e Y, r > 0} of all ^-balls in Y can serve as 
the basis for a topology. 
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Sec. 2 Topology Induced by a Metric 
Proof: According to III, 3.2, we need verify only that if 
a e B(x o, r x ) n B(y 0i r y ), 

then a belongs to some ball lying in this intersection. Let 
r = min[r*. - d(a, x 0 ), r y - d(a y jy 0 )]; 

then r > 0, since the statements “a g B(£ y rfj” and “d(a y £) < r are 
equivalent, so a g B(a, r). Furthermore, B(a y r) C B(x 0y r x) ^ r y) 

because if x e B(a y r), then d(x y x 0 ) ^ d(x y a) + d(a, x 0 ) < r + d(a, x 0 ) ^ 
[r x — d(a, x 0 )] + d(a, x 0 ) = r x ; that is, x e B(x 0y r x ) and, similarly, 
x e B(y 0y r y ). 


Because of 2.1, the following definition is therefore legitimate: 

2.2 Definition Let Y be a set and d be a metric in Y. The topology 
SX{d), having for basis the family {B d (y y r) | y g Y, r > 0} of all 
J-balls in Y, is called the topology in Y induced (or determined) 
by the metric d. 

Ex. 1 In the set E n , let d be the metric of I, Ex. 1; then (d) is the discrete 
topology, since B d (x, ■$-) = * for each x e E n . 

Ex. 2 In the set E n , let d 0 be the metric of I, Ex. 2; then (d 0 ) is the Euclidean 
topology, since the <f 0 -balls are precisely the open cubes in E n , which we have seen 
(III, 3, Ex. 8) are a basis for the Euclidean topology. 

Ex. 3 The family {B d (y, r) \ (y e Y) A (r is rational)} is also a basis iov $~{d), 
as is immediate from III, 2.2. 

The converse question arises: Given a topological space ( Y, 3T), is 
there a metric d in Y such that ZT = J~(d)l The answer is “no” in 
general. For example, it is easy to see that no metric can induce the 
topology in Sierpinski space. 

2.3 Definition A topological space {Y,3P) is called a metric (or 
metrizable) space if its topology is that induced by a metric in Y. 
A metric for a space Y is one that induces its topology. 

With this terminology, the Euclidean space E n is a metric space, and 
d 0 is a metric for this space. In, metric spaces, topological concepts 
can be phrased in the e, 8 terms of classical analysis. For example, 

2.4 Let X have topology !X{d) and Y have topology 3X(p ). An/: X — > Y 
is continuous if 

V x V e > 0 3 8(e, x) > 0: d(£, x) < S => p(f(£),f(x)) < e; 
that is, if f[B d (x, 8)] C B p [f(x), e]. 
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Ex. 4 It is immediate from the triangle inequality that the formula 
I d(x, y) — d(x', y') | ^ d(x, x') + d(y, y') 
is valid for any metric d. Using this, the reader can easily prove that if ( T 7 , JY(</)) 
is any metric space and if the cartesian product topology is used in Y x Y, then 
the map d: Y x Y E 1 is continuous (and, in fact, an identification.) 

3. Equivalent Metrics 

In this section we give a criterion for determining in advance whether 
two different metrics in a set Y will induce the same topology. 

3.1 Definition Two metrics d, p, in a set Y are called equivalent, 
d ~ P , if 3T(d) = 3T(p). 

This is clearly an equivalence relation in the set of all metrics on Y. 

3.2 Theorem Let p, d , be two metrics on Y. A necessary and sufficient 
condition that p ~ d is that for each a e Y and e > 0, the following 
two conditions hold: 

(1) . 3 Si = e): p{a,y) < 8 ± => d(a, y) < e. 

(2) . 3 S 2 = 8 2 (a, e ): d(a,y) < S 2 => p(a,y) < e. 

Proof: This is simply III, 3.4, or equivalently, metric statements 
( cf . 2.4) that 1: (Y, 3~(d)) — (Y, p )) is a homeomorphism. 

Ex. 1 In the set E n , all the metrics d p , p ^ 1 in I, Ex. 3, are equivalent to the 
d 0 in I, Ex. 2, and therefore all metrize the Euclidean topology: this follows from 
2, Ex. 2 and the observations that, for each p ^ 1, 

(a) . d p (x, y) y/n-d 0 (x, y), 

and 

(b) . d 0 (x, y) ^ d p (x, y). 

3.3 Corollary Let (Y, &~(td)) be a metric space. Then for each M > 0 
there is a metric p M ~ d such that p M {x,y) < M for all (v, y). 
Equivalently, each metric space is homeomorphic to a bounded 
metric space. 

Proof: Given M, define p M (x, y) = min [M, d(x, y )]; it is trivial to verify 
that p M is indeed a metric for Y and, using 3.2, that d ~ p M . 

4. Continuity of the Distance 

4.1 Definition In a metric space Y, with metric d , 

(1). The distance of a point y Q to a nonempty set A is 
d{y 0 , A) = inf { d(y 0 , a) \ a e A). 
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(2) . The distance between nonempty sets A and B is 

d(A, B) = inf {d(a, b) \ a e A, b e B] = inf {d(a, B)\ae A}. 

(3) . The diameter of a nonempty set A is 

8(A) = sup {d(x, y) | x e A, y e A). 

Ex. 1 8(B d (a, r)) ^ 2 r, since if x, y e B d (a, r ), then 

d(x, y) < d(x, a) + d(a, y) < 2r; 

as 2, Ex. 1, shows, we may have 8(B(a, r )) actually smaller than r. 

Ex. 2 By convention, S(0) = 0. A set A is called bounded if §(yl) < oo; 
d is a bounded metric if 8(Y) < oo. 

Ex. 3 d(A, B)^0^>Ar\B = 0 ; the converse implication need not be 
true, even though both A and B are closed: In E 1 , let 

A = {n | n e Z + } and B = {n + (l/2«) | n e Z + }. 

To obtain this converse implication at least in the trivial cases that A — 0 or 
B = 0, we define d(A, 0) — d(0 , B) — oo. 

4.2 (a). d(y , A) = 0 if and only if y e A; thus A = {y \ d(y, A) = 0}. 
(b). p ~ d if and only if for each A C ¥, d(y, A) — Oo p(y, A) = 0. 

Proof: (a). We have y e A o V B(y , r): A n B(y , r) ^ 0 o 
Vr > 0 3 a r e A: d(y, a r ) < r o d(y } A) = 0. 

(b). By what we have just proved, p ) and dT(d) give the same 
closure operation in Y so (III, 5.1) 5Y(p) = dT(d). 

4.3 Theorem Let Y be a metric space, with metric d, and let A be 
any subset of Y. Then the map/: Y E 1 defined by y — d(y , A) 
is continuous. 

Proof: Let x, y be any two elements of Y. Then, for each a e A, we 
have d(x, a) < d(x, y) + d(y y a), so that 

d(x, A) = inf d(x , a) ^ d(x, y) + inf d(y, a ) = d(x, y) + d(y, A), 

a a 

which shows that d(x, A) — d(y, A) ^ d(x, y). Interchanging the roles 
of x and y, we obtain 

I d(x, A) - d(y, A) j d(x,y), 

which clearly gives the continuity of / (cf. 2.4). 


5. Properties of Metric Topologies 

In this section, we derive the main properties of metric topologies, but 
defer the study of cartesian products to a later section. 
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5.1 Theorem (1). Metrizability is a topological invariant. 

(2). Every subspace of a metric space is also a metric space. 
Precisely: Given (Y, JY( d )) and A C Y, the topology induced 
by <F(d) on A is exactly the topology derived from the metric 
d\A x A: A x A —>■ E 1 . 

Proof: (1). Let h : ( X , 3~) —> (Y, ZF{d)) be a homeomorphism, and 
define p{x , V) = d(h(x), h{x ')); then p is clearly a metric on the set X , 
and since h is evidently a homeomorphism ( cf '. 2.4) of (X, F~(p)) with 
(Y, <F(d)), we have ZF — !F (p). The proof of (2) is obvious. 

The position of metric topologies is 

5.2 Every metric space is perfectly normal. 

Proof: For any closed A C Y, the continuous map /: Y —> E 1 
given by y —> d(y, A) vanishes only on A because of 4.2(a). 

Much more important is 

5.3 Theorem (A. H. Stone) Every metric space is paracompact. 

Proof: We will show that the requirement of VIII, 3.7, is satisfied; 
in fact, there is one sequence (33 n | he Z + j that is locally starring for 
every open covering. Let d be a metric for the space X , and for each 
neZ + let 93 n = {B(x, 1 fn) | x e X}. Given any open covering 
[U a | a g s0}, and any x e X, choose a U a containing x\ then d{x, ^ 
\jn > 0 for a suitable n, and taking V(x) = B(x, 1/3 n), it is evident that 
St(Y, ® aB ) C U a . 

Ex. 1 [0, I?] is not perfectly normal (the closed set {Q} is not a G d ); therefore 

it is not metrizable. In particular, not every paracompact space is metrizable. 

Ex. 2 [0, Q[ is not metrizable because it is not paracompact (VIII, 2, Ex. 3). 

Metric spaces have another important property that we introduce 
with the general 

5.4 Definition A space Y is 1° countable (or satisfies the first axiom of 
countability) if with each y e Y there is given an at most count¬ 
able family {U n (y) | n e Z + } of nbds with the property: For each 
open G D y, there is some U n (y) C G (expressed briefly: if Y 
has a countable basis at each point). 

Ex. 3 Clearly, 2° countability => 1° countability, but not conversely: any 
uncountable discrete space is 1° countable, but not 2° countable. 
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Ex. 4 El is 1° countable: assign to each x e El the family of all ]r n , 3c], where 
r ,i < x is rational. Recall that El is not second countable (VIII, 6, Ex. 2). 

Ex. 5 [0, Q] is not 1° countable, though its subspace [0, f2[ is. 

5.5 Every metric space is 1° countable. 

Proof: By the definition of the topology d ), it is evident that 
{B d (y, r) | r rational} is a countable basis at y. 

Ex. 6 A metric space need not be 2° countable, as uncountable discrete spaces 
(which are metrizable as in I, Ex. 1) show. 

We have seen that 2° countability implies both separability and 
Lindelof, but that even for paracompact spaces, neither of these impli¬ 
cations is reversible (VIII, 6, Ex. 3; 7). However, 

5.6 Theorem In metric spaces, the concepts of 2° countability, 
separability, and Lindelof are all equivalent. 

Proof: Separability => 2° countability. Let {jy,} be a countable dense 
set in the metric space Y; the family {B(y u r) | r rational, i = 1, 2, • ■ 
is countable, and we show it is a basis by verifying that III, 2.2, is true. 
Let G be open, and y e G; there is some B(y, r) C G, r rational, and 
because {y^} is dense, we can find some y n e B(y, rj 3); then 

y e b{v„ c B( y } r) c Gi 

completing the proof. 

By VIII, 6.3, we find that 2° countability => Lindelof is always true. 
Lindelof separability. We will say that a set A C X is e-dense if 
each point of X is at a distance < e from A. For each e > 0, there exists a 
countable e-dense set A(e): From the open covering {B(x, e) | x e X), 

we extract a countable covering {B(x i) e) | i e Z} and let A(e ) = 

00 

| i e Z). Defining D = (J A(lfn) gives a countable dense set in the 

i 

space. 

Ex. 7 El is not metrizable: it is separable, but not 2° countable. 


6. Maps of Metric Spaces into Affine Spaces 

The Tietze extension theorem (VII, 5.1) for normal spaces can be 
improved if we use the richer structure of metric spaces. 

In the Appendix (1, 4.4) to this book, we have defined an affine space 
L to be of type m if, for every metric space X and every continuous 
f:X-^L y the following is true: For each xgX and nbd WDf(x), 
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there is a nbd U D x and some convex set C C L such that 
f(U) C C C IF. This class of affine spaces includes all locally convex 
linear topological spaces (for example, Euclidean spaces, or more 
generally, Banach spaces) and also all real vector spaces with the finite 
topology (which, as shown in the Appendix, need not be locally convex 
nor even linear topological spaces). 

6.1 Theorem (J. Dugundji) Let X be an arbitrary metric space, 
A C X a closed subset, and L an affine space of type m. Then 
each continuous /: A —»• L has a continuous extension F : X —> L, 
and in fact F(X) C [convex hull of f(A)\. 

Proof: For each * e X - A, let B x be an open ball centered at x 
with radius < \ d(x , A), where d is a metric for X. The family 

{B x \ xeX- A} 

is an open covering of the paracompact X — A, so it has a nbd-finite 
refinement {U}. Let B(A, 77 ) = {y \ d(y, A) < 77 }, and observe that a 
ball B x centered outside B(A, 2-q) cannot intersect B(A, 77 ); consequently, 
any U e {U} that intersects B(A, 17) is contained in a B x centered within 
B(A, 2 17 ) and so has diameter 8(U) ^ 2r]. 

With each (nonempty) U e{£/}, associate a point a v e A as follows: 
choose an x v e U and find a v e A with d(x v , a v ) < 2d(x Vi A). The 
fundamental property of the sets {U} and points {«u} is: 

For each a e A and nbd W(a) in X, there is a nbd 
(*) V(a ) C W(a ) with the property: 

U n V(a ) 7 ^ 0 => [U C W(a)] A [a v e A n W(a)]. 

Indeed, we can assume W(a) — B(a, e); taking V(a ) = B(a, e/12), 
any U intersecting V(a ) has diameter ^ e/6, so that it is completely 
within B(a, e/4). For any such U, d(x v , a ) < e/4, so that d(x v , A) < e/4 
and also d(a Uy a) ^ d(a U} xf) + d(x v , a) ^ 2 d(x Uf A v ) + d(x v , A) < |e; 
that is, a v e W(a). 

Now let {/c^} be a partition of unity on X — A subordinated to { U } 
and define F: X —>■ L by 

r f{x) xe A 

F(X)= xeX-A 

L u 

As in VIII, 5.4, F is continuous at each point of X — A, so only its 
continuity at each point of A need be proved. Let a e A and let IF be a 
nbd of F(a) = f(a). Since L is of type m, and / is continuous, there is a 
nbd W(a) in X such that/(IF(a) n A) C C C IF for some convex C 
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in L. Find V(a) C W(a) satisfying the condition in (*); we will 
showF(F(tf)) C W. Clearly, if xeAh V(a), then F(x) e C C W. If 
x e V(a) — A , then * belongs to at most finitely many U 1 , • • •, U n , so 
that at x , only k V i , • • •, /c Un are not zero; since each U { intersects V(a), 
the corresponding a Ut all lie in A n W{a), so that the f(a Ut ) are all 
elements of C ; and since F(x) is in the convex hull of the points 
f( a uj, • • •> fi a u n ), we find F(x) e C also. Thus F(V(a)) C IF, and F 
is continuous at a. Since F is continuous at each point of X, the map 
F: X L is continuous; the formula shows that F is an extension of 
f and that F(X ) C [convex hull of f(A)\. 

6.2 Corollary The theorem is valid if we replace L by any convex 
subset K C L. 

Remark: Observe that the points {a v } and functions {/c^} are independent of 
the function /. It follows that we can assign to each f:A—>L an extension 
«(/) ■ X -* L in such a way that e(f + g) = e(f) + e(g ) for all /, g (and, if L is 
normed, also ||/|| = ||<?(/)||). 


7. Cartesian Products of Metric Spaces 

In this section, we prove that a cartesian product is metrizable if and 
only if the number of nontrivial factors is at most countable and each is 
metrizable. First, 

7.1 Let { Y a | a e . 2 /} be a family of spaces, each of which has more 
than one point. If YJ T a is metrizable, then each Y a is metrizable 

a 

and < X 0 . 

Proof: Since each Y a is homeomorphic to a slice in YJ Y a > i ts 

a 

metrizability follows from 5.1. We establish < X 0 by proving 

[X(j/) > X 0 ] []^[ Y a is not 1° countable]. Indeed, let {.?«} G O Y a 

a 

be given, and let {V n | n e Z } be any countable family of its nbds. With 
each V n , associate a finite set R(n) = {a lt • • •, a { } C $4 such that 
{yl} G (.U ai , • • •, U a f) C V n . Then [J R(n) is at most countable and, since 

n 

X(.s/) > X 0 , there is a 0 e sY not in 1J R(n), that is, no V n restricts the 

71 

^-coordinate. Choosing a nbd U B D y° B with U 0 # Y s , which is possible 
because Y 0 has more than one point, there is no V n contained in the 
nbd (U 0 y of {y ° a }. 
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The converse of 7.1 will follow from 

7.2 Theorem Let (F n | n e Z + } be a countably infinite family of metric 
spaces. In each Y n , choose a metric d n giving its topology, and let 
8 n ( Y n ) be the diameter of Y n according to d n . For x = {x n }, y — {y n }, 
define p{x, y) = sup{<4(x n , y n ) | ne Z + j. Then: 

(1) . p is a metric in the set J~[ Y n whenever the 8 n (Y n ) are uni- 

n 

formly bounded for all large n. 

(2) . p metrizes the cartesian product topology of the space J^[ Y n 

if and only if S n ( Y n ) -> 0. 

Proof: Ad (1). Since 8 n (Y n ) ^ M < oo for some fixed constant M 
and all n ^ some n Q , it follows that p is in fact defined on J7 Y n x ]Q Y n ; 
it clearly has the properties (1) through (3) of l.l, and the triangle 
inequality results from 

P (x, z) = sup d n (x n , z n ) ^ sup[d n (x n , y n ) + d n (y n , * n )] 

n n 

< sup d n (x n , y n ) + sup d n (y n , z n ) 

n n 

= p(x, y) + p(y, z). 

Ad (2). Assume S n (Y n )—>0; we show that the basis for p ) is 

equivalent to that of the cartesian product topology: 

(a) . Let x e (B(x ly r x ), • • •, B(x n , r n )} = U. 

Choose p = min {r ly • • •, r n }; then p > 0 and we have 
x e B p (x, p) C U, since 

y G B o( x > h) =* p( x > y) < p => su p d n( x n, y n ) < p 

n 

=> V n: d n {x n ,y n ) < r n 
^Vn:y n E B(x n , r n ) ^ys U. 

(b) . Let x £ B p (x, rj). Since 8 n ( Y n ) 0, there is an n 0 with 

S n ( Y n ) < r)l2 for all n ^ n 0 ; then 

x e U = (B(x u 7)j2), • • •, B(x no , ^/2)> C B p {x, rj). 

For, if jy £ U then d^x^yj) < tj/2 for 1 ^ i ^ « 0 , and since this holds also 
for i ^ n 0 , we have 

yeU => p(x,y) ^ r)j2 =>yeB p (x , rj). 

(a) and (b) show that the metric and cartesian product topologies are 
the same. 

Now assume that 8 n ( Y n ) -/> 0; then we can find an e > 0 and infinitely 
many indices i n for which there are points x ° n , y° in e Y in that satisfy 
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d in (x° in , y° n ) ^ e. If we select any / e[] Y n having all the x° in among 
its coordinates, there can be no cartesian product nbd U satisfying 
x° e U C B p (x°, e ): since U restricts only finitely many coordinates, 
at least one i n is not restricted, so U contains the point z having coordinates 
z . = x° (i # i n ), z in = y° in , and therefore p(x°, z) ^ e. 

7.3 Corollary Let { Y a | a e sY) be a family of metrizable spaces. If 
X(jY) ^ X 0 , then ]~J Y a is metrizable. 

a 

Proof: Case K(j 3 /) = n < N 0 : The proof of 7.2(2) given above 
applies to show that if we choose any (not necessarily bounded) metric d { 
for each Y u then p(x, y ) = max { dfx^ y { ) | 1 ^ i ^ «} metrizes the 

n 

cartesian product topology of Y t . 

i 

Case X(j/) = X 0 : By 3.3, we can choose a metric d t for each Y f so 
that the requirement of 7.2(2) is satisfied. 

It should be noted that although in each case the metric p depends on 
the choices of the d u the topology SF(p) does not. 

Remark. We have seen that the cartesian product of paracompact spaces need 
not be normal. In view of 7.3 it is natural to ask about the nature of a cartesian 
product of a paracompact and a metric space. This question has recently been 
settled by E. A. Michael, who has shown that if X is paracompact and Y is metric, 
then again X x Y need not be normal, even though Y is separable metric. His 
example is the following: Let Y be the metric space of all irrationals, and let X 
be the paracompact space of VII, 3 , Problem 7. Let R be the subset of rationals 
in X, and T the irrationals. Then the closed sets A — R x Y and B = 
{(s', s) | s e T} in X x Y cannot be separated. The reader may construct a proof 
by making suitable modifications of that given in VII, 3 , problem 3. 


8. The Space l\sY)\ Hilbert Cube 

8.1 Definition Let sY be any set, of arbitrary cardinal, and let E* (s/) 
be the cartesian product of factors E l . The metric space 

/ 2 (j/) is that having for: 

Elements: every x = 6 £' K(J3?) such that x a = 0 for all but 

at most countably many a e jY, and 2 x % converges. 
Topology: that induced by the metric d(x, y) = /V (x a — y a ) 2 . 

** a 

It must be verified that d(x, y) is indeed a metric. Its finiteness and 
the triangle inequality follow from Minkowski’s inequality: Given 
x, y g l 2 (-sY), then summing over the at most countably many elements of 
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s/ for which at least one of x, y has a nonzero coordinate, we find for 
each finite N that 

y|>«, - y°f < Jf,< + J%y«. < Jl,*i + Jl.yZ < 

The partial sums being bounded, this monotone nondecreasing sequence 
must therefore converge, and in fact 

Jl (*« - y«? J2, *1 + J^yl 

from which both conclusions follow. We remark that l 2 (jtf) is an example 
of a class of linear spaces called Hilbert spaces. 

It is trivial to verify that ~ l 2 (38) if and only if X(j/) = X(^); 

whenever K(^) = n < X 0 , it is clear that / 2 (j/) ~ E n • 

Ex. 1 For any X let cp: / 2 (X) —> be the identity map. Then (a) cp is always 
continuous, (b) cp is surjective if and only if X < X 0 , and (c) cp is a homeomorphism 
of Z 2 (X) and <p|7 2 (X)] if and only if X < X 0 : indeed, if X ^ X 0 , there can be no 
nbd of 0 = {0, • • •, 0, • • •} in E* n 9 o(l 2 ) mapped by 99 into the nbd B{ 0, ^), 
since any cartesian product nbd of 0 contains a point of 9 o(l 2 ) having all coordinates 
zero except one, which is 1. We remark that there can be no homeomorphism of 
Z 2 (X) and whenever X > X 0 because E* is not then metrizable; however, 
R. D. Anderson has shown recently that E*° is in fact homeomorphic to / 2 (X 0 ). 

Ex. 2 Let X be any space and for each a e X let/ a : X-+■ E 1 be a continuous 
map. If X > X 0 then, unlike the situation with cartesian products, (a) the corre¬ 
spondence x —> { f a {x )} need not determine a map into Z 2 (X), and (b) even though 
x —> {f a {x)} is a map into / 2 (X), it need not be continuous: for each ne Z + let 
fn • E 1 --»• E 1 be a continuous function with value 1 at x = 2 jn and zero outside 
[1 In, 3 fn]; then #—> {f n (x}} defines a map into / 2 (X 0 ), but it is not continuous at 
x = 0. 

8.2 l 2 (stf) is separable (and so 2° countable) if and only if X(ja/) ^ X 0 . 

Proof: It is separable if < X 0 : The set of all points in l 2 (^/) 

having all but at most finitely many coordinates rational and the rest 0 
is easily verified to be dense in Now assume that X(j/) > X 0 : 

Then, in any countable collection of elements, we find nonzero entries 
for at most countably many coordinates; if /3 is an index for which all 
members of the countable set have coordinate 0, the point x with x B = 1 
and x a — 0 (a jS) has nbd B(x, %) not containing any member of the 
countable set. 

8.3 Definition The subspace {(^ n ) e/ 2 (X 0 ) | |* B | ^ Ijn} is called the 
Hilbert cube and is denoted by 
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8.4 The Hilbert cube 7°° is homeomorphic to the cartesian product 

oo 

PJ 7 of countably many unit intervals. 
i 


Proof: Since / ~ 7 = [— 1, + 1], we have Y\ 7 = 7, so we prove 

i i 

GO 00 

7 00 ~ Y ]I J- Define cp: 7 00 —► 7 by cp{x x , x 2 , ■ • •) = (x 1} 2x 2 , 3x 3 - • •); 

i i 

clearly, this is bijective; and cp is continuous, since the projection on each 

00 

factor is continikous. To see that cp~ x is continuous, metrize PJ J as in 

i 

7.2, using 

d ( x v ) = 4 ~ ^"1 • 

u n\‘ x m Jn) u > 

00 

if p(x } y) < 8 in p[ 7, we then have 




rK 


f fn - y n 


V4 


1 


•4 < s. iy 


V 

and, since the series converges, the continuity of <p _1 follows. 


8.5 7 00 has no interior in / 2 (X 0 ), so that the complement of I 00 is dense. 

Proof: Let x 0 = (x 1? x 2 , • • •) e 7°°, and let B(x 0 , 2e ) be any nbd in 
/ 2 (K 0 ). All the points = (x 1? • • •, x n + e, x n + 1 , • • •) lie in B(x 0 , 2e), 
but not all can belong to 7”, since this requires \x n + e| ^ 1 /« for each 
n, which is clearly impossible unless e = 0. Thus, no set open in / 2 (K 0 ) 
lies in 7”. 


9. Metrization of Topological Spaces 

Let Y be a metric space, with metric 7; being paracompact, Y is regular. 
Furthermore, for each n — 1,2, •• •, let {U na } be a nbd-finite open 
refinement of the open covering { B d (y , 1 [n) | ye Y}\ then the family of 
all the open sets {U n a } is (1) nbd-finite for each n, and more importantly, 
(2) constitutes a basis for Y : letting U be any open set and y 0 e U, 
choose n 0 so large that l /« 0 < \d(y 0 , Y — U); then any U Uq a containing 
y Q satisfies y 0 e U no a C U, since it lies in some l /« 0 ball containing y 0 
and any such ball must lie completely in U. These remarks constitute 
the “necessary” part of 
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9.1 Theorem (J. Nagata and Yu. H. Smirnov) A topological space Y 
is metrizable if and only if it is regular and has a basis that can be 
decomposed into an at most countable collection of nbd-finite 
families. 

Proof: The precise condition is that there be a basis U such that 
U = (J U n , where for each w, U n = {U n a \ a e sY n } is a nbd-finite 

n 

family of open sets. Such a space is evidently paracompact: any open 
covering can be refined by a covering consisting of basic open sets only, 
and the assumed regularity of Y allows application of VIII, 2.3(2). 

We next show that Y is also perfectly normal. In fact, if U is any open 
set, then for each y e U, regularity gives a basic U n(y) cc(y) such that 
y e U n(y)My) C U m)My) C U. For each k, define 

F k = o {U n(y)My) | n(y) = k). 

F k is closed in Y, since { U ka } is a nbd-finite family; and because U = 
this shows that U is an F a -set as required. 

k 

Since Y is perfectly normal, for each pair («, a) there is a continuous 
<Pn,a : Y [0, 1] with <p~i(0) = Y — U n a . Because for each n 0 the 
family {U no<a } is nbd-finite, each point of Y has a nbd meeting at most 

finitely many U Uq so the sum 2 9 %,«( y) is finite and, continuity being 

a 

a local matter, is a continuous function on Y. We are now going to 
show that the map / of Y into the Hilbert space / 2 (ll), given by the co¬ 
ordinate functions 

f ( v \ - i <Pn,a(y) 

Jn,a{y) n j -’ 

J l + 2 ^Ay ) 
y 0 

is a homeomorphism onto a subspace. The verification is routine: 

(1) . For each y, {f nM (y)j is indeed a point of / 2 (U): Since for each n 0 
we have <p no>a (y) = 0 for all but at most finitely many a, it follows that 
all but at most countably many f n , a (y ) are zero, and then that 

2 fnAy) = 2 2 fnAy) < 2 “2 < c0 - 

n,a n a n n 

(2) . Each f n a is continuous, since the denominator never vanishes. 

(3) . / is injective: If x ^ y, there exists some U n cc with x e U n>a and 
y e u n<a ] thus p n>a {x) > 0 , <p ntCC (y) = 0 , and so f(x) # f(y). 

(4) . / is a closed map of Y onto f(Y): For, if A C Y is closed and 
ye A, then for some (n 0 ,a 0 ), we have ye U noao C Y - A; because 
<Pcc 0 ,n 0 {<*) = 0 for each a e A, wher eas y no ,„ 0 (y) = k > 0, we find 
d (f(y), f(A)) ^ kAln 0 , so that f{y) ef(A). 
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(5). /is continuous. Let y 0 e Y and e > 0 be given; choose n 0 so that 


V A f! 

n>n o n 2< 4 


and let I V(y 0 ) be a nbd that intersects at most finitely many sets U n>a 
for n ^ n Q . It follows that among all the f n<a with first index n ^ n 0 , 
there are only finitely many, N, that do not vanish identically on W{yf). 
Choose a nbd V{y 0 ) C W(y 0 ) on which each of these N continuous 
functions satisfy 

I fn,a{y) ~ fn,a(yo)\ ^ 

then, for any y e L(y 0 )> we find 

2 I fnJy) - fn,a(y 0 )\ 2 < y 

n.a ^ 

n^no 

and . 2 

2 \fUy)-f,Ayo)\ 2 « 2 2 4 < y> 

n.a n >n 0 n Z 

n>n 0 


which shows that f(V(y 0 )) C B(f(y 0 ), e), as required. 

Therefore / is a homeomorphism; since Y is embedded as a subspace 
of the metric space / 2 (U), Y is metrizable and the theorem has been 
proved. 


This criterion for the metrizability of a regular space should be clearly 
distinguished from that in VIII, 2.3 (2) for paracompactness: in 9.1 we 
require that the covering by a basis be decomposable in a certain way. 

We have seen (VIII, 6.5) that in Lindelof spaces, regularity is equiva¬ 
lent to paracompactness; a stronger result is true for 2 ° countable 
spaces: 

9.2 Corollary (P. Urysohn) In 2° countable spaces, regularity is equiva¬ 
lent to metrizability. In fact, each 2° countable regular space is 
homeomorphic to a subset of the Hilbert cube /°°. 

Proof: Since a 2° countable space has a countable basis 5% = 
[U n | n e Z}, the decomposition 5% = (J 38 n , where each 38 n is a single 

n 

set U n , satisfies the requirements of 9.1 and gives metrizability. Observe 
that the embedding of 9.1 is into l 2 {38), where X(^) = cardinal of the 
basis; for 2 ° countable spaces, the embedding is therefore into / 2 (N 0 ). 
The formula for the coordinate functions f n shows | f n {y)\ ^ 1 /n for each 
n, so the image lies in /°°. 

Remarks. The proof of 9.1 gives somewhat more information in case each 
{ U n , a | a e ,s/ n } is an open covering of Y: 
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9.3 Let F be regular and let lt„ = {£/„,« | a e sf n ) be a sequence of nbd-finite 

00 

open coverings such that U = U U n is a basis. Then Y is metrizable, and a 
metric p can be selected so that B p (y, 1 fn) C St(y, U„) for each n and y e Y. 
Proof: We can now use the coordinate functions 

f n . a = n-'tpn.jJ'Z (pie 

0 

to get an embedding in / 2 (U), since the “1” in the denominator is no longer 
necessary to assure that the denominator never vanishes. Let p be the metric 
obtained by this embedding, and let y , n, be given. Note that if U nMl , • • ■, U n<ak 
are all the sets in St(y, U n ), then f na (y) + 0 if and only if a e {oq, • • •, a k }; conse¬ 
quently fn, ai (y) + • • • + fn,a k (y ) = 1 /m 2 . Now, if x 6 St(y, U„), then f n , a (x) = 0 
for a e {oq, • • •, a k }, so 

[p (X, y)Y = 2 I fn.a (X) - fn.a (y) | 2 > fl a, (y) + • • • + fla k {y) = 1/n 2 

n,a 

and therefore p(x, y) > 1 In. The assertion is proved. 

This observation leads to 

9.4 Let (F, d) be a metric space, and {%$ n \neZ + } any sequence of open 
coverings. Then there exists an equivalent metric p such that for each 

{ B p (y , 1 /m) | y e Y) refines 23 n . 

Proof: For each ne Z + let 2B n be a common refinement of the coverings 33 n 
and {B d (y, 1/m | y e F}, and let U„ be a nbd-finite open refinement of a barycentric 
open refinement of It is evident that (U„ | n e Z + } is a basis, so we obtain an 
equivalent metric p by embedding as in 9.3. Then for any y e F, we have 
B 0 (y, 1/m,) C St(y, U n ) C some V e 3S n . 

The Nagata-Smirnov theorem characterizes those regular spaces that 
are metrizable, by imposing a condition on the covering by a basis; by 
using other types of coverings, one can in fact characterize the T x (and 
even the T 0 ) spaces that are metrizable. 

9.5 Theorem Let Y be an arbitrary space. The following statements 
are equivalent: 

(1) . Y is metrizable. 

(2) . (K. Morita) Y is a T 0 space, and there exists a sequence 

{f$ n \neZ + } of nbd-finite closed coverings with the 
property: for each y e Y and nbd W(y) there is an n such 
that St (y, % n ) c W. 

(3) . (A. H. Stone) Y is a T 0 space and there exists a sequence 

(U n | n g Z + } of open coverings with the property: for each 
y g Y and nbd W(y) there is a nbd V(y) and an n such that 

St( V, U n ) c w. 

(4) . (A. Arhangel’skii) Y is a T x space and there exists one 

sequence (U„ j n e Z + j of open coverings that is locally 
starring for every open covering. 



Sec. 9 Metrization of Topological Spaces 197 

Proof: (1) => (2) is trivial, since metric spaces are paracompact. 

(2) => (3). It is no restriction to assume that g n + 1 -< 7$ n for each n. 
We are going to show that 

U n = (Int[St(j>, 3f„)] | y e y}, n e Z + , 

is a sequence of open coverings having the property required in ( 3 ). 
First, each ll n is an open covering. Indeed, for eachy 6 Y, let 

K(y) = Y- u {FE% n \yeF}; 

each V n (y) is an open set, and ye V n (y) C St(j>, ft B ); since {V n (y) \ ye Y} 
is evidently a covering, therefore so also is U n . 

We note that F n V n (y) # 0 if and only ifyeF; it follows from 
this that: (a) if x e V n (y), then St(#, ft n ) C St(y, g n ); and (b) if 
St(s, 3 f„) n V n (y) 0 for some £ e Y, then z e St(y, g B ). 

Now, to see that (U n | n e Z + } has the property in (3), let W(y) be 
given; determine k and n > k so that 

W(y) D St(y, % k ) D D St(y, $„) D F n (y); 

then St(F n (y), U n ) C ^(j): for, whenever St(*, fJ B ) n F n (_y) # 0 , we 
find from (b) that 2 e St(y, $ n ) C F^j), then from (a) that St(^, % k ) C 
St( y, 3r fc ) C JF(j/), and finally from g n < that St(ar, ft B ) C St(*, C 
JT(y); since Int St(s', $ n ) C St(^, g n ), the desired conclusion follows, 
and the proof is complete. 

(3) => (4). We need only show that Y is T x . Given two points x, y, 
assume that x is that one having a nbd W(x) not containing y. There is 
by hypothesis a nbd V(x ) and an n such that St(F, U n ) C W. Since 
U n is an open covering, there is some U eVL n containing y, and clearly 
U n V = 0 ; thus, Y is T x (even Hausdorff). 

(4) => (1). Y is paracompact, by VIII, 3.7. For each n, let 23 n be a 
nbd-finite refinement of U n ; we will show that | n e Z + } is a basis. 
Let W be open, and y e W; find an open G such that y e G C GC W 
and form the open covering U = {W, Y — G}. Since (U n | n e Z + } is 
locally starring for U, and since y belongs only to W, there is a nbd 
V(y) and an n such that St(F, U n ) C W. Since -< U n , we therefore 
have 

y e St (y, f8 n ) C St(j, U B ) C St(F, U B ) C W. 

Thus, (SS n | n e Z + } is a basis, and by the Nagata-Smirnov theorem, Y 
is therefore metrizable. 

The reader should contrast 9.5 (4) with VIII, 3.7, to emphasize the 
distinction between metrizability and paracompactness. 
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10. Gauge Spaces 

In this section, we consider spaces in which the topology is induced by 
a pseudometric or, more generally, by a family of pseudometrics. It will 
be seen that this property characterizes the completely regular spaces. 

The technique of using a family of pseudometrics to express the topol¬ 
ogy of a completely regular space permits the extension of many purely 
metric notions (such as completeness) to this wider class of spaces. 

In order to make the terminology and notation precise, we repeat here 
the definition of pseudometric that has been given in Section I: 

10.1 Definition Let Y be any set. A map d: Y x Y —> E 1 is called a 
pseudometric (or, an ecart; or, a gauge) in Y whenever 

(1) . d(x,y) > 0 for all x, y. 

(2) . If x = y, then d(x, y) = 0. 

(3) . d(x, y) = d(y } #) for all x, y. 

(4) . d(x, z) < d(x, y) + d(y, #) for every triple of points. 

The d- ball of radius e centered at y is the set 

B{y\ d, e) = {x | d(x,y) < e}. 

We prefer to use the term “gauge’' rather than the more usual “ecart” 
and "pseudometric,” and will do so hereafter. 

Ex. 1 Every metric is a gauge, but not conversely: d(x, y) — 0 need not imply 
that x = y. 

. Ex. 2 For any set Y and any/: Y —> E 1 , the map d f : Y x Y —» E 1 defined by 
df{x, y) = | f(x) — f(y ) | is a gauge in Y, called the gauge derived from/. Not all 
gauges are derived from maps: the Euclidean metric on 1 2 is not derivable from 
any/: I 2 —>E 1 , since such a map would then be a continuous injection, which 
(c/. XI, 2, Ex. 4) is impossible. 

Ex. 3 A gauge d B on any one factor Y e of a cartesian product f] L induces a 
gauge ion[]L by d(x, y) = d e [p e (x), p 0 (y)]. 

Ex. 4 If {d a | a e is any uniformly bounded family of gauges on Y, it is 
simple to verify that d{x, y) = sup {d a (x, y) | a e sY} is also a gauge on Y. Further¬ 
more, for any gauge d and any constant M > 0, the function min(M, d) is also a 
gauge. 

A family 2 = [d a | a e ,sY) of gauges on Y is called separating if for 
each pair of points x Y- y there is a d a e 3) such that d a (x, y) ^ 0. 

10.2 Definition Let Y be a set and = {d a \ a e sf\ a separating 

family of gauges on Y. The topology having for a subbasis 

the family = {B(y; d a , e) | ye Y, d a e 2), e > 0} of balls is 

called the topology in Y induced by the family 3). 
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Because we require 3 to be separating, it follows that (a): the topology 
3(3) is always Hausdorff, and (b): if ^ consists of one gauge alone, 
then that gauge must be a metric and 3(3) is the topology induced by 
that metric. As metric spaces show, distinct families of gauges in F may 
lead to the same topology. 

10.3 Definition A gauge structure for a topological space (F, ST) is a 
separating family 3 of gauges such that ST = 3(3). A topo¬ 
logical space that admits a gauge structure is called a gauge space. 

If Y has the gauge structure 3, a basis for its topology can be obtained 
by enlarging 3: 

1 0.4 Let 3 = {d a \ a e sY) be a separating family of gauges in F. Let 
3 + be the family of gauges 

{max(i ai , • • •, d Un ) | all finite subsets {a 1} • • •, a n } C 3). 
Then the family 93(S + ) of all balls is a basis for 3(3). 

Proof: It is simple to verify that if d + = max(4 lt • • •> d Un ), then 

n 

B(y; d + , e) — P| B(y\d Ui , e) for each e > 0; thus, each member of 

23(S + ) is open in 3(3). The proof that < !&(3 + ) is a basis for 3(3) is 
now entirely similar to that given in 2 . 1 . 

Ex. 5 In a gauge space (Y, 3(3)), the expression of any given topological 
concept in terms of the gauges uses the basis %5(3 + ) [rather than the subbasis 
93 (3)] and is similar to that given in terms of the metric in metric spaces: calling 
the ball B(y; d + , e) a (d + , e)-nbd of y, the idea of an e-nbd in metric spaces is 
replaced by that of a (d + , e)-nbd in gauge spaces. Thus, y e A if and only if each 
(d + , e)-nbd of y meets A. Similarly, an /: Y —> Z is continuous if for each y e Y 
and open W 3 f(y) there is a d + e 3> + and an e > 0 such that f[B(y; d + , e)] C W. 

Ex. 6 The formula | d(x, y) — d(x', y') | < d(x, x') + d(y, y') is valid for any 
gauge; it shows that in any gauge space ( F, JF (3)) each d + e 3 + is a continuous 
map of Y x Y into E 1 . 

In addition to showing that subspaces and cartesian products of gauge 
spaces are gauge spaces, the following theorem also gives the construction 
of a gauge structure for such spaces starting from one in each factor: 

10.5 Theorem (1). Let the space F have the gauge structure 3 and 
let A be a subspace of F. Let 3 A be the family of gauges in 3, 
each restricted to A x A. Then 3 A is a gauge structure for the 
subspace A. 
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(2). Let {( Y 0 , 22(23 ff) | e 28) be any family of gauge spaces. 
For each j 8 g J 1 , let 23 0 be the family of gauges induced on n Y 0 
by the members of 23 B . Then the family {23 0 \ ft e 2$) of gauges 
is a gauge structure for the cartesian product topology of the gauge 
spaces. 

Proof: (1) is left for the reader. (2). We need only observe that the 

sets < B(y\ d a , e)> C II ^ are a subbasis for both topologies. 

The position of gauge space topologies is 

10.6 Theorem A space Y is a gauge space if and only if it is completely 
regular. 

Proof: Assume that Y has the topology 22(23) for some separating 
family 23 of gauges. Let e U, where U is an open set. By 10.4, there 
is a d + e23 Jr such that B(y 0 \ d + , e) C U; then f(y) — min [1, e~ 1 d + (y, j> 0 )] 
is a continuous map of Y into E 1 such that f(y 0 ) = 0 ,f{f8U) = 1. 
Thus, Y is completely regular. 

Conversely, assume that Y is completely regular. Then Y can be 
embedded (VII, 7.3) in a suitable cartesian product P Y of unit intervals /. 
Since / is a gauge space, so also (10.5) is P Y and therefore also Y. 

10.7 Corollary A completely regular space is metrizable if and only 
if it admits a countable gauge structure. 

Proof: Only the sufficiency requires proof. Letting 23 = {■ d n \neZ +} 
be a countable gauge structure for the space, the reader can verify that 

00 

d{x,y) = 2 min[ 4 (v, y), 2~ n ] 
i 

is a metric that induces the topology 22(23). 


11. Uniform Spaces 

A metric d in a space Y can be regarded as providing a measure of 
nearness that is applicable throughout the space: for each e > 0, we 
may consider all the sets B(y; e) as being equally small. This notion of 
uniform smallness is not a topological concept: equivalent metrics 
specify different sets as being equally small. In this section, we consider 
the idea of uniformity in general topology due to A. Weil; it has many 
important applications, particularly in the study of topological groups. 
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The notation of binary relations in a set Y will be used. Given 
U, V C Y x Y, we define U~ x = {(j>, x) | (x, y) e U} and U ° V = 
{(x, sr) | ly: [(x, y) e V] A [(y, s) e £/]}. Furthermore, for each y e F, 
we let = {z \ (y, z) e U}] and A C Y x Y will denote the 

diagonal. 

11.1 Definition* A uniform structure in a set Y is a family $ of subsets 
of Y x Y such that 

(1) . If Kefo then A C V. 

(2) . If V ly V 2 e S, then there is a We S such that IF C Fj. n F 2 . 

(3) . If F e then there is a IFe S such that IF ° IF -1 C F. 

(4) . If F e S and F C IF, then IF e S- 

The uniform structure is called separating if P| {F | F e = A. 

A family satisfying only (1), (2), and (3) is called a base for a uniform 
structure or, more simply, a uniformity. Since {A e 0>(Y x Y) \ A C A} 
is a uniform structure, and since the intersection of uniform structures 
is also a uniform structure, each uniformity generates a unique smallest 
uniform structure containing it. Two uniformities gq, g 2 , are equivalent 
if they generate the same uniform structure. It is simple to see that gq 
is equivalent to Qq if and only if for each V X .E gq there is a F 2 e^ 2 such 
that F 2 C Fu and also for each JF 2 e $ 2 there is a fF x e gq such that 
W x C W 2 . 

For an interpretation of a uniformity g, call two points F-close 
whenever (x, y) e F or, equivalently, ye V[x \; in this terminology, (3) 
says that for each Feg, there is a IF e $ such that whenever x is W- 
close to y and y is IF-close to z, then x is F-close to z. Thus, each 
member of the family A can be regarded as a relation of uniform nearness 
defined over the entire set Y. 

Ex. 1 Let Y be a metric space, and d a metric for Y. For each e > 0, let 
V(e) = {(x, y) e Y x Y \ d{x, y) < e}; then the family {F(e) | e > 0} is a uni¬ 
formity in Y, called the uniformity determined by d. Observe that equivalent 
metrics in a space Y need not determine equivalent uniformities: for example, in 
the space {x | x > 1} C E 1 , the uniformities determined by the equivalent metrics 
d(x, y) = \x — y\ and d'(x, y) = |x -1 - y _1 | are not equivalent. 

Ex. 2 If (y, STiffi)) is any gauge space, then the family of sets 

{(*, y) C y X y I d{x, y) < e} 

for all d e 2 and € > 0 is a uniformity in Y, called the uniformity determined by B. 

Ex. 3 The idea of uniform continuity has its natural expression in terms of 
uniformities: if X, Y are sets with uniformities $, respectively, amap/:Z-> Y 
is called uniform with respect to the given uniformities whenever for each Fe@ 
there is a Ue% such that if ( x, y) e U, then (f(x), f(y)) e V. This leads to the 
idea of a uniformly continuous map of a gauge space ( X , (B)) into another, 
(y, : it is a continuous map of X into Y that is uniform with respect to 
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the uniformities determined by &>'. Stated directly in terms of the gauges: 
/: X — > Y is uniformly continuous if for each d' e 2' and e > 0, there exists a 
d e Q> and a 8 > 0 such that if d(x, y) < S, then d'(f(x), f(y )) < e. Notice that 
even in metric spaces, a continuous map may be uniformly continuous if one pair 
of metrics is used, but not uniformly continuous when another pair of equivalent 
metrics is used; uniform continuity is therefore not a topological concept. 

The concept of a uniformity can be expressed equivalently by cover¬ 
ings of the set Y: 

11.2 Definition A family G = (tt a | a e s/} of coverings of a set Y 
is called a uniformizing family if 

(1) . Each pair of coverings U a , G G have a common refine¬ 

ment U y g G. 

(2) . For each U a eG there is a barycentric refinement e G. 
The family is separating if for each pair x ^ y of elements, there 
is some VL a such that y e St(x, U a ). 

The intuitive idea is that sets belonging to the same covering have the 
same “size”. The precise relation between I l.l and 11.2 is 

11.3 (a). Let G = (U a | aes/} be a uniformizing family. For each 
a e stf, let V a = 1J {U x U | U e U ft }. Then m(G) = { V a \ a e ja/} 
is a uniformity. 

(b). Let ^ be a uniformity. For each V g let VL(V) be the 
covering {V[y] \ y e Y}. Then the family c($) = (U(F) | V g 
is a uniformizing family. Furthermore, m[c(5)] is a uniformity 
equivalent to ft. 

Proof: The proof of (a) is straightforward, and is omitted. The proof 
for the first part of (b) depends on the observation that, whenever 
Wo W~ x C V, then St(j, U(fT)) C V[y] for each y e Y. For the 
second part, one first establishes that V U(V) = Vo F -1 , and then notes 
that VC Vo V- 1 . 

We now use a uniformity to derive a topology. Any uniformity g in Y 
gives a topology in Y by taking the family {V[y] | V Eft, ye Y} as 
basis. With this topology in Y, it is easy to verify that in the space 
Y x Y, the family {Int V \ V e is a uniformity equivalent to g and 
inducing the same topology; in particular, when considering the space 
(Y,tr (30) there is no loss in generality to assume that each V e $ is 
open in Y x Y. If one starts with a uniformizing family G = 
(U a | a e sV) rather than with 3, the induced topology in Y is that having 
the family (St(y, U a ) | ye Y, a e j/} as basis; then for each a e s/, each 
U eU a is open and, furthermore, the uniformity «(G) gives the same 
topology. 
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A space with a topology derived from a uniformity is called a uniform 
space ; it is Hausdorff if and only if the uniform structure (or uniformizing 
family) is separating. 

Now let ( Y, 3 r ) be an arbitrary topological space. A uniformity g in Y 
is called compatible with the given topology whenever ^(g) = 
Assume, for example, that Y is a metric space, and ^ is a uniformity 
compatible with the topology. We have seen that equivalent metrics do 
not necessarily give the same uniformity, so the question arises: is there 
a metric that gives the topology of the space and also determines the 
given uniformity? The general answer to this question, which accounts 
for the importance of gauge spaces, is 

1 1.4 Theorem Let ( Y , 3~) be a topological space, and $ a separating 
uniformity compatible with the topology. Then Y must be a 
gauge space, and there exists a family of gauges such that 

(1) . The topology ZF is precisely the topology 

(2) . The uniformity determined by 2 is equivalent to the 

given uniformity 

Proof: We may assume that the uniformity is given by a uniformizing 
family G = (U a | a. e jx?} of open coverings. For each open covering 
U a e G, we first construct a gauge d a as follows: 

Let 5B 0 = (Y), = U a , and define a sequence (SS n | S3 n e G} of open 

coverings inductively so that each 58„ + 1 is a star refinement of ( cf. 
VIII, 3.4). For each pair of points x,ye Y, let 

X(x, y) = inf {2~ n \ x e St (y, ® B )}, 

P'i'X'OJ ' ‘ x k ) = *(*0i ^l) T * ' * + ^( x k-l> x k)y 

d a (x, y) = inf {K x o> •••>«*)! all finite sets (x 0 , • • •, C Y 
such that x 0 = x, x k = y}. 

Then d a is a gauge: d a {x, y) = 0 whenever x = y and d a (x, y) = d a (y , x) 
for each pair of points x, y. The triangle inequality is immediate from 
the definition of d a (x, y) as an infimum. 

We now determine the size of the *4-balls. It is evident that d a (x y y) ^ 
A(^, y) so that St(j, SS n ) C B(y\ d a , 1/2” _1 ). We will show that also 
B(y ; d a , l/2 n ) C St (y, ^.i); this will follow once we prove that 

K X 0 > X k) ^ '^‘P'i x Oy ■ > x k ) 

because then we would have A(#, y) < 2d a (x, y) so that d a (x, y) < 2~” 
gives A (x, y) < 2~” + 1 and therefore that xe St(j>, 8S n _i). 

The proposed inequality is proved by induction on k , the assertion 
being true for k = 1. Assume it is true for all k < r, and let p(x 0 , • • •, 
x r , «v +1 ) = a. Let s be the largest index for which p(x 0 , • • - , x s ) ^ a/2 ; 
then p(x s + 1 , • • •, x r+1 ) ^ a/2 also, and by the induction hypothesis we 
find A(x 0 , x s ) ^ 2a/2, A(.* s + 1 , x r+1 ) ^ a , and certainly A(* s , x s + 1 ) ^ a. 
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Now choose the largest 2~ m ^ a. By the definition of A we must have 
A(^ 0 , x s ) ^ 2~ m , A(v s , x s + 1 ) ^ 2~ m , and A(x s + 1 , x r+1 ) ^ 2~ m . It follows 
from this that there is a V e f8 m containing {x s , ;v s + 1 } and that x 0 and 
x r + 1 belong to St(F, $8 m ), which is contained in some U e l SS m - 1 . Thus, 
A(v 0 , x r + 1 ) ^ 2 _m + 1 ^ 2 a and the inductive step is complete. 

We now complete the proof of the theorem rapidly. Let Q) = 
{d a | a e s/} be the family of gauges obtained in the manner indicated 
above, one for each U a . From what we have proved, the family 93(^) 
of balls is a basis for the topology ^”(5) so that — 2X. Verification 

that the uniformity determined by Q> is equivalent to % being routine, 
the proof is complete. 

It is not hard to verify that the family 2d of gauges determining the 
topology and giving the uniformity ^ can be described alter¬ 

natively as follows: 2d consists of all gauges uniformly continuous when 
the uniform structure g is used in Y and that determined by the metric 
d(x, y) — — y\ is used in E 1 . 


Problems 


Section I 

1. Let d: Y x Y —> E 1 satisfy: (1) d(x, y) = 0 if and only if x = y, and (2) 

d(x, y) < d(z, x) + d(z, y) for all x, y, z. Prove: d is a metric. 

2. Let d iy i — 1, 2, • • •, n be n metrics in a set Y. For any constants a x ^ 0, not 

n 

all zero, show that 2 a i di(x, y) is a metric. 
i 

Section 2 

1. Give an example to show that in a metric space ( X , 2Y(d)), it is not necessarily 

true that (a) B d (a, r) = {x \ d{x, a) < r}, and (b) Fr[i?(a, r)] = {x | d(x, a) — r). 

2. Prove that a pseudometric d in Y induces a topology that has {B d (y, r) ] y e Y, 

r > 0 } as basis. 


Section 3 


1. Let ( Y, 2T(d)) be a metric space. Show that 


p(x,y) --- 


d(x, y) 

1 + d(x,y) 


is a metric in Y and that p ~ d. 

2. Let Yi, • • •, Y n be metric spaces, and d lt ■ • •, d n be metrics for these spaces. 
Show that 


d[(x i, • • •, *„), (yi, • • •, y n )] = max {di(x t> y t ) J i = 1 ,•••,«} 

n 


is a metric for the space Y { 
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3. Let X — ]0, 1[ C E 1 . Show: 

a. d(x, y) = \x~ 1 — y -1 is a metric on X. 

b. d is equivalent to the usual metric d 0 (x, y) — |x — y| on X. 

c. There exists no metric on E 1 that coincides with metric d on X. 


Section 4 


1. Let {A a | a esY) be a nbd-finite family of sets in a metric space Y. Let d be a 
metric for Y. Prove that the map y —» sup {d(y, A a ) | a e sY) of Y into E 1 is 
continuous. 

2, Prove: 

a. 8(A) = 0o(A = 0) V (A is a single point). 

b. 8(A) = 8(A). 

c. A C B ^ 8(A) ^ 8(B). 

d. If A n B * 0 , then 8(A u B) ^ 8(A) + 8(B). 


3. Prove: 

a. d(A, B) = d(A, B). 

b. d(A, C) < d(A, B) + d(B, C) + 8(B). 

c. d(A, C) sS d(A, B) + d(A u B, C) + 8(B). 

d. d(A, BvC) = min [d(A, B), d(A , C)]. 

e. (A C B C A) => (d(p, A) = d(p, B) = d(p, A)). 


4. Let S be the set of all closed non-empty subsets of a metric space Y, and let p 
be a fixed point of Y. In the set S, define 

d p (A, B) = sup{| d(y, A) - d(y, B)\ e ~ d <»•*> | y e Y}. 

Show that d p is a metric in the set S and that d p ~ d q for any two p, q e Y. 

5. In the complex plane, let Y = {z | [zj < 1}, and define p(x, y) in Y x F as 
follows: Extend the line joining x, y so that it intersects the circumference at 
points v, u, and take the order of the points to be v, x, y, u. Let d be ordinary 
distance measured along this line and let 


p(x, y) = log 


d(x, u) 
d(x, v) 


d(y, r) l 

d(y, u)J 


Prove that p is a metric in Y. 

6. Prove: A connected metric space with more than one point must contain at 
least 2 s ® points. 

7. Let d be a pseudometric in Y, and let R be the equivalence relation xRy o 
d(x, y) = 0. Then Y/R is a metric space (see I). Prove that, if the pseudo¬ 
metric topology of 2, Problem 2, is used in F, then the projection p: Y —► Y/R 
is a continuous open and closed surjection. 

8. Let (X, d) be a metric space, and^(A) the set of all nonempty bounded closed 
sets in X. For (A, B) e 3F(.X ) x ^(X) define h(A, B) = sup {d(x, B) \ x e A} 
and let p(A, B) = max \h(A, B), h(B, A)]. Prove: 

a. p is a metric (called the Hausdorff metric) in &(.X). 

b. p({a), {b}) = d(a, b). 

c. p(A, B) < e if and only if [A C U(B, e)] A [B C U(A, c)]. 

d. p(A, B) < e if and only if B C U(A, e) and Va e A: B(a , e) n B ^ 0 . 
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Section 5 

1. Let (Y,&~ ( d )) be a path-connected metric space, and/: I —» Y be a path in Y. 
For each finite subdivision t 0 = 0 < ti < • • • < t n — 1 of /, let 

L(t 0 ,...,t n ) = 2 <*[/(*!-i),/(«i)]; 

i 

if A(/) = sup{L(t 0 , • • •, t n ) |, all finite subdivisions of 1} is finite, then/is called 
rectifiable, and A(/) is its length. Now, let A C Y also be path-connected; for 
each a, be A, define p (a, b ) = inf {A(/) j all rectifiable paths in A joining a, b}. 
Prove: p is a metric on A (p is called the “geodesic distance” on A). Show that 
in E 2 , starting from the metric of I, Ex. 3, the geodesic distance on A = S 1 is 
the length of the shortest of the two arcs on 5 1 joining the points. Finally, let 
C be a closed curve in E 2 enclosing the origin and having no rectifiable subarc, 
and let A be the cone having (0, 0, 1) = v 0 as vertex and C as base; prove that 
the geodesic distance between two distinct points c, c e C is the length of the 
broken straight line cv 0 vj v 0 c'. 

2. Let Y be a separable metric space, {U t j i e Z + } a basis. For any set A C Y, 
define 

Pn(A) = 1 if U n nA^0, 
p, n (A) =0 if U n n A = 0 , 

and set 

p(A) = | 2 ~ n p n (A). 

i 

Prove: 

a. If A C B, then fi(A) ^ p.(B). 

b. p.{A) = p.(A). 

c. p.(A u B) p.(A) + p.(B). 

d. If A is closed and a proper subset of B, then p-(A) p.(B). 

3. Prove: (a): The continuous open image of a 1 ° countable space is also 1 ° count¬ 
able, and (b): X x Y is 1 ° countable if and only if both X and Y are 1 ° countable. 

4. Let y be a topological space. A subset 3? C &(Y) is called local if each y e Y 
has a nbd U(y) e 5?. A subset 34? C 0*(Y) is called G-hereditary whenever it 
satisfies the following three conditions: 

(a) . If A e 34? and if W C A is open in A, then W e 34?. 

(b) . If U, V are open, and if U, V e 34'?, then U U V e 34*. 

(c) . If {U a | a e ,&} is any family of pairwise disjoint open sets in Y, and if 

each U a e 34?, then U {U a | a e s/} e 34?. 

Prove: If Y is a metric space, and if 34? C 0*(Y) is both G-hereditary and 
local, then Y e 34?. 

[Hint: Let U = {U(y) \ y e Y} be an open covering of Y with each U(y) e 34?. 
Show first that U has a refinement S3 that can be decomposed as S3 = 
{V J ie Z + }, where each is a pairwise disjoint family of open sets ( cf. VIII, 
3.5). Then prove successively that each of the following sets belong to 34?: 

(1). Each Qi = U {V | V e tTJ, * 2 * 1 ; (2). Each G n = U0 f ,Ol; (3). Each 

i 

W n = {y | d(y, Y - G n ) > 1 /«}, n > 1; (4). Each H n = W n - PF n _ 3 , n > 1, 

00 00 

where W t = 0 for i 0; (5). Y = (J H in + i u (J H in - X . This result is due to 

i i 

E. A. Michael, and is also true for paracompact spaces Y.] 
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5. Use the result of Problem 4 to prove D. Montgomery’s theorem: Let Y be a 
metric space, and let B C Y. If each b e B has a nbd U(b) in B that is a G d 
in Y, then B is a G 6 in Y. 


Section 7 

1. Let {Y n | «e Z + ) be metric spaces, and choose a metric d t for each Y t . Let 

00 

ki > 0 be constants such that 2 Y t ) < co for large N. Show that p(x, y) — 

N 

2 kidiipcu yi) metrizes the topology of Yj. 

i 

2. Let { Y t | i e Z + } be metric spaces and choose metrics {d t } such that 8 t ( Y ( ) ^ M/i 
for each i. Show that 


d(x,y) = 


J 2 ^)] p 


i 

metrizes the cartesian product topology of FT Y n . 


(P > 1) 


Section 8 

1. Let C = 2 K °. Prove that there can be no continuous surjection of E c onto / 2 (C). 

2. Show that /“ has no interior in E* o. 


Section 9 

1. Let Y be regular. Prove that Y is metrizable if and only if it has a sequence 
{U„ | n e Z + } of open coverings such that each finite open covering of Y is 
refined by some si„. 

2. Let X be a T 0 -space, and assume that there is a countable family {U n | ne Z + ) 
of open coverings such that the sets {St[St(x, U„), U„] \ n e Z + } form a nbd 
basis at x for each x e X. Prove that X is metrizable. 

3. Prove that a HausdorfF space X is metrizable if and only if for each x e X there 
exists a countable family {V n (x) \ n e Z + } of open sets such that 

a. {V n (x) | n e Z + } forms a basis at x. 

b. V V n (x) 3 m = m(x, n ) > n: V m (y ) n V m (x ) ^ 0 => V m (y) C V n (x). 

4. Prove: If a T 0 -space Yis the union of a nbd-finite family of closed metrizable 
subspaces, then Y is also metrizable. 


Section 10 


1. If d is any gauge in a set Y, then for any A C Y we define d(x, A) = 
inf {d(x, a) | a e A}. Now let ( Y, IT(&)) be a gauge space, and let A Q Y be a 
fixed set. Prove: 

a. A= n {y\d + (y,A) = 0}. 


d + e^ + 

b. The map y d + (y, A) is continuous for each d + e + . 
2. Let ( Y, 3Y{Qj)) be a gauge space, and let A C Y. Prove: 


Int(^) = {y | 3 d + eS> + 3 e > 0: B(y, d + , e) C A). 
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3. Show that the class of completely regular spaces is the smallest class of topo¬ 
logical spaces that contains the separable metric spaces and is closed under 
formation of subspaces and cartesian products. 

Section 11 

1. Let Y be any space, and let {U 4 | i > 0} be a sequence of open coverings 
such that each U i + i is a star-refinement of Uj. Prove: There exists a metric 
space M and a continuous surjection p: Y —> M such that the open covering 
{p~ x [B(ni, 1)] | m e M } refines U 0 . [Hint: Let d be a gauge in Y determined as in 
11.4, and let M be the quotient space of Y by the relation xRy o d(x,y) = 0.] 



Convergence 

x 


The concept of convergence in general topology will be developed in this 
chapter. This concept includes the usual ones encountered in analysis, 
and applies equally well even to multiple-valued functions. The funda¬ 
mental idea is that of a filterbase in a topological space. 


I. Sequences and Nets 

In this section we give explicitly the definition of convergence for 
sequences and nets in general topological spaces, and indicate how these 
lead to the notion of a filterbase. 

I. I Definition Let Z + be the set of positive integers. A sequence in a 
space Y is a map <p: Z + —> Y. We say: 

(1) . cp converges to y 0 (written cp -> y 0 ) if: 

V U(y 0 ) 3 N V n ^ N : 9 ?{n) e U. 

(2) . cp accumulates at y 0 (written cp >* y 0 ) if: 

V U(y 0 ) V N 3 n ^ N : 9 o{n) e U. 

A sequence cp in Y is also denoted by {y n } to indicate that <p(n) = y n ; 
in this case, cp y 0 is written y n -> y 0 , or lim y n = y 0 , and y 0 is called a 
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limit point of the sequence { y n }. For each monotone increasing map 
P: Z + Z + and each sequence cp: Z + -> Y, the map « —^ 9 ? o ^.(n) is 
called a subsequence of cp. 

Ex. 1 For sequences of real numbers, the Definitions in 1.1 reduce to the usual 
ones of elementary analysis. For example, <p—>y 0 becomes 
V«>0 3A^V«^ N: cp(n) e B(y 0 , e). 

Ex. 2 The concepts of limit and accumulation point should be delineated 
from each other, and from “cluster point of the set <p(Z + )”. Clearly, [<p —> y 0 ] => 
[<P >* yo\, and in Hausdorff spaces, [y 0 e cp(Z + )'J => [cp >* y 0 ] (cf. VII, 1 . 4 ). 
However, none of these implications is reversible: in E 1 , the sequence cp(n) = 
n + ( — 1 ) n n has exactly one accumulation point, 0; yet cp does not converge, nor 
does cp(Z Jr ) have any cluster point. 

That sequences are not sufficient for the purposes of analysis is 
already evident in the classical integration theory. There, with each 
one of the 2 x o finite partitions of an interval [a, b], one associates a 
Riemann sum (in fact, 2 s o such sums, depending on the points where 
[cf. 2, Ex. 7] the function to be integrated is evaluated), and a “limit” of 
these sums in a “direction,” specified by refinement in the set of parti¬ 
tions, is required. Nets provide a generalization of sequences that can 
handle this case. 

1.2 Definition A directed set D is a preordered set with the following 
property: For each a, b e D, there exists a c e D such that a -< c 
and 6 -< c. A net in a space Y is a map cp: D Y of some directed 
set D, and 

(1) . cp ->y Q if V U(y 0 ) 3 a V b >- a : cp(b) e U. 

(2) . cp >• y 0 if V U(y 0 ) V a 3 b >- a : cp{b) e U. 

Ex. 3 With the natural ordering ^, Z + is a directed set. A net with domain 

Z + is simply a sequence, and the definitions cp —> y 0 , cp >• _y 0 in 1.2 coincide with 

those in I. I. 

Ex. 4 The set of all open coverings of a space Y, with {17} < { V} meaning 
{V} refines {£/}, is a directed set, since any two coverings have a common refine¬ 
ment. Similarly, the set of all partitions of Y, preordered in the same way, is a 
directed set. 

Definitions 1.2 (1), (2) can be stated more directly by first introducing 

1.3 Definition Let D be a directed set. The terminal set T a deter¬ 
mined by an a e D is [b e D \a<b). 

Then, for a net cp: D —> Y, we have: 

cp^y 0 if V U(y 0 ) 3 T a : cp(T a ) C U, 
cp >• yo if V U(y 0 ) V T a : cp(T a ) n U # 0. 
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This formulation of the definitions shows clearly that the convergence 
of cp is not determined by the set 9 o{D) C Y, but rather by the behavior 
of the family of sets {cp{ T a ) \ a e D} in Y. Now, if we regard the map cp 
as serving simply to define the family [cp(T a )} of sets, then we can think 
of convergence as a notion that involves only the space Y and pertains 
to any family of subsets of Y having properties similar to those of the 
family {cp( T a )}. Such families of sets are called filterbases. 


2. Filterbases in Spaces 

2.1 Definition Let 7 be a space. A filterbase 21 in 7 is a family 
21 = {A a | « e sY} of subsets of Y having the two properties: 

(1) . V a e sY :A a ± 0, 

(2) . V a V p 3 y : A y C A a n A,. 

Ex. 1 Let 21 consist of one nonempty set; then 21 is a filterbase. If Y is an 
infinite set, {A C Y \ RtffA) < N 0 } is a filterbase in Y. 

Ex. 2 Let cp: D —> Y be a net. Then the family 21 ( 93 ) = {<p(T a ) \ a e D} is a 
filterbase in Y. For, given cp(T a ) and <p(T b ), first find a c e D such that a -< c, 
b -< c, and then observe that T c C T a n T b because -< is transitive. 21(9?) is 
called the filterbase determined by the net cp. 

Ex. 3 Let y be a space and y 0 e Y. The family U(y 0 ) of all nbds of y 0 is 
clearly a filterbase, called the nbd filterbase of y 0 - 

The Boolean algebra of filterbases is given in 

2.2 Let 21 = { A a \ a e sfj and 23 = {B e | f$ e &} be two filterbases 
in Y. Then: 

(1) . 21 U 23 = {A a U Bp | (a, jS) e stf x 38} is a filterbase.. 

(2) . If each A a D B e ^ 0, then 

21 n 23 = {A a n B 0 \ («, fi) e $0 x 38} 
is a filterbase. 

(3) . For each finite family [A Ul , • • •, A Un } C 2t, there is an 

A y g 21 such that A y C A Ui n • • • n A Un . In particular, each 

finite intersection of members of a filterbase is not empty. 

Proof: (1) and (2) are trivial, since U distributes over n, and con¬ 
versely. We prove (3) by induction. According to 2.1, the assertion is 
true for n = 2. Assuming its truth for n = k, we prove it for n = k + 1 
by first finding an A Yl C A ai n ■ ■ ■ n A Uk and then an A y C A Vi n A aic+1 . 
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The convergence concepts for filterbases are as follows: 

2.3 Definition Let St = {A a | a e stf } be a filterbase in Y. Then: 

(1) . SI converges to y 0 (written St —if: V U(y 0 ) 3 A a : A a C XJ. 

(2) . St accumulates at y 0 (written St >« y 0 ) if ; 

V U(yo) V A a : A a n Jj 0. 

It is evident from the definition ( cf . Ill, 4.3) that St >* y Q if and only 
if y 0 e (~) A a ; this alternative characterization of the accumulation points 

of a filterbase will be used very frequently. 

Ex. 4 Let St consist of a single set, A. If A has only one point, then St -» a; 
if A has more than one point, St accumulates at each point of A. If Y is an infinite 
discrete space, the filterbase {A | N(^4) < X 0 } does not converge and has no 
accumulation point. 

Ex. 5 Let St( 9 ?) be the filterbase determined by the net cp: D — Y. Then 
(p ~>yo [<P >* yol if and only if St(<p) -H*y 0 [Sl((p) >*> y 0 ]- 

Ex. 6 Let U(y 0 ) be the nbd filterbase at y 0 . Then U(y 0 ) —^o; it may also 
converge to other points, as in Sierpinski space, where 11(0) —> 0 and also to 1. 

Ex. 7 Letg: [a, b\ -» E 1 be given, and let {P} be the directed set of all partitions 
of [a, b\ cf. 1, Ex. 4. For each partition P, let a = x 0 < Xi < - • • < x n = b be its end 
points, and let R P be the set of all real numbers 

n 

i = 1 

for all choices & e [»i-i, acj. Define A P = (J {Rq | P < Q}; then St = { A P } is a 
filterbase in E 1 , and g is Riemann integrable on \a, b ] if and only if St converges. 

The idea of “subsequence” is given by 

2.4 Definition Let St = {A a | a e sY) and S3 = {B b | f3 e be two 
filterbases on Y. S3 is subordinate to St, written S3 i- St, if 

V A a 3 Bpi Bp C A a . 

Ex. 8 Let St( 9 ?) be the filterbase in Y determined by a sequence cp. If i Jj: Z + —> Y 
is a subsequence of cp, then St(«/f) I— St(<p) follows at once. However, it is not true 
that if S3 i— St(<p), then S3 is a filterbase determined by some subsequence of cp, 
or even that S3 has at most countably many members. For example, if Y is an 
uncountable set, the sets of St(<jc>) together with {A \ NffiA) < X 0 } form a filterbase 

S3 h- S%). 

Ex. 9 The relation I— is a preordering in the family of all filterbases in Y, but 
l— is not a partial ordering: In the space Y = Z + , the two distinct filterbases 
S3 = {T 2n | n eZ + ) and SI = {T n \ n e Z + } satisfy SI y- S3 and S3 I— SI. 

The subordination relation has the useful properties: 
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2.5 (1). If-91 C 58, then 58 i- %. 

( 2 ) . 1 / 58 i— St, then each member of 58 meets every member of 5t. 

(3) . St —>y 0 ^ and only if St h- U(y 0 )- 

Proof: (1) is obvious. (2). Assume 3 B e 3 A a : A a n B 0 = 0 ; since 
58 i- St, for this A a we can find a B y C A a , and then B v n B e = 0 
contradicts' that 58 is a filterbase. (3). Compare the definition of 
St i- U(y 0 ) with 2.3(1). 

Remark I: In any space Y, the concepts of convergence based on filterbases 
and on nets are “equivalent” in the sense that first: (cf. Ex. 5) each net 9 9 determines 
a filterbase St(<p) such that <py 0 according to 1 . 2 , if and only if St(<p) —^ 320 
according to 2.3; and second: (G. Bruns and J. Schmidt) each filterbase St deter¬ 
mines a net (p: D —> Y such that 5)1 if and only if cp-+yo. To prove the 

second statement, it suffices to show that cp and D can be selected so that for each 
A e St there is a deD such that q>{T d ) = A. Let D be the set of all ordered 
couples (a, A), where a 6 A e St, and preorder D by setting (a, A) -< ( 6 , B ) when¬ 
ever B C A; then D is directed because 5)t is a filterbase. Defining the net 99 : Z) —> Y 
to be the map (a, A) —> a, it is trivial to verify that if T is the terminal segment 
determined by any given ( b , B ), then <p(T) — B. 

It frequently happens, in any given instance, that one of these two methods for 
expressing convergence is more convenient than the other. 

Remark 2: In the Boolean algebra &(Y), a family of sets^ with the properties 
(1) [A, Be#"] =► \A n B eJ 7 ], and (2) (A eF) A (A C B) => (BeJf), is 
called a dual ideal; it is a proper dual ideal, or filter, if also (3) 0 e IF. It is easy to 
see that a family {A a \ a e s/} is contained in a filter if and only if {A a } is a filter- 
base ; { A a } is then called a base for the smallest filter containing it. 


3. Convergence Properties of Filterbases 

Though a filterbase may converge to more than one point (cf. 2 , Ex. 6), 
this can occur only in non-Hausdorff spaces. 

3.1 Theorem Y is Hausdorff if and only if each convergent filterbase 
in Y converges to exactly one point. 

Proof: Assume that Y is Hausdorff and that 51— >y 0 . For any 
Ji ^ Ao> find disjoint nbds U(y 0 ), U(yf)\ since by hypothesis there is 
some A a C U(y 0 ) and since any two A a , A e have nonempty inter¬ 
section, there can be no A e C U(y 1 ) \ thus, 51 cannot converge to^ # y 0 . 
Conversely, assume that Y is not Hausdorff. Then there must exist 
Vo, yi such that V U(y 0 ) V U(yf) : U(y 0 ) n U(y x ) ^ 0 ; by 2.2, 58 = 
U(y 0 ) n U^) is therefore a filterbase, and evidently 58 —^y 0 , 58 —> 3 ^. 
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The usual relations between the convergence properties of sequences 
and their subsequences extend to filterbases in the form 

3.2 Theorem (1). If 91 converges to y 0 , then 91 accumulates at y Q and, 
in Hausdorff spaces, at no point other than y 0 . 

(2). Let 93 i— Then; 

(a) . [91 -*y 0 ] => 

(b) . [93 >- y 0 ] =► [91 >e y 0 ). 

Proof: (1). Given U(y Q ), there is some A a C U(y 0 ); since each A B 
must intersect A a , it follows that V A fi : A 0 n U(y 0 ) # 0, so 91 >• y Q . 
Now let Y be Hausdorff, and let y x ^ y 0 ; choosing disjoint nbds 
U(y 0 ), U(yf), there must be some A a e 91 contained in U(y 0 ); then 
A a n U{yf) = 0, and so 91 cannot accumulate at y x . 

(2a). V U(y 0 ) 3 A a : A a C U{y 0 )\ since 93 »— 9t, there is a 
B p C A a , so 93 —>■ y 0 also. 

(2b). Given U(y 0 ) and A a , there is some B b C A a , and since 
V B 0 : B 0 n U(y 0 ) # 0 , we find V A a : A a n U(y 0 ) # 0 , which proves 
% >• y. 

3.3 Corollary (1). 9t -> y 0 if and only if V 93 »— 91 3gi-93 :©^y 0 * 

(2). 91 >« y 0 if and only if 3 93 h- 91 : 93 ->y 0 . 

Proof: Ad (1). The “only if” is trivial. “If”: Assume that 91 does 
not converge to y 0 , so that 3 U(y 0 ) V A a :A a <£ U(y 0 ). It then follows 
from 2.2 that 93 = 9ln^[/isa filterbase, and clearly 93 t- 91. Since y 0 
is not an accumulation point of 93 we find from 3.2(1), 3.2(2b) that no 
filterbase subordinated to 93 can converge to y 0 . 

Ad (2). If 93 i- 91 and 93 —^ jy 0 , then by 3.2, 58 >- y 0 , so that 

91 >■ y 0 . Conversely, assume 91 >° y 0 and let 93 = 91 n U(y 0 ) ; S3 is a 

filterbase because all A a D U(y 0 ) # 0 , and we evidently have 93 t- 91, 
and 93 -+y 0 . 

Restricting 91 and 93 to be sequences , so that 93 i— 91 means 93 is a 
subsequence of 91, 3.2 and 3.3 become the usual statements involving 
sequences and subsequences in the spaces of elementary analysis. Con¬ 
sidering now these sequential statements in general topological spaces, 
it is clear that 3.2 is also true, and we will prove in 6.1, that 3.3(1) is 
valid too; however, 3.3(2) fails: that is, a sequence may accumulate to a 
point y 0 and yet have no subsequence converging to y Q . This pathological 
behavior is one reason that sequences alone are unsatisfactory for the 
purposes of general topology. 

Ex. 1 (R. Arens). Let Y — [Z + xZ + ]w {(0, 0)} with the following (Haus¬ 

dorff) topology: 

(a). Discrete topology on Z + x Z + . 
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(b). Nbds of (0, 0) are all sets U containing (0, 0) and satisfying the condition: 
3 N V n ^ N : U contains all but at most finitely many points of n x Z + . 

The sequence giving the diagonal enumeration of Z + x Z + accumulates at 
(0, 0); but it is easy to see that no subsequence can converge to (0, 0). 

4. Closure in Terms of Filterbases 

In this section, we show that all the basic topological concepts can be 
expressed by filterbases; for this, it suffices to characterize the closure 
operation. 

4.1 Theorem Let Y be a space, and A C Y. Then y e A if and only 
if there is a filterbase on A converging to y. 

Proof: Let y e A; then U(y) C\ A # 0 for each U e U(y), so that 
23 = A n U(y) is a filterbase on A, and clearly S3 —> y. Conversely, 
assume that S3 is a filterbase on A converging to y; then 

V U(y)lB B :B 0 C U, 

so that every U{y) contains points of A, that is, y e A. 

Ex. 1 Theorem 4.1 is not true if we restrict attention only to sequences. In the 
ordinal space [0, Q~\ we have Q e [0, Q[, but there can be no sequence in [0, 
that converges to Pi (II, 9.1). Thus, beside the failure of 3.3(2), sequences alone 
are generally incapable of expressing all topological concepts. 

4.2 (a). A C Y is closed if and only if the accumulation points of each 

filterbase on A all lie in A. 

(b). a e A' if and only if there is a filterbase on A — {a} that con¬ 
verges to a. 

The simple proofs are omitted. 


5. Continuity; Convergence in Cartesian Products 

By using filterbases, the continuity of a map can be expressed in a 
manner analogous to that in elementary analysis. We begin with the 
simple observation that if 91 is a filterbase in X and/: X —>• Y is any map, 
then (1):/(St) = {/( A ) | A e St} is a filterbase in Y, and (2): if SI h - S3, 
then/(91) h-/(S3). 

5.1 Theorem Let /: X —>■ Y. Then / is continuous at x 0 e X if and 
only if the filterbase /(U(^ 0 )) converges to f(x 0 ). 
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Proof: The statement that / is continuous at x 0 is 
V W(f(x 0 )) 3 U(x 0 ) :/( U) C W. 

This is exactly the statement that the filterbase /(U(x 0 )) converges to 
f( x o)- 

5.2 Corollary f:XY is continuous on X if and only if /(9l) — >f{x) 
for each x £ X and each filterbase 2t —> x. 


Proof: Assume / continuous on X, and let 9t—then [2.5(c)] 
9C i- ll(^) so that /(9l) i- /(U(v)), and since /(U(v)) f(x), so also 

does /(9t). Conversely, assume the condition holds; we prove that 
f(A) C f(A ) for all A C X. Let a e A; then there is a filterbase 91 on 
A with 9t -> a, so that f(%)-+f(a)\ since /(9l) is on f(A), this shows 
that f(a) ef(A). 

For maps of arbitrary spaces into regular spaces, this formulation of 
continuity gives rise to a process called extension by continuity : 

5.3 Theorem Let D be a dense subset of X, let Y be a regular space, 
and let f:D—>Y be continuous. Then / has a continuous ex¬ 
tension F: X ->■ Y if and only if the filterbase f(D n U(v)) con¬ 
verges for each x £ X. If F exists, then F is unique. 


Proof: Sufficiency: Because D is dense, we have Z)n XJ # 0 for each 
fixed XqeX and each U£ U(v 0 ) ; consequently D n U(v 0 ) is indeed a filter- 
base in X. For each x £ X, define F(x) to be the limit of f(D O U(x)); 
F(x) is uniquely defined because Y is Hausdorff. To prove that F 
is continuous at x, let W be any nbd of F(x); because Y is regular, there 
is an open V with F(x) £ V C. V C W, and since f(D n U(#)) — F(x) 
there is a U — U(x) with f(U n D) C V. Now, 93 3 = V n f(D C\ U(#)) 
is a filterbase for each z e U: Indeed, each U C\ U(z) is open, so that 
D C U C i U(z) ^ 0, and thus 

f(Dn Un U(z)) C V n/(Z) n U(z)). 

Because 93, h- f(D n U(^)), we find that 93 2 F(z), and since 93 2 is in 
V, that F(z) £ V. Thus F(U) C VC W., and continuity has been proved. 

Necessity: This is immediate from 5.1, since D n U(v) (- U(v), for 
each x, and F | D = f. That F is uniquely determined by / follows 
from VII, 1.5. 
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For filterbases in arbitrary cartesian products, 

5.4 Theorem A filterbase 51 on Y y converges to { y° } if and only if 

V 

p Y (%) —> y° v for each fixed y. 

Proof: Necessity is clear, since each projection map p y is continuous. 
Conversely, let <(£/ y , • • •, U y f) be any basic nbd of For each i — 
1, • • •, n the convergence of /> y (5l) to y° yields an A t e 5t such that 

p y .(A { ) C (J Yi ; by 2.2(3), there is an A e 5f such that A C P) A u and 

clearly, A C <f/ Vl , • • •, U Yn }. 


Ex. 1 The statement of 5.4 for sequences is the most commonly used version: 

explicitly, a sequence {y "} in ]^[ Y y converges to {y y } if and only if each coordinate 

y 


6. Adequacy of Sequences 

We now show that, in 1° countable spaces, sequences and subsequences 
not only behave properly, but also are adequate to express all topolog¬ 
ical concepts; this accounts for their great utility in the metric spaces of 
elementary analysis. 

6.1 Let y: Z + > X be a sequence. Then: 

(!)• 9 if and only if each subsequence y of y contains a 
subsequence y" such that y" —> y 0 . 

(2). Let X be 1° countable. Then cp >• x 0 if and only if there is 
some subsequence y' x 0 . 

Proof: (1). The “only if” is trivial. “If”: Assume that y x 0 ; then 
3 U(x 0 ) V T n : y(T n ) (f U. Proceeding by induction, let n x ^ 1 be the 
first integer in T x such that y(n x ) G U, and assuming that n x < • • ■ < n k 
have been obtained, let n k + 1 be the first integer in T nk + l such that 
y(n k + 1 )e U. Let y be the subsequence defined by y'(k ) = y(n k ). 
Since y'{T n ) C for every n , no subsequence of y' can converge toy 0 . 

(2). Only the existence of y requires proof. Let U x 2) U 2 D • ■ • 
be a countable basis at x 0 and assume that y x 0 ; then V U t V T m : 
<p(T m ) n Ih # 0. Proceeding by induction, let n x > 1 be the first 
integer in T x with y{n x ) g U x , and assuming that n x < • ■ ■ < n k have 
been defined, let n k + x be the first integer in T Uk + 1 with y(n k + x ) e U k + X . 
The subsequence y\k ) = y(n k ) evidently converges to x 0 . 
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According to 6.1(2), sequences in 1° countable spaces cannot display 
the pathological behavior of 3, Ex. 1; that they are in fact capable of 
expressing all topological concepts in such spaces follows from 

6.2 Theorem Let X be 1° countable and let A C X. Then x eA if and 
only if there is a sequence on A converging to x. 

Proof: Because of 4.1, it is enough to prove: For each x 0 e X and 
each - filterbase 23 -> x 0 , there is a sequence cp lying on (J {B \ B e 33} 
such that cp —> x 0 . To this end, let U 1 D U 2 2) ■■ ■ be a countable basis 
at x 0 . For each U ty find a B a . C U t and choose a b Ui e B a y then the 
sequence cp defined by cp{i) = h U[ evidently converges to x 0 , and the proof 
is complete. 

For maps of 1° countable spaces, we have 

6.3 Let X be 1° countable. Then for Y arbitrary, and/: X —> Y : 

(1) . /(U(x)) converges to y 0 if and only if f(x n )->y 0 for each 

sequence x n —> x. 

(2) . / is continuous at x 0 if and only if f(x n ) —> f(x 0 ) for each 

sequence x n —* x 0 . 

(3) . Let Y be regular, D C X dense, and^: D->Y continuous. 

Then g is extendable to a continuous G: A" —> Y if and only 
[if for each x e X and all sequences {d n } C D converging to 
x, the sequences { f(d n )} all converge and to the same limit. 

Proof: (1). Assume /(U(^))^-J ; o an< ^ the sequence cpx\ 
since 2t(y?) i- ll(x), we find f(Vl(cp)) ~^y 0 as required. For the converse, 
first note that if 23: U 1 D U 2 2> ■ • • is a countable basis at x, then 23 is a 
filterbase and 23 h U(x) t- 23, so that f(ll{x)) converges if and only if 
/(23) does. Now assume that/(23) does not converge to jy 0 ; this means 
that 3 W(yf) V Uy. /(L)) / W\ choosing x i <EU i so that f{x i )eW y 
we find a sequence x n —>■ such that f(x n ) does not converge to y 0 , 
completing the proof. Proofs of (2) and (3) follow at once from (1) 
and from 5.1 and 5.3 respectively. 


7. Maximal Filterbases 

7.1 Definition A filterbase 2Jf in Y is called maximal (or an ultrafilter 
base) if it has no properly subordinated filterbase; that is, if 


V2l:3li-2R=>2Ri-2l. 
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Maximal filterbases are characterized in 

7.2 The filterbase 9ft in Y is maximal if and only if for each A C Y, one 
of the two sets A, ftA, contains a member of SR. 

Proof: Assume SR = {M 0 | jS e &} is a maximal filterbase. Clearly, 
we cannot have an M 0 C A and an M y C *€ A , since then M B f^M y = 0 . 
Assume now that V M 0 : M 0 £ A ; then all M 0 C\^A #0, so 
91 = gft n A is a filterbase. Since St i- SR, also SR t- St; consequently, 
using any M e n WA, there is an M y C M 0 C\ A C *€ A. Conversely, 
assume that the condition is satisfied and that St i- SR; given any 
A a e St, the condition assures that either there is an M 0 C A a or an 
M 0 C A a ; the latter possibility is excluded, since the assumption 
St i— SR implies [2.5(2)] that all M 0 n A a ^ 0 . Thus SR t- St and 
SR is maximal. 

Maximal filterbases exist: In any space Y, choose y 0 e Y; then the 
filterbase SR = {. M C Y | y 0 e M} is maximal, since it satisfies 7.2. 
More important, a maximal filterbase subordinate to any given filterbase 
can always be found: 

7.3 Theorem Let S3 be any filterbase in Y. Then there exists a 
maximal filterbase SR k- S3. 

Proof: Let srf be the family of all filterbases St i— 33; is not 
empty, since S3 e sY . Preorder j/ by 51' ■< St if St i- St'. To prepare for 
an application of Zorn’s lemma, consider any chain {Sl w } in sY and let 
St = [J St M . We first note that St is a filterbase: if A, C e SI are given, 

u 

say A e St w , C e Sl A and Sl M i- Sf A , then 3 B e Sl M : B c C and so there is 
an E g Sl M C St such that EC A D B C A n C. Next, by using. 2.5(1), 
it is evident that SI i- St M & S3 for each St w ; this shows that St e sY and 
that St is an upper bound for {St^}. Thus, the use of Zorn’s lemma is 
legitimate, and we conclude that there exists a maximal SR e ; the 
filterbase SR clearly satisfies the requirements of the theorem. 

For convergence properties, 

7.4 Let SR be a maximal filterbase in Y. Then SR >• y 0 if and only if 
SR^o- 

Proof: Only the implication (SR >« y 0 ) => (SR —> y 0 ) need be proved. 
Given U(y 0 ), there is an M a C U or an M a C 9aU\ since SR >• y Q , so 
that V M a : M a n U ■=£ 0 , the latter possibility is excluded, and 
therefore SR ->y 0 . 
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Maximality is preserved under arbitrary maps: 

7.5 Let 9K be a maximal filterbase on X and p: X -> Y any map. 
Then j>(9ft) is a maximal filterbase in Y. 

Proof: We show that 7.2 holds for £(9ft). Given AC Y, we con¬ 
sider p~ 1 (A) and p~ x {f€A2) = < (ap~ 1 {A)' 1 since 9ft is maximal, there is 
either an M a C p~ 1 (A) or an M a C e ^’p~ 1 (A), and the conclusion follows. 


Problems 


Section I 

1. Let (Y, d) be a metric space, and {y n } a sequence in Y. Prove: y n —>y 0 if and 
only if d(y n , y 0 ) -> 0. 

Section 2 

1. Let 91 = {A a | a e be a filterbase in X, and 93 = {B p \ )3 e 3d) a filterbase in 

Y. Show 91 x 93 = {A a x B b \ (a, fi) e stf x 3d) is a filterbase in X x Y. 

2. Let/: X —>• Y be a map, and 93 a filterbase in Y. Prove that 

= {f-'(B)\BeS8} 

is a filterbase in X if and only if/ _1 (i?) ^ 0 for each B 6 93. 

3. Let/: X —> Y be a map and 91 a filterbase in X. Prove:/(91) = {/(A) | A e 91} 
is a filterbase in Y. 

4. Let /: X -» Y be a map, 91 a filterbase in X and 93 a filterbase in Y. Prove: 

a * / _1 ° /(9t) is a filterbase in X and 911— / _1 /(91). 
b. If/ _1 (93) is a filterbase in X, then/°/ -1 (93) i— 93. 

5. Prove that the set of accumulation points of any filterbase is always a closed 
(possibly empty) set. 

Section 3 

1. Let Y be Hausdorff, let 91 -^y 0 a nd let 33 I— 91. Prove: If 93 accumulates at 
any point y, then y = y 0 . 

2. If the filterbase 91 does not converge to y 0 , show that there is a filterbase 93 l— 91 
such that no filterbase ©1—93 converges to y 0 . 

Section 4 

1. Prove the following analog of the usual diagonal process: Let 91 = {A a | a esY) 
be a filterbase on Y, with 91 —»• y 0 . Assume that for each a e stf, there is a filter- 
base 93 a = {B ai0 | /3 g 3d a ) with 93 a >• a a e A a . Then there is a filterbase on 
U B a , B converging to y 0 . 

a,0 

2. Prove that A C Y is closed if and only if each convergent filterbase on A 
converges to a point of A. 



Problems 

Section 5 
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1. Let /: X —> Y be an open surjection. Prove: For each xeX and filt-rbase 
33 —> fix ), there is a filterbase 91 — > x such that /(3f) l— 23 and 33 f—/(9l). 

Section 6 

1. Let y be 1° countable. Prove: A C Y is closed if and only if the accumulation 
points of each sequence on A all lie in A. 

Section 7 

1. Let be a maximal filterbase in Y, and let A, B C Y be disjoint and such that 
A U B e fDl. Prove: Either A £ Wl or B e 



Compactness 

XI 


In this chapter, we consider spaces having a strengthened version of the 
Lindeldf property; such spaces play an important role in all branches 
of mathematics. 

1. Compact Spaces 

l.l Definition A Hausdorff space Y is compact if each open covering 
has a finite subcovering. 

Ex. 1 A discrete space is compact if and only if it is finite. The proof in VIII, 

2, Ex. 2, shows the ordinal space [0, Q] is compact; note that a compact space 
need not be even 1° countable. 

Ex. 2 In any space X, all finite subsets, and 0, are compact subsets. If 
<p- Z + —*■ X is a sequence convergent to x 0 , then A = x 0 u <p(Z + ) is a compact 
subset of X: any set of an open covering of A that contains x 0 contains all but at 
most finitely many elements of A. Observe that an infinite subset of A that does 
not contain x 0 is not a compact set. 

Ex. 3 A 1 is not compact, since the open covering ]—«,«[,«= 1, 2, • • • has no 
finite subcovering. However, each closed finite interval [a, b] is compact: In fact, 
given any open covering {U a } of [a, 6], let c — sup {* ( [a, v] can be covered by 
finitely many U a ); if c < b, we derive a contradiction to the definition of c by 
choosing any U a 3 c , observing that there is a B(c, r) C U a> and that since 
[a, c — (rj 2)] can be covered by finitely many sets U ai , • • ■ , U an , these sets together 
with U a are a finite open covering of [a, c + (r/2)]. 


222 
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The position of compact spaces is 

1.2 Theorem Every compact space is paracompact (hence, also normal). 

Proof: A finite subcovering of a covering is evidently a nbd-finite 
refinement of the given covering. 

Ex. 4 The converse of 1.2 is false, as an uncountable discrete space shows. 

Ex. 5 Though metric spaces are also among the paracompact spaces, compact¬ 
ness and metrizability are not related: E 1 is metrizable, but not compact, and 
[0, Q] is compact, but not metrizable. 

Ex. 6 To emphasize the difference between paracompact and compact spaces, 
we have: Y is compact if and only if each open covering has a nbd-finite subcovering 
(rather than nbd-finite refinement). If Y is compact, the condition is evident; 
conversely, given any open covering {U a }, choose U ao 0 and consider the open 
covering by the sets V a = U aQ u U a \ a nbd-finite subcovering of {V a } must 
evidently be finite. 

The definition has several equivalent formulations: 

1.3 Theorem The following four properties are equivalent: 

(1) . Y is compact. 

(2) . The finite intersection property: For each family {F a | a e j/} 

of closed sets in Y satisfying Q F« = 0, there is a finite 

a 

subfamily F ai , • • - t F ttn with f) F at = 0. 

(3) . Each filterbase in Y has at least one accumulation point. 

(4) . Each maximal filterbase in Y converges. 

Proof: (1) o (2). These two statements are de Morgan duals: The 

assertion that an intersection of closed sets, f) B$ is empty is equivalent 

e 

to the assertion that (J = Y, that is, that the complementary open 

e 

sets cover Y. - 

(2) => (3). Let 2f = {A a | a e sY) be a filterbase in Y; since all finite 
intersections of the A a are nonempty, so also are all finite intersections 
of the A a , and therefore (2) assures (~) A a # 0. Thus, the set of 

a 

accumulation points of is not empty. 

(3) => (4). Since 2)1 > y 0 , and 2)1 is a maximal filterbase, 2)1 -^y 0 - 

(4) -•=> (3). Given 21, there is a maximal filterbase 2)1 h- 2t; since 
2)1 Joi we find 21 >* y 0 . 

(3) => (2). Let | a e s/} be any family of closed sets, and assume 
that each finite intersection is nonempty. The sets F a , together with 
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their finite intersections, then form a filterbase 91 in Y. Since 21 accumu¬ 
lates at some y Q e Y, we have y 0 e p) F a = P) F a , and therefore the 

a a 

intersection is not empty. 

Ex. 7 E 1 is not compact. Observe that the sets F n — | x 5 s n) are closed and 

each finite family has a nonempty intersection; yet, Q F n = 0. 


For invariance properties, we have 

1.4 Theorem (1). The continuous image of a compact set is compact. 

(2) . A compact subset A of a Hausdorff space X is closed in X\ 

indeed, for each x e A, there are nonintersecting nbds U(A), 
U(x). 

(3) . A subspace of a compact space is compact if and only if it is 

closed. 

(4) . (A. Tychonoff) Let { Y a \ cc e sY} be any family of spaces. Then 

J~[ Y a is compact if and only if each Y a is compact. 

a 

Proof: (1). Let Y be compact, and /: Y Z continuous. Let 
{U a } be any open covering of f(Y ); then {f~ 1 (U cc )} is an open covering 
of Y and so can be reduced to a finite covering, f~ 1 (U ai ), • • ■ ,f~ 1 (U ct )\ 
it is evident that U ai , ■ ■ ■, U Un is a finite covering of/( Y). 

(2) . To show that A open, we prove that each fixed v 0 e ^A has 
a nbd lying in ^A. For each a e A, find disjoint nbds U(a), U a (x 0 ). 
Since {U(a) n A \ a e. A} is an open covering of A, reduce it to a finite 

n 

covering U(af) C\ A, • • •, U(a n ) n A; then U(A) = (J £/(«*) and U(x 0 ) — 

i 

n 

fl U ai (x 0 ) are disjoint open sets. 
i 

(3) . Because of (2), we need show only that if Y is compact and 
A C Y is closed, then A is compact. Let {B a \ a e ,9-/} be any family of 
sets closed in A with fj B a = 0 ; since A is closed in Y, the B a are 

a 

n 

also closed in Y, so Q B a — 0 for some finite subfamily, and by 1.3(2), 
1 1 

A is therefore compact. 

(4) . If Yl. is compact, then because each projection^: ]~[ Y a >Y 0 

a 

is a continuous surjection, we find from (1) that each Y u is compact. 
Conversely, assume that each Y a is compact, and let yji be a maximal 
filterbase in ]j[ Y a \ the image of a maximal filterbase being also a maximal 

a 

filterbase, each p n (yjl) converges to some y u \ by X, 5.4, we find that 
s JJf > {j ; a }; and so, by 1.3(4), Y a is compact. 
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Ex. 8 The extended real line E 1 (III, 7, Ex. 2) is compact, since it is homeo- 
morphic to [— 1, +1], 

Ex. 9 If X is not Hausdorff, 1-4(2) may be false: In Sierpinski space, the 
subspace (0} is compact, but it is not closed. 

Ex. 10 The Cantor set (I, 9, Ex. 3) and, more generally, any cartesian product 
of finite discrete spaces is compact. 

Ex. 11 Since the cartesian product of any family of closed unit intervals is 
compact, we have that (a) the Hilbert cube /“is compact and (b) a space is com¬ 
pletely regular if and only if it is a subset of a compact Hausdorff (hence, normal) 
space (cf. VII, 7.3). 

In (Hausdorff!) spaces, the compact subsets behave as points do and 
have the same separation properties: 

1.5 (a). A finite union of compact subsets of a Hausdorff space is 

compact. 

(b) . Two disjoint compact subspaces of a Hausdorff space have 

disjoint nbds. 

(c) . If A is a compact subset of a regular space, then for each open 

U D A, there is an open V with A C V C V C U. 

(d) . Let {U a | a e .?/} be a nbd-finite open covering of a space X. 

If A C X is compact, then A has a nbd meeting at most 
finitely many sets U a (in precise terms: there exists a nbd U of 
A such that U n U a ^ 0 for at most finitely many indices a). 

Proof: (a) is trivial. 

(b) . Let A, B be compact subsets of X, and let A n B = 0. From 
1.4(2), for each b e B there are disjoint nbds U b (A), U(b). From the 
open covering {U(b) n B \ b e B} of B, extract a finite subcovering 

il(b y ) n B, ■ ■ ■, U(b n ) n B ; then U U{b { ), P| U b (A) are the required nbds. 

i i . 

(c) . For each a e A there is a nbd V(a) such that V(a ) C U; 
extracting a finite subcovering gives 

A C U V[a t ) C 0m C U - 

i i 

(d) . Each a e A has a nbd U(a ) meeting at most finitely many U a \ 
extract a finite subcovering U(a x ), • • U(a n ); since each U(a t ) meets 

Tl 

only finitely many U a , so also does U U{a ( ). 

i 

Families of compact subsets of a space have the useful property: 

1.6 Let X be Hausdorff, let o» a be an initial ordinal, and let {. F u \ p < a> a ) 
be a descending family of nonempty compact subsets; that is, 
p < v => F u D F v . Then: 
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(a) . P) F u = C is compact and not empty. 

u 

(b) . Given any open U D C, there is a p Q < oo a such that F u C U 
for all f-i /x 0 . 

Proof: For the proofs of (a) and (b) we can assume that X is compact, 
otherwise we work in F 1 . 

(a) . Since each finite intersection of the F u is nonempty, so also 
is p) F u = C; since each F u is closed in the closed F lt C is closed in X. 

(b) . From P| F u C U, we find &U C (J ^F u ; since ‘tfU is 

U tt 

n 

closed, and hence is compact, extract a finite covering U ( &F ili ; then, 
for any p > p 0 = max(fi 1 , • • •, p n ), we have 

F u C F Uo = (\ F Ui C U. 

2. Special Properties of Compact Spaces 

Some properties of compact spaces that are frequently used, and which 
contribute to their importance, are given in this section. 

We have seen that a continuous bijection need not be a homeomor- 
phism; one of the important features for maps of compact spaces is 

2.1 Theorem Let Y be compact, Z be HausdorfF, and f:Y^~Z 
continuous. Then: 

(1) . / is a closed map. 

(2) . If / is a continuous bijection, then /is a homeomorphism. 

Proof: (1). Let A C Y be closed; it is compact and consequently so 
is f{A). Since Z is Hausdorff, f(A) is closed in Z. (2) is an immediate 
consequence [cf. Ill, 12.2], 

Ex. 1 A continuous map of a compact space into a Hausdorff space need not 
be open, even if it is injective. Let Y = [ 0 , 1] {2}, Z = [ 0 , 1], and/: Y —> Z be 

the map y —> \y. Y is a closed subset of [ 0 , 2] and thus is compact; / is not open, 
since the open set {2} does not have open image. 

Ex. 2 The hypothesis that Z be Hausdorff is essential, as 1: 2 SA, the Sier- 

pinski space, shows. 

Ex. 3 The delicate position of a compact Hausdorff topology 2F in a set Y is 
shown by its two properties: 

(a) . If ST is a proper subset of 6X + , then (Y, «^” + ) is not compact. 

(b) . If 2F- is a proper subset of 2F, then (Y, is not Hausdorff. 

For, in case (a), the continuous 1:(Y, ^ + )—>(Y, would be a homeomor¬ 
phism if 3T + were compact; in case (b), the continuous 1: (Y, tX) —> (Y, 2F _ ) would 
be a homeomorphism if 2Z _ were Hausdorff. 
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Ex. 4 We have seen (IV, 4.4) that there is a continuous surjection /—> J n , 

2 sc w oo ; according to 2.1, there can be no continuous bijection I —> I n , since 
we know that I and I n are not homeomorphic. 

2.2 Corollary Let p: X —»■ Y be an identification, and let A: X—> Zbe 
continuous. If X is compact, if Zis Hausdorff, and if hp -1 : Y -> Z 
is bijective, then hp ~ 1 is a homeomorphism. 

Proof: According to VI, 3.2, Zip -1 is a continuous bijection, so we 
need to show only that Y is compact. Now, because Z is Hausdorff, 
VII, 1.5 (4) shows that Y is also Hausdorff and therefore, since p is 
surjective, Y is indeed compact. 

Ex. 5 The cone TS n over S n (VI, 5.1) is homeomorphic to the ball V n + 1 . 
For, let p: S n x I —> TS n be the identification map, and h: S n x I ^ Y n + 1 the 
map h{x, t) = (1 — t)x\ then hp -1 is bijective, and since S n x I is compact, 2.2 
applies. Similarly, the suspension of S n is homeomorphic to S n + 1 . 

The next general feature is 

2.3 Theorem Let Y be compact and /: Y -> E 1 be continuous. Then 
/ attains its supremum and its infimum, and both are finite. Pre¬ 
cisely, there is at least one y 0 e Y with f(y 0 ) = sup {f{y) \ y e Y} 
and at least one y x e Y with f{yf) = inf {f(y) | ye Y}. 

This is a consequence of the more general 

2.4 Let Y be compact, and /: Y -> E 1 a map. If / is lower (upper) 
semicontinuous, then it attains its infimum (supremum). 

Proof: Assume /to be lower semicontinuous, and let m =inf /(Y). 
For each q > m, the set F q = {y | f(y) ^ q } is closed because / is 
lower semicontinuous; and it is not empty, by the definition of m. 
Since the intersection of any finite family of the sets F q is not empty, the 
compactness of Y assures P| F q # 0 ; and for y 0 e Q F q , we clearly 

q> m q>m 

have f(y 0 ) = m. The result for upper semicontinuous / follows from 
this by noting that —/ is then lower semicontinuous. 

In cartesian products, we know that each projection is an open map 
and that it need not be a closed map. We show now that projections 
“parallel to compact factors” are also closed maps. 

2.5 Theorem Let Y be compact, Z Hausdorff, and p: Y x Z-^Z 
the projection “parallel to the compact factor Y.” Then p is a 
closed map. 
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Proof: Let F C Y x Z be closed; we show that Z — p(F) is open. 
Let Zq e Z — p(F); then (Y x z 0 ) C F — 0 , so that each point (y , z 0 ) 
has a nbd U(y) x U y {z 0 ) not intersecting F. From this open covering 
of the compact Y x z 0 , extract a finite covering U(y i ) x U yt (z Q ), 

n 

i = 1, • • *, n\ then P) U yi (z 0 ) is a nbd of # 0 that does not meet p(F). 

The most frequently used version of this result is 

2.6 Corollary Let A C X be arbitrary and let Y be compact. Let U 
be a nbd of A x Y in X x Y. Then there is a nbd V D A such 
that the tube V x Y C U. 

Proof: Let p : X x Y —> X be the projection; since p is closed and 
p _1 (A) = A x Y C U, the result follows immediately from III, 11.2(1). 

We have seen that a continuous map into a Hausdorff space has a 
closed graph; for maps into compact spaces, 

2.7 Theorem Let X be Hausdorff and Y be compact. Then/: X —> Y 
is continuous if and only if its graph G(f) is closed in X x Y. 

Proof: We need show only that if G(f) is closed in X x Y, then 
/: X —> Y is continuous. Let B C Y be closed; then py 1 (B) n G(f) is 
closed in the closed G(f) and therefore in X x Y. The projection p x 
parallel to the compact factor Y is a closed map, and since 

PxiPtmnGif)] =f~\B ), 

this establishes the continuity of/. 

3. Countable Compactness 

A generalization of the compactness concept will be considered in this 
section. 

3.1 Definition A Hausdorff space is countably compact if every 
countable open covering has a finite subcovering. 

Ex. 1 Every compact space is evidently countably compact, but the converse 
is not true. The ordinal space [0, f2[ is not compact, since it is not a closed subset 
of [0, Q] (or, alternatively, since it is not paracompact). We now show that [0, f2[ 
is in fact countably compact. Let {U n j n e Z + } be any open covering of [0, Q\_\ 
observe that for each jS < Q, the interval [0, /3] is compact, since it is closed in 
[0, &], and therefore can be covered by finitely many of the U t . Now, if there were 
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no finite subcovering for [0, Q[, then for each n e Z + we could find an element 
a n e Ui U - • - U U n ; since the a n have an upper bound a 0 < Q, we would have 
an interval [0, a 0 ] that cannot be covered by finitely many of the U t . 

Countable compactness is characterized by the behavior of sequences 
only, rather than arbitrary ftlterbases, as the following equivalent 
formulations show: 

3.2 Theorem The following three properties are equivalent: 

(1) . Y is countably compact. 

(2) . (Bolzano-Weierstrass property.) Every countably infinite sub¬ 

set of Y has at least one cluster point. 

(3) . Every sequence in Y has an accumulation point. 

Proof: (1) => (2). Assume A C Y were a countably infinite subset 
with no cluster point. Then A would be a closed discrete set, and so 
each point a t e A would have an nbd U t not containing any other 
member of A. Thus, {£/* | i e Z + ) U {WA} would be a countable open 
covering of Y that has no finite subcovering. 

(2) => (3). Let <p: Z + —> Fbe a sequence in Y. If X[<p(Z + )] = X 0 , then 
the set (p(Z + ) has a cluster point y 0 ; since each nbd U(y 0 ) contains 
infinitely many points of <p(Z + ), we have U(y 0 ) n <p(T m ) # 0 for each 
m e Z + , so 9 >» y 0 . If X [<p(Z + )\ < X 0 , then there is some y 0 such that 
<p(n) = y 0 for infinitely many n, so again <p » y 0 . 

(3) => (1). Assume that Y is not countably compact. Then there is a 
countable open covering {U t ( ie Z + } that cannot be reduced to a finite 

n 

covering. For each n e Z + we can therefore find some y n e Y — {J U { ; 

i 

then n-> y n defines a sequence (p in Y that does not have an accumula¬ 
tion point: each jy e Y belongs to some U n(y) and <p{T n(y) ) n U n(y) — 0. 

Countable compactness reduces to Compactness in a class of spaces 
that includes the paracompact spaces. Calling a space metacompact if 
each open covering has a point-finite open refinement , we have 

3.3 Theorem (R. Arens; J. Dugundji) A space is compact if and only if 
it is both countably compact and metacompact. 

Proof: We need prove only that if Y is countably compact and meta¬ 
compact, then Y is compact. Let {U a | a e stf) be any open covering of 
Y. By the metacompactness, { U a } has a point-finite open refinement 
{V 0 | /3 e 3#} and, by VIII, l.l, {V 0 } has an irreducible subcovering 
{V y \ y e ^}. This minimal covering must be finite: for we can find in 
each V y a point y Y belonging to no set other than V y and, if {T y j yef} 
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were not finite, then { y v | y ef} would be an infinite set in Y with no 
accumulation point. Thus, by choosing for each V y some set U a(y) D V y , 
we reduce the covering [U a | a e stf) to a finite covering. 

3.4 Corollary Countable compactness is equivalent to compactness 
in (a): paracompact spaces and in (b): arbitrary Lindelof spaces. 

Proof: (a) is immediate from 3.3. (b) Given any open covering, the 
Lindelof property gives a countable subcovering, and then the countable 
compactness permits a further reduction to a finite subcovering. 

We now study the topological properties of countably compact spaces. 
Since countable compactness is based entirely on sequences, we can 
expect it to impose some topological restrictions in the 1° countable 
spaces. Thus, although countably compact nonregular (Hausdorff) 
spaces exist, we do have 

3.5 A countably compact 1° countable space Y is regular. 

Proof: Letjy e Y and a nbd V of y be given, and let V 1 D V 2 D • ■ • 

00 _ 

be a countable nbd basis at y. From VII, 1.2(3), it follows that P| V n = 

i 

{jy}, consequently {Vj U &V n \ n e Z + ) is a countable open covering 
of Y. Because this covering has a finite subcovering, there is some 

integer n such that Y = V U (J HV x = V U <€ P| V t ; therefore V n = 

i i 

71 _ 

0 V t C V, and the proof is complete. 
i 

For the invariance properties we have 

3.6 Theorem (1). The continuous image of a countably compact 
space is countably compact. 

(2) . A closed subspace of a countably compact space is countably 
compact. 

(3) . If A is 1° countable, and A C X is countably compact, 
then A is closed in X. 

(4) . The cartesian product of two countably compact spaces 
need not be countably compact. However, if each X u i e Z + , is 1° 

ao 

countable, then J^[ X { is countably compact if and only if each X i 
i 

is countably compact. 


Proof: The proofs of (1) and (2) are left for the reader. 
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(3) . Let x e A; because X is 1° countable, there is a sequence <p lying 
on A and converging to x. Since A is countably compact, <p has an 
accumulation point in A, and since x is the only accumulation point of 9 0 , 
we have x e A. Thus, A is closed. 

(4) . We will give an example in 8 of a separable countably compact 
completely regular space Y such that Y x Y is not countably compact. 
To prove the second part, note first that because of (1), the countable 

00 

compactness of X x implies that of each X t . For the converse, we will 
1 

use the Cantor “diagonal process” to show that each sequence 9 p in 

00 

fj X x has an accumulation point. Let p n denote the projection onto the 
1 

nth. factor. Now, p x ° cp is a sequence in X ly and since X x is 1° countable 
and countably compact, we can (X, 6.1) extract a subsequence 9 p x of 90 
such that p x o 9 ^ converges to some x\ e X x . Now consider p 2 ° <Pi', for 
the same reason as before, we can extract a subsequence 9 o 2 of (p 1 such 
that p 2 ° <p 2 converges to some #2 e X 2 . Proceeding by induction, we 
obtain a family {cp n | n e Z + } of subsequences of 95 such that <p n+1 is a 
subsequence of cp n for each n e Z + , and each sequence^ o cp n converges 
to some x° n e X n . Now let <p be the subsequence n -> y n (n) of 99 ; then, for 
each fixed k, we have {<p(s) | s ^ k} C {<p k (s) | .s ^ &}, so <p 1 - (p k and 
[X, 3.2 (2a)] therefore p k ° ^ x° k . By X, 5.4, we find that -> {jq,} 
and, because <p <p, it follows that 9 9 >» {x^}. The proof is complete. 

It is clear that each continuous real-valued function / on a countably compact 
space Y is bounded, because the countable open covering {y | \f(y)\ < «}, « e Z + , 
has a finite subcovering. This behavior motivates an extension of the notion of 
countable compactness. 


3.7 Definition A Hausdorff space Y is pseudocompact if every continuous 
real-valued function on Y is bounded. 

Ex. 2 Every countably compact space is pseudocompact, but the converse is 
not true. Let Y — [0, Q] x [0, co] — (Q, o»); since the set {(Q, n) | n e Z + } has 
no cluster point in Y, this space is not countably compact. To prove that Y is 
pseudocompact, it suffices to show that each continuous/: Y E 1 can be ex¬ 
tended over the compact [0, Q] x [0, o»], since 2.3 then applies. Now, by III, 8, 
Ex. 7, for each n < <x> there.exists an a n e Q and a constant c n such that/(a, n) = c n 
for all a ^ a„; letting a 0 = sup a n , we find a 0 < Q and that / is constant on each 
strip {(a, n) | a 3* a 0 }. The reader can verify that by defining /(f2, to) = c a , the 
extended function is continuous at (Q, to). 

Pseudocompactness may be expected to be significant in completely regular 
spaces where there are sufficiently many nonconstant maps f: Y —>■ E 1 . For such 
spaces, we have the equivalent formulations 
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3.8 Theorem Let Y be completely regular. The following three properties are 
equivalent: 

(1) . Y is pseudocompact. 

(2) . If Vi D V 2 3 • • • is any descending sequence of nonempty open sets, 

then n V n ^ 0. 
i 

(3) . Each countable open covering of Y has a finite subfamily whose 

closures cover Y. 

00 _ 

Proof: (1) => (2). Assume that V x 3 V 2 D • • • and f) V n — 0- Then 

{V n I n e Z + } must be a nbd-finite family: for if each nbd of some given y e Y 
meets infinitely many Vi, then because the V t descend, each nbd of y would meet 

co _ 

all the Vi and therefore y would belong to f) V n . Now, for each ne Z + , let 

i 

g n : Y —> E 1 be a continuous map such that g n (y n ) — n for some y n e V n and 
g n (Y — V n ) — 0. Because {V n \ ne Z + } is nbd-finite, the function 2 Sn is well- 

i 

defined and continuous; it clearly is not bounded, so Y is not pseudocompact. 

(2) => (3). Let {U n \neZ + } be a given countable open covering, and let 

V n = Y — U U t for each n e Z + ; we note that V n C f| ^Ui C H = P| tfUi. 

i ill 

00 _ oo 

Now, if no V n were empty, then we would have 0 ^ n Vn C n VUt; thus 

00 

Y ^ U U it that is, {U n | ne Z + } would not be a covering. 

i 

(3) => (1). Let /: Y -> E 1 be continuous. Setting U n = {y | |/(y)| < «} for 
each n e Z + , we obtain a countable open covering {U n \ n e Z + }. Since there is an 
integer m such that Ui U • • • U U m = Y, the function is bounded. 

Pseudocompactness reduces to countable compactness in a class of spaces that 
includes the normal spaces. A completely regular space is called weakly normal if 
each two disjoint closed sets, one of which is countable, have disjoint nbds. This 
is actually weaker than normality: [0, x [0, Q] — (Q, Q) is not normal, but 
it is weakly normal. 

3.9 In weakly normal spaces, pseudocompactness is equivalent to countable 
compactness. 

Proof; Let Y be weakly normal. If Y is not countably compact, then there is 
a countably infinite discrete closed set D C Y. Now, according to VII, 2.4, we 
can find a system {U n \ n e Z + } of open sets whose closures are pairwise disjoint, 
and such that D n U n ^ 0 for each n e Z + . Choose y n e D C\ U n ‘, since E — 
{y n | n e Z + } is a countable closed set, we can find disjoint nbds W D E and 

CO 

V D U U„. Then the covering {F)'J{[/„|«eZ + } has no finite subfamily 

i _ _ 

whose closures cover Y: each y n belongs only to U n and no y n belongs to V. 
Thus, Y is not pseudocompact. 


For the invariance properties of psuedocompactness, we have 

(a). The continuous image of a pseudocompact space is pseudocompact. 
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(b). Although a closed subspace of a pseudocompact space need not be pseudo¬ 
compact, the reader can verify that if the pseudocompact space Y is completely 
regular, then the closure of each open subset of Y is pseudocompact. The example 
to be given in 8 will show that the cartesian product of pseudocompact spaces need 
not be pseudocompact. 


4. Compactness in Metric Spaces 

In metric spaces, there is no distinction between countable compactness 
and compactness, since metric spaces are paracompact and 3.4 applies; 
this serves to explain the importance of the Bolzano-Weierstrass property 
in metric spaces. Furthermore, compact metric spaces are always 2° 
countable; in fact, 

4.1 Theorem A countably compact space Y is metrizable if and only 
if it is 2° countable. 

Proof: Sufficiency: 2° countability assures first (3.5) that Y is 
regular and then, by Urysohn’s theorem (IX, 9.2), that Y is metrizable. 
Necessity: By 3.4, a countably compact metric space Y is compact, and 
since a compact space is Lindelof, IX, 5.6 shows that Y is 2° countable. 

Ex. 1 Since [0, 13] is compact, but has no countable dense set, this is another 
way to see that [0, i3] is not metrizable. 

For subsets of metric spaces, 

4.2 Let (Y, d ) be a metric space, and A C Y compact. Then A is 
closed and bounded. 

Proof: Due to 1.4, only the boundedness of A requires proof. 
Choose a 0 e A, and define/: A —>• E 1 by a —> d(a, a 0 ); being continuous, 
/ attains a finite maximum m and clearly 8(^4) ^ 2 m. 

The converse of 4.2 is not true, as an infinite discrete space (metrized 
so that distinct points have distance 1 from each other) shows. However, 
in one very important case, the properties are characteristic: 

4.3 Theorem In E n , a set is compact if and only if it is closed and 
bounded. 

71 

Proof: Since A is bounded, A C I u where each I t is some finite 

i 

n 

closed interval [a u 6 f ], By 1.4(4) and I, Ex. 3, ]/[ / is compact; since A 

i 

n 

is closed in E n , A is closed in ]/[ I t , and is therefore compact. 
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We have seen (IX, 4, Ex. 3) that in metric spaces, two disjoint closed 
sets may have distance zero; we now show 

4.4 Let X be a metric space, A C X closed, and C C. X compact. 
If C n A = 0 , then d(A, C) > 0. 

Proof: Since d(c, A) is a continuous real-valued function on C, it 
attains its minimum at some point c 0 , and d(c 0 , A) = inf {d(c. A) | c e C) 
= d(C, A); since c 0 e A = A, we have d(c 0 , A) > 0. 

Ex. 2 It need not be true that there are points a e A, c e C with d(A, C) = 
d(a, c). In X = E 1 — {0}, let A — 1 jn | ne Z + } and C = [1, 2]. 

Open coverings of compact metric spaces have the important property 

4.5 Theorem Let ( Y, d) be a compact metric space and { U a } be an open 
covering of Y. Then there exists a positive number A({t/ a }), called 
a Lebesgue number of the covering, with the following property: 
Each ball B(y, X) is contained in at least one U a . 


Proof: For each e Y , choose r(y) > 0 so that B(y, r(y)) C some U a ; 
and from the open covering j extract a finite subcovering 


B 




i — 1 ,•••,« >- Let 


A = min 


r (yi) r (yn) 


then A > 0 is a Lebesgue number. For, given any B(y, A), we have 
y e B^y if for some i, and so for any z e B(y> A), 

d(z,yi) ^ d(z, y) + d(y,y { ) < A + ^ r{y % )\ 

that is, B(y, A) C B(y iy r(y i )). Since the latter set lies in some U a , the 
result follows. 


Ex. 3 Theorem 4.5 frequently occurs in the dual form: If Y is compact metric 
and {F a } is a family of closed sets with F| F a = 0, there is a A > 0 with the 

. a 

following property: If M C Y is any set with 8(M ) < A, then M does not meet at 
least one F a . 

A basic application of 4.5 generalizes the classical theorem on the 
uniformity of continuity: 

4.6 Theorem Let Y be a compact metric space, Z an arbitrary metric 
space, and f:Y-^Z continuous. Then for each e > 0, there is a 
S(e) > 0, depending only on e, such that f{B{y, §)) C B(f(y), e ) 
for every y e Y (that is, / is uniformly continuous). 
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Proof: Cover Z by the balls {#(#, e/2)} and let 8 be a Lebesgue 
number of the open covering {f~ 1 (B(z, e/2))} of Y. Since each B(y, 8) 
lies in one of these sets, f{B{y, 8)) C B(z, e/2) for some z, and be¬ 
cause /( y) e B{z, e/2), we find for any £ e B(y, 8) that 

d(M),f(y)) < d{m, *) + d(zJiy)) < e/2 + e/2 = e, 
that is, f(B(y, 8)) C B(f(y), e). 

Remark: Let y be a compact metric space. Because of 3.2(3) and X, 4.1(2), 
from each sequence in Y we can extract a convergent subsequence. However, it 
is possible to define a notion of convergence in compact metric spaces according 
to which every sequence converges to a unique limit; such a generalized conver¬ 
gence is used to define a Haar measure in locally compact topological groups. 

In Z + , introduce one of the finitely additive measures /z: ^ , (2T + )—>2 of II, 
2.5(3); recall that p(A) = 0 if A is finite, and p(Z + ) = 1. Given a sequence 
9 o: Z + Y, Y Hausdorff, define Lim <p — y 0 if V U(y 0 ): /z{n | <p(n) e U} = 1; 
it is trivial to verify that (1) Lim <p, if it exists, is unique (depending on the /z used); 
(2) if cp —» y 0 , then Lim cp — y 0 , independently of the p used. In addition, if Y 
is compact metric, every sequence converges: covering Y by finitely many closed 
balls B{y, 1), at least one satisfies p[<p~ 1 (B(y, 1))] = 1; covering that one by closed 
balls of radius y, and repeating the process, 1.6 shows Lim cp exists. In the par¬ 
ticular case that Y = E 1 , we find: (a) Every bounded sequence converges; (b) 
lim x n Lim x n < lim x n (its value depending on the /z used if {x n } does not 
converge); (c) Lim(^ n + y n ) = Lim x n + Limy„; and (d) Lim(x n -y n ) = 
Lim avL imy n . However, a subsequence of a given sequence need not have the 
same Lim. 


5. Perfect Maps 

We have seen that normality and paracompactness are preserved under 
continuous closed maps. In this section, we consider a type of map 
under which the image generally inherits all the properties of the mapped 
space. 

5.1 Definition A map p: AT -> Y is called perfect (or proper) if it is a 
continuous closed surjection and each fiber p~ 1 (y), (y e Y) is 
compact. 

5.2 Theorem Let p: X —> Y be a perfect map. Then: 

(1) . If A” is Hausdorff, so also is Y. 

(2) . If X is regular, so also is Y. 

(3) . (S. Hanai) If X is metrizable, so also is Y. 

(4) . If X is 2° countable, so also is Y. 
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Proof: Ad (1). Let y lf y 2 be distinct points of Y; then p~ x (y 1 ), 
p~ 1 (y 2 ) are disjoint compact sets in X and therefore have disjoint 
nbds U lt U 2 . Since/) is closed, there are (III, 11.2) open V { D y t with 
p-\yi) C /> _1 (L i ) C U u i = 1, 2, and then V lf V 2 are disjoint nbds of 

yi> y 

Ad (2). Given y e U in Y, there is by 1.5(b) an open V C X with 
p~ 1 (y) C V C V C p~ x (U). Since p is a closed map, we find a nbd 
W D y with p~ x {y) C p~ x {W) C V ; then W C p(V) C t/, and since 
/>(F) is closed, y e W C W C p(V) C U. 

Ad (3). We will show that Y satisfies the metrizability condition in 
IX, 9.5(2). Let d be a metric for X, and for each n e Z + let An be a nbd- 
finite closed refinement of the covering {B(x y 1/n) \ x e X}. Define 
®» = {P(F) | F e An}’> each © n is a closed covering of Y, and we first 
prove that each & n is also nbd-finite: Let y e Y and n be fixed. Since 
p~\y) is compact, there is a nbd U D P~ 1 {y) that intersects only 
finitely many members of A n > and since p is closed, there is a nbd W(y) 
such that p~ x (W ) C U ; then W clearly meets at most finitely many 
members of <& n . 

Now let U be any nbd of y E Y. Because p~ x {y) is compact, we have 
d(p~ x (y), # p~ x {U )) ^ 1/n > 0 for a suitable n; then St(/> -1 (y), $ 2 n) C 
p~ x {U) and therefore St(y, @ 2n ) = p St(/> _1 (y), % 2 n) C U. Since Y is 
obviously T 0 , the space Y is metrizable. 

Ad (4). Let {Ui} be a countable basis for X, and let {V t } be the 
family of all finite unions of the C/j; by II, 8 . 8 , the family (FJ is countable, 
and we show that the open sets W x = Y — p[X — V t ] are a basis for Y. 
Let y e W\ then/> -1 (y) C p~ x {W), and since p~ x (y) is compact, there 

n 

are finitely many sets U lt • • •, U n , such that/) -x (y) C (J U 1 C p~ x (W); 

i 

n 

letting V k = [J U u it follows that y e W k C W, completing the proof. 
i 

Perfect maps also preserve certain properties under inverse images; 
in fact they certainly preserve those properties determined by the 
behavior of open coverings: 

5.3 Theorem Let p: X Y be a perfect map. Then: 

(1) . If Y is paracompact, so also is X. 

(2) . If Y is compact, so also is X. 

(3) . If Y is Lindelof, so also is X. 

(4) . If Y is countably compact, so also is X. 

Proof: Ad (1). Let {W a | be any open covering of X. For 

each y e Y, extract a finite covering W ai(y) , i = 1,2,---, n(y) for the 
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compact fiber p~ 1 (y) and, since/) is a closed map, find a nbd V(y ) of y 

n(y) 

such that p~ 1 {V{y)) C (J W at(y) . Now let { U(y )} be a precise nbd- 

finite open refinement of the open covering { V(y ) | ye Y), and for each 
yeY, i= 1, , n(y), let W(y, a ,(y)) = p~ l [U(y)] r> The 

family {W(y, afy))} is an open covering of X that clearly refines {W a }\ 
and it is nbd-finite: For, given any x Q e X, there is a nbd W of p(x 0 ) 
intersecting at most finitely many sets U(y) and the nbd p~ 1 (W) of x 0 
then intersects at most finitely many W(y, cc^y)). The proofs of (2) and 
(3) are entirely analogous and are left for the reader. 

Ad (4). Let [W n | n e Z + } be any countable open covering of X. 

n 

The open sets V n = Y — p[X — (J W t ], ne Z + , cover Y: given any 

i 

m 

yeY, the compactness oip~ l {y) assures that p _1 {y) C (J IFj for some 

m 

m, and therefore that yEp\X — U W { ]. Since there is a finite sub- 

i 

covering V lf ■ • V k for Y, and since p~ x ( V t ) C W { for each i, the sets 
W lf • • •, W k are a finite subcovering for X. 

As an application of 5.3, 

5.4 Let X be compact. If Y is paracompact (resp. Lindelof, resp. 
countably compact), then X x Y is also paracompact (resp. 
Lindelof, resp. countably compact). 

Proof: Because X is compact, it follows at once from 2.5 that the 
projection map/): X x Y Y is perfect. 

This result should be contrasted with the known fact that (VIII, 
2.4(3)) the cartesian product of paracompact spaces need not be para¬ 
compact. 


6. Local Compactness 

Many of the important spaces occurring in analysis are not compact, 
but have instead a local version of compactness. Calling a subset A of a 
space relatively compact whenever its closure A is compact, this local 
property is formalized in 

6.1 Definition A Hausdorff space is locally compact if each point has 
a relatively compact nbd. 
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Ex. 1 A compact space is locally compact. E n , and any infinite discrete space 
is locally compact, but not compact. The set of rationals in E 1 is not a locally 
compact space. A Hilbert space / 2 (N), with X > N 0 > is not locally compact, as 
IX, 8 , Ex. 1, shows. 

Equivalent formulations are given in 

6.2 Theorem The following four properties are equivalent 

(1) . X is locally compact. 

(2) . For each x e X and each nbd LJ(x ), there is a relatively 

compact open V with x s V C VC U. 

(3) . For each compact C and open U D C, there is a relatively 

compact open V with C C V C V C U. 

(4) . X has a basis consisting of relatively compact open sets. 

Proof : (1) => (2). There is some open W with x s W C W and W 
compact. Since W is therefore a regular space, and W n U is a nbd of 
x in W y there is a set G open in W such that x s G C G^ C W n U. 
Now G = E n Wy where E is open in X, and the desired nbd of x in 
X is V = E n W. 

(2) => (3). For each c s C, find a relatively compact nbd V(c) with 
V{c) C U; since C is compact, finitely many of these nbds cover C, 
and by 1.5(a), this union has compact closure. 

(3) => (4). Let 08 be the family of all relatively compact open sets in 
X ; since each x e X is compact, (3) asserts that 08 is a basis. 

(4) => (1) is trivial. 

The reader should observe that the relative compactness of V dis¬ 
tinguishes (3) from 1.5(c). Furthermore, the basis specified in (4) is 
very large; we obtain better information in the useful 

6.3 Let X be 2° countable. If X is locally compact, it has a countable 
basis consisting of relatively compact open sets. 

Proof: Let (C/ n |neZ + }bea basis for X. For each fixed n, cover 
U n by relatively compact open sets {V{y)\yEU 1 ^ such that each 
V(y) C U n . Since a subspace of a 2° countable space is 2° countable, 
we can extract a countable subcovering {V nA | is Z + } of U n . Repeating 
for each n, the family of sets {V nA | (w, i) e Z + x Z + J forms the re¬ 
quired basis. 

The position of locally compact spaces is given in 

6.4 Theorem Every locally compact space is completely regular. 
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Proof: Let p e X and let A be a closed set not containing p. Re¬ 
peated applications of 6.2(3) give relatively compact open V lt V 2 , such 
that p e V 1 C V 1 C V 2 C V 2 C 9!?A. Since V 2 is compact and there¬ 
fore normal, there is a continuous/: V 2 —> I having value 1 at p and 0 on 
V 2 — V 1 . Let F: X —> I be the map coinciding with/on V 2 and identi¬ 
cally zero on 9a V 2 . Since each of the two functions F | V 2 , F \ 9^ V x are 
continuous and both coincide on V 2 n application of III, 9.4 

shows F to be continuous; thus X is completely regular. 

Ex. 2 For an example of a nonnormal locally compact space, note first that 
because of 6.2(2), an open subset of a compact space is always locally compact. 
Next note that [0, a>] being closed in [0, Q] is compact, so that the space 
[0, oj] x [0, Q] is also compact (and, in particular, normal). The open subspace 
[0, co ] x [0, Q] — {(to, Q)} is consequently locally compact, but we have seen in 
VII, 3, Ex. 4, that it is not normal. 

For invariance properties, we have 

6.5 Theorem (1). Local compactness is invariant under continuous 
open mappings. 

(2) . A locally compact subset A of a Hausdorff space Y is of the 

form V n F, where V is open and F is closed in Y. 

(3) . A subspace of a locally compact space is locally compact if 

and only if it is of the form FnF, where V is open and F is 

closed. 

(4) . n(L a | a g j/} is locally compact if and only if all the Y a are 

locally compact and at most finitely many are not compact. 

Proof: (1). Let /: X —>■ Y be continuous and open, and let y e Y 
be given. Choose x e X so that/(^) = y and choose a relatively compact 
nbd U(x). Because / is an open map, f(U) is a nbd of y, and because 
f(U) is compact, we find from f{U) C f(U) = /(!/) that f{U) is 
compact. 

(2) . Assume that A is locally compact. Each a e A has a nbd V(a ) 
in Y such that V(a) D A is compact, and therefore closed, in Y. Define 
V = U {V(a) | a E A); then V is open in Y and contains A; furthermore, 
the formula V(a ) n A = V(a ) n \V(a) n A] shows that each V(a ) n A 
is closed in V(a), so by III, 9.3 we conclude that A is in fact closed in V. 
Thus A = V n F for some closed F in Y. 

(3) . Because of (2) we need show only that, if A = V D F, then A 
is locally compact. Given a e A, choose any relatively compact open U 
in Y satisfying a e U C U C V and consider the nbd V n A of a 
in A. The closure of this nbd in A is U n A = U n (V n F) = U n F, 
which is a set closed in U, and consequently is compact. 
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(4). Assume the condition holds. Given {y a } e ]~J Y a , for each of 

a 

the at most finitely many indices for which Y a is not compact, choose a 
relatively compact nbd V a .(y ai ); then (V ai , • • •, V an ) is a nbd of { 3 ^} 

and (V ai , • • •, V Un > = <V ai , • • •, V an ) is compact. Conversely, assume 
]^[ Y a to be locally compact; since each projection p a is a continuous 

a 

open surjection, each Y a is certainly locally compact. But also, choosing 
any relatively compact open V C J^[ Y a , each p a (V ) is compact, and 

_ a 

since p a (V) = Y a for all but at most finitely many indices a, the 
result follows. 

We also have 

6.6 Let p: XY be a perfect map. Then X is locally compact if 
and only if Y is locally compact. 

Proof: Assume that X is locally compact. Given y e Y, the compact 
fiber p~ 1 (y) has [6.2(3)] a relatively compact nbd U; finding a nbd 
VD y such that/> _ 1 (F) C U, we have (III, 11.4) that VC p{U) C p(U), 
and therefore V is a relatively compact nbd of y. Thus Y is locally 
compact. 

Conversely, assume that Y is locally compact. Let { U a \ a e s/} be 
an open covering of Y by relatively compact open sets. For each a, 
/ I / _ 1 (^a) : / ~ 1 (U a ) —^ U a is evidently a perfect map, so by 5.3, each 
f~ 1 ( Ua) is compact. Since {f~ 1 (U a )} is an open covering of X, and 
since / _ 1 (t/ a ) C f~ 1 (U a ), each / _ 1 (L Q .) is relatively compact, and 
therefore X is locally compact. 


7. a-Compact Spaces 

As the ordinal space [0, Q[ shows, locally compact spaces need not 
be paracompact. In this section, we show that the paracompact ones 
(and, in particular, the locally compact metric spaces) are characterized 
by a simple representation property. 

7.1 Definition A locally compact space is cr-compact if it can be 
expressed as the union of at most countably many compact spaces. 

Ex. 1 E n , and any countably infinite discrete space, is cr-compact; an uncount¬ 
able discrete space is locally compact, but not cr-compact. 

Ex. 2 It need not be true that a space which is the countable union of compact 
spaces is a-compact, as the rationals in E 1 show; local compactness is an essential 
part of the definition. 
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The definition has several equivalent formulations: 

7.2 Theorem The following three properties are equivalent: 

(1) . Y is cr-compact. 

oo 

(2) . Y can be represented as Y = (J U u where each U t is a 

i _ 

relatively compact open set, and U t C U i + 1 for each 
ieZ + . 

(3) . Y is a Lindelof locally compact space. 

00 

Proof: (1) => (2). We have Y = (J C t where each C, is compact. 

i 

Since Y is locally compact, there is [6.2(3)] a relatively compact open 
JJ X 3 C x and, proceeding inductively, we choose U n to be a relatively 
compact open set containing the compact U n _ x U C n . The sets 
{U n | n e Z + } evidently satisfy the requirements. 

(2) => (3). Let {V a j a g sY) be any open covering of Y. For each 
ie Z + , extract finitely many sets {V tj | 1 ^ j ^ »(/)} t0 cover U t ; then 
the family {V i} - | 1 ^ j < n(i), i e Z + } is a countable subcovering. 

(3) -> ( 1 ). Let { V(y ) | y e Y) be a covering by relatively compact 
nbds, and extract a countable subcovering. 

Ex. 3 It is useful to observe that, in the representation of 7.2(2), each compact 
subset of Y is contained in some U n : we need only note that the open covering 
{U n n C | « e Z + } of any compact C( Y can be reduced to a finite covering. 

Because a cr-compact space is Lindelof, its regularity implies that it is 
paracompact (VIII, 6.5). Thus, we can obtain paracompact locally 
compact spaces by forming free unions of cr-compact spaces (such 
spaces will not be Lindelof if there are uncountably many summands). 
This is the only way to obtain such spaces, since 

7.3 Theorem The paracompact locally compact spaces are precisely 
those spaces that are free unions of a-compact spaces. 

Proof: In view of the preceding remarks, we need prove only that a 
paracompact locally compact Y is the free union of a-compact spaces. 
Cover Y by relatively compact nbds { U(y ) | y e T} and let {V(y) | y e Y] 
be a precise nbd-finite refinement. Since each V(y) is compact, it meets 
[1.5(d)] at most finitely many other V(y'). To get the summands of the 
free union, we introduce a relation R in Y as follows: (x, y) e R if there 
is a finite family of sets V(y 1 ), • • • V(y n ) such that x e V(yf), y e V(y n ) and 
V(y t )nV(y i + 1 )* 0 for i = 1, • • •, n — 1. This is clearly an equivalence 
relation in Y, and we let {X a j a e sY} be the family of equivalence 
classes. Then the X a cover Y and are pairwise disjoint; furthermore, 
each X a is open because it is a union of sets V(y), and therefore 
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each X a is also locally compact. We complete the proof by showing 
that each X a is cr-compact. Choose any set V(y 0 ) C X a ; let Q 2 be the 
union of all sets V(y { ) meeting V(y Q ) and, inductively, let Q n — 
U {V(y)\V(y)nQ n _ 1 * 0 }. Because each V(y) meets at most 
finitely many other V(y'), each Q n consists of at most finitely many sets 
V(y) and therefore each Q n is compact. Since it is evident that X a = 
(J Q n , the proof is complete. 

71 


An open covering {U a } of a space Y is called star-finite if each U a 
intersects at most finitely many other U ff . Clearly, any open star-finite 
covering is nbd-finite, but the converse is not true; to any star-finite 
open covering having infinitely many members, we need only adjoin 
the single set Y to destroy its star-finiteness, but not its nbd-finiteness. 

7.4 Corollary Let Y be a a-compact. Then every open covering has a 
star-finite open refinement. 

Proof: Given { U a }, cover Y by relatively compact open sets 

{V(y)\ye Y}, 

where each V(y) C some U a . Since Y is paracompact, {V(y)} has a 
nbd-finite open refinement and since each W fi is compact, it 

can meet at most finitely many other sets of the covering. 


8. Com pact if icat ion 

E 1 is a noncompact completely regular space. It can be embedded in a 
compact space by at least two distinct methods: 

(1) . Identifying E 1 with ] — 1, 1[ C [— 1, 1] by x -> x/(l + \x\). 

(2) . Identifying E 1 with S 1 — (north pole) by stereographic 

projection. 

The first process can be regarded as compactifying E 1 by the addition 
of two new points, whereas the second does so by adding only one. We 
abstract this situation, and prevent indiscriminate enlargements, in 

8.1 Definition A compactification of a space X is a pair (X, h) con¬ 
sisting of a compact Hausdorff ft and a homeomorphism h of X 
onto a dense subset of ft. 

We frequently identify X with h{X) C ft and say simply that ft is 
a compactification of X. Clearly, only completely regular spaces can be 
compactified, since a subset of a compact Hausdorff space is necessarily 
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completely regular. In this section, we consider two compactification 
methods, the first of which applies to completely regular spaces and the 
second only to locally compact ones. 

If A is completely regular, then (VII, 7.3) there is an embedding 
p: X —> P x where P x , being a cartesian product of closed unit intervals, 
is compact. The Stone-Cech compactification of X is (/3(A), p), where 
/3(A) = p(X), and has the properties 

8.2 Theorem (M. Stone; E. Cech) (1). For each compact space Y 
and each continuous f:X—> Y> there exists a unique continuous 
F: /3(A) -+ Y such that/ = F ° p. 

(2) . (Uniqueness.) Any compactification (A, h) of X having the 
property ( 1 ) is homeomorphic to /3(A); indeed there is a homeomor- 
phism X s / 8 (A) that is the identity map on X. 

(3) . /3(A) is the "largest” compactification of A: if A is any 
compactification of A, then A is a quotient space of / 8 (A). 

Proof: (1). By VII, 7.4, we have the commutative diagram: 



PUO j 8 (Y) 


Since Y is compact, we have p 0 : Y = / 8 (V), and we set F = p© 1 ° <p. 
F is unique because A is dense in /3(A) (VII, 1.5). 

(2) . We consider A as a subset of A and of /3(A), and let i: X -> X 
be the identity map. By (1), there is an F: /3(A) -> A with F j A = i , 
and also a G:A->£(A) with G \ X — i~ x . Since A is dense in both 
spaces and F ° G | A, G ° F | A are identity maps of A, we have both 
FoG = If and G° F = and consequently (III, 12.3), both F 
and G are homeomorphisms. 

(3) . By (1), there is a continuous F: A)—>A extending the 
identity map i: X -» A; since /3(A) is compact, F(/3(A)) is a closed set 
containing the dense subset AC A and consequently (111,4.13), F 
is surjective. Because F is a closed map, VI, 7.2, applies, and 

Is P(X)IK(F). 

Observe that the method of proof used for (2) can be applied to show 
that if A and Y are homeomorphic completely regular spaces, then each 
homeomorphism h: X ^ Y can be extended to a homeomorphism 
H:fi( A) ~ /3(V); in particular, homeomorphic spaces have homeo¬ 
morphic Stone-Cech compactifications. 
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Ex. 1 The Stone-Cech compactification of a space is fairly complicated. 
[0, 1] is not the Stone-Cech compactification of ]0, 1], since the continuous map 
x -> sin ljx into the compact space Y — [— 1 , +1] does not have a continuous 
extension over [0, 1]. Similarly, [ — 1, +1] is not the Stone-Cech compactification 
of ] — 1, + 1[; and the function x —> arc tan x shows that S' 1 is not the Stone-Cech 
compactification of E 1 . 

To give some idea about the nature of the Stone-Cech compactification for even 
such a simple space as Z + , we will show 

(a) . (B. Popisil) X03Z+) = 2 C . 

(b) . (J. Novak) If A is any infinite closed subset of f3Z + , then N(^4) = 2 C . 

Ad (a). Let I c be the cartesian product of 2 s o copies of I ; then N(/ c ) = c c = 

2 s oc = 2 C , and furthermore (VIII, 7.2) 7 C has a countable dense set D. Let 
cp : Z + D be a surjection; <p is continuous, so is extendable to a /3Z + -->■ I c . 
Since Z + is compact, $(/3Z + ) is a closed set containing D ; consequently is also 
surjective and therefore (II, 7.4) we have N(/3Z + ) > 2 C . However, there are 
C s o = c maps of Z + into I, and ftZ + is a subspace of I c ; thus N(/?Z + ) < 2 C and 
(a) is proved. This proof is due to J. Mrowka. 

Ad (b). By VII, 2.4, there exists a family { V n | «e Z + } of pairwise disjoint 
open sets in /8Z + such that A n V n ^ 0 for each n. Choose any a n e A n V n 
and define A 0 = {a n \ n e Z + }. It is clear that A 0 £ Z + so that /L4 0 = |8Z + ; we 
wish to show that j3A 0 = A 0 , since from A 0 C A we must have A 0 C A also, and 
(a) applies. 

Let Y be any compact space, and /: A 0 —> Y any continuous map. Define 
g : Z + Y by 


f /(«!.) 

if 

xe V n n Z + 

g(x) = < 


oo 

1^0 

if 

xeZ + - U V n , 
1 


where y 0 is any point of Y. This map is extendable to a continuous G : )3Z + —> Y; 
we assert that G is also an extension off. Indeed, since Z + is dense in /3Z + , we 
have a n e Vn = V n n Z + for each n, so 

G(a n ) e G(V n nZ + ) C G(V„ n Z + ) = g(V n n Z + ) = f(a n ). 

This shows, in particular, that / is extendable over A 0 ; since A 0 is dense in A 0 , 
we have [8.2(2)J that^ 0 — j 8A 0 as required. 


The space j3Z + also has the properties 

(c) . Let EC Z + be the even integers, and N C Z + the odd integers. Then 
E s N £ jSZ + , ^Z + = N, and E r\ N = 0. 

(d) . There is a homeomorphism h: fiZ + —> pZ + that sends Z + onto itself, that 
satisfies h ° h — 1, and is such that h(x) ^ x for each * 6 fiZ + . 

Ad (c). Since any continuous map of E into a compact space Y is extendable 
over /3Z + (first extend it arbitrarily over Z + ), we find as before that E = [3E ~ ^Z + 
and, similarly, that N = fiN ^ ^Z + . Furthermore, E and N are disjoint: letting 
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f: Z + —> I be the map sending £ to 0 and N to 1, its extension F: (3Z + —> I shows 
that E C F ~ HO), N C F ~ 1 (1), and so E Pi N — 0. Finally, from Z + = E u N, 
we find £Z + = Z + = E u N - £ u N. 

Ad (d). Because of (c), the homeomorphism 2n —>■ 2« — 1 of £ onto iV extends 
to a homeomorphism <y: £ ^ N. The map h: ftZ + > Z + , defined by 


h(x) = 

has the required properties. 


q(x) x e E 
q-\x) x e N, 


We will use (b) and (d) to construct an example, due to J. Novak, of a countably 
compact completely regular space K such that K x K is not countably compact, 
nor even pseudocompact. 

Let 3F be the family of all countably infinite subsets of /3Z + ; since N(/SZ + ) — 2 C , 
we have XfilF) = 2 cS o = 2 C . Well-order 5F according to the smallest ordinal T 
of cardinal 2 C . We will use induction to construct a set P C /3Z + containing a 
cluster point of each member of5F and such that h(P) O P = 0. 

Let B e ^ and assume that P A has been defined for all A < B, that &(P A ) < 2 C , 
that P D C P A whenever D < A, and that h(P A ) O P A = 0 for each A. Let 
Qb = U {Pa | A < B }. Since (II, 8.2) we have X(Q B ) < 2 C , whereas H(B — B) = 2 C , 
there is an x^ e B — B C B' such that x B e h(Q B ). We define P B = Q B vj {x B }; 
then X(Pfl) < 2 C and, because h ° h = \ and h has no fixed points, we also have 
h(P B ) n £ fl = 0. This completes the inductive step. The desired set is P = 
\J{Pb\BgSF}. 

Let K = P Z + ; this subspace of /?Z + is certainly countably compact, since 
it contains a cluster point of each countably infinite subset even of jSZ + . Now 
consider K x K and let A = {( n , /z(«)) |«eZ + } C /C x /C. Then A is closed in 
K x K: in fact, observing that if x e K — Z + , then h(x) e P, it follows that A is 
the intersection of the graph of h: f3Z + = f3Z + with K x K, and the graph of a con¬ 
tinuous map is closed. Furthermore, A has no cluster points: each neZ + C ]8Z + 
has a nbd not containing any ri ^ n so, since h maps Z + onto itself, each 
(«, h(n)) has a nbd not containing any other element of A. Thus, A is an infinite 
discrete closed subset of K x K; consequently K x K is not countably compact 
nor, as is easy to see, even pseudocompact. 

In particular, K is not compact. If we notice that Z + is dense in K, the space 
K is also an example of a separable completely regular countably compact space 
that is not compact. 

Among the completely regular spaces, the locally compact ones are 
characterized by the position they must have in each compactification: 

8.3 X is locally compact if and only if in any given compactification 
(Jt, h ), h(X) is open in X, or equivalently, h: X £ is an open 
mapping. 

Proof: If X is open in ft, then by 6.5(2), X is locally compact. 
Conversely, if X is locally compact, then X = U n A, where U is open 
and A is closed in X\ since the closed A contains the dense subset X, 
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we have A = ft, so X = U as required. As in III, 11* Ex. 1, this is 
equivalent to h being an open mapping. 

Because of 8.3, a nonlocally compact completely regular space can 
never be compactified by the addition of a single point. We will now 
show that every locally compact space has such a compactification; the 
construction generalizes the familiar one-point compactification of 
function theory, which adds a “point at co” to the plane. 

8.4 Theorem (P. Alexandroff) (1). Any locally compact space X can be 
embedded in a compact space ft so that ft — X is a single point. 

(2). (Uniqueness) Any two compact spaces ft, Y having the 
property (1) are homeomorphic; indeed, there is a homeomorphism 
ft ^ Y, which is the identity map on X. 

Proof: (1). Let oo be an object not in X, and let A be the set 
Zu{oo} with the following topology: all open sets in X and the com¬ 
plement in ft of each compact subset of X. It is easy to see that this is 
actually a topology and that the subspace X C ft is homeomorphic to X. 
To show ft Hausdorff, only the separation of each point x e X from co 
need be checked, and this follows because x e X has a relatively compact 
nbd. Finally, ft is compact: given any open covering {U a }, choose one 
set, U ao , containing oo; being a nbd of oo, U ao covers all A except for 
some compact C C X\ by reducing the open covering {U a } of C to a 
finite one, we obtain the required reduction of { U a }. 

(2). If If — X = oOy, we show that the bijection /: ft —»■ Y given 
by f(x) = x when x e X, and /(oo) = co y is a homeomorphism. Because 
of the symmetric roles of /, / _1 , we need show only that / is an open 
map, and this in turn requires only that the images of nbds of oo be 
shown open in Y. If ft - C is a nbd of oo, then C C X is compact, 
so that /(C) is also. Because / is bijective, f(ft — C) = Y — /(C), so 
that the image of ft — C is open in Y. 

Ex. 2 [0, 1] is the one-point compactification of ]0, 1]; this follows from the 

uniqueness statement, 8.4(2). Similarly, E n can be embedded in S n - (north pole) 
by a stereographic projection; by uniqueness again, S n is the one-point compactifi¬ 
cation of E n . Note the equivalence of the statements “A C E n is compact” and 
“A is a closed set on S n not containing the north pole,” which is frequently used 
in analysis. 

For the extension of maps defined on X over ft, we have 

8.5 Corollary Let Y be a Hausdorff space. A necessary and sufficient 
condition that a continuous /: X —> Y be extendable to a con¬ 
tinuous F: ft -> Y is that the filterbase {/(^C) | C C X is com¬ 
pact} converge. 
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Proof: We need note only that % = {&C \ C C X is compact} is the 
nbd filterbase of oo, and use X, 5.1. 

Ex. 3 If Y — E 1 , the condition of 8.5 is equivalent to the following statement: 
For each e > 0, there exists a compact C(e) C X such that | f(x) — /(y)| < e, 
for all x, y e C(e). 

It is frequently important to know whether the one-point compactifi- 
cation of a space is metrizable. For this we have 

8.6 Theorem Let X be locally compact. Then its one-point compacti- 
fication X is metrizable if and only if X is 2 ° countable. 

Proof: “Only if” is immediate from 4.1 and VIII, 6.2. “If”: By 7.2(3), 

00 

X is cr-compact, so X can be written X = (J U n> as in 7.2(2). Because 

_ i 

of 7 Ex. 3, the nbds {X — U n } form a countable basis at oo, and it follows 
at once that the countably many sets (V { , X — U n j form in fact a basis 
for X. By 4.1, X is metrizable. 

As the proof of 8.6 indicates, the one-point compactification is useful in extend¬ 
ing results to locally compact spaces that are valid for normal spaces. As another 
indication of this technique, we prove a result useful in measure theory and 
integration: 

8.7 Let X be locally compact and C C X be compact. If U is a nbd of C there 
exists a continuous function/: X —>■ I, which is identically 1 on C and identi¬ 
cally 0 on ^U. 

Proof: Let X be the one-point compactification of X; because of 8.3, C and 
X — U are disjoint closed sets, and because X is normal, there is an Urysohn 
function/for C and X — U; the required function is / | JV. 


9. k-Spaces 

A generalization of local compactness results from the proposition 

9.1 Let X be locally compact. An A C X is open if and only if its 
intersection with each compact C C X is open in C. 

Proof: Assume A D C open in C for each compact C. Given a & A, 
choose a relatively compact nbd V(a); since A n V(a) is open in V(a ), 
it follows at once that A n V(a) is open in V(a), and therefore A D V(a) 
is open in X. Thus, each a e A has a nbd contained in A, and so A is 
open in X. The converse is trivial. 
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From VI, 8.1 we conclude that a locally compact space has the weak 
topology determined by the family of its compact subsets. We now 
reverse this procedure by the 

9.2 Definition A HausdorfF space X is called a k-space if it has the 
weak topology determined by the family of its compact subspaces. 

The class of k-spaces is larger than that of the locally compact spaces; 
for example, it contains also all the metric spaces, since 

9.3 Every locally compact and every 1° countable space is a k-space. 

Proof: Only the case that A is 1° countable requires proof. Let 
A C X be such that A n C is closed in C for each compact C ; then 
A n C is closed in X for each compact C, and we shall show A C A. 
Let xeA; by X, 6.2, there is a sequence {a n \ neZ + } C A with 
a n —>x\ since (XI, I, Ex. 2) {a„} U x is compact, so also is the closed 
A n {a n } u x , and this intersection, being an infinite subset of {« n } U x, 
must contain x. Thus x e A, and so A is closed. 

The relation of k-spaces and local compactness is 

9.4 Theorem (D. E. Cohen) Let X be Hausdorff. Then X is a k-space 
if and only if it is a quotient space of a locally compact space. 

Proof: Assume that X is a k-space. By VI, 8.5, we know that X is a 
quotient space of the free union of its compact subspaces, and since the 
free union of compact spaces is evidently locally compact, the necessity 
of the condition follows. For sufficiency, let p: Y X be the identifi¬ 
cation map, where Y is locally compact, and let U C X be such that 
U n C is open in C for each compact C ; we are to show that U is open in 
X. For each relatively compact open VC Y, we have U n p{V) open 
in the compact jb(F), that is, U n p{V) = p(V) n G, where G is open in 
X. Since p~ 1 ( U) Pi p~ x p{V) = p~ 1 p(V) n p~ 1 (G), we find by intersect¬ 
ing with V, that p~ 1 (U) n V = V C\p~ 1 (G), therefore p~ 1 (U) n V is 
open in Y. Since there is a covering Y = (J V a by relatively compact 

a 

open sets, the formula p~ l (U) = U P - 1 (G) n V a shows p~ l (U) open 

a 

in Y y so U is open in X. 

9.5 Corollary If X is a k-space and p: X Z is an identification, then 
Z is also a k-space. 

Proof: Let Y be locally compact and g: Y —X an identification. 
Then p is an identification, by VI, 3.3, so by the theorem, Z is a k- 
space. 
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Sec. 10 Baire Spaces; Category 

Ex. 1 The cartesian product of two k-spaces may not be a k-space, as VI, 8, 
Ex. 5 shows; however it will be a k-space whenever either (a) both factors are 1° 
countable, or (b) one factor is locally compact, (a) is clear, since the product is 
then 1° countable. Though a direct proof of (b) is easy, we will derive it later 
(XII, 4.4) from a more inclusive result. 


10. Baire Spaces; Category 

Locally compact spaces have the following useful property: 

10.1 Theorem (R. Baire) The intersection of any countable family of 
open dense sets in a locally compact space Y is dense. 

Proof: Let D lf Z) 2 , • • • be open dense sets; we must show that 

00 

U n P) D t # 0 for each open U C Y. Start with U and D 1 ; since 
i 

U n D x ^ 0 because D 1 is dense, 6.2 shows that there is a nonempty 
relatively compact open B x such that B x C U n D x . Now using B 1 and 
D 2 , we find for the same reason that there is a nonempty relatively 
compact open B 2 such that B 2 C B x C\ D 2i and proceeding by induction, 
we obtain a sequence {5 n } of nonempty relatively compact open sets 
such that B n C B n _ x n D n for each n. The B n are closed in the 
compact B ly and evidently have the finite intersection property, so 

P) B n ^ 0 . Since P) B n C U n p D n , because of B x Q U n D x 

1 - 1 i 

and B n C D n for each n, the proof is complete. 

Ex. 1 The hypotheses “open” and “countable” are essential: Without 
"countable,” the family { E 1 — {v} | x e E 1 } of open dense sets in E 1 contradicts 
the conclusion; and by omitting “open,” the dense sets {rationals}, {irrationals} in 
E 1 show the conclusion false. 

Ex. 2 As one immediate use of 10.1, we prove, as announced in III, 6, Ex. 3, 

00 

that the set of rationals Q C E 1 is not a G^-set. For, if Q = f] G t , then each open 

Gi is also dense, and we could enlarge the family {G<} by the countably many sets 
E 1 — {r}, r e Q, to obtain a countable family of open dense sets in E 1 with a 
vacuous intersection. 

The property in 10.1 is not confined only to locally compact spaces; 
we will see later that another broad class of spaces, which includes the 
irrationals in E 1 , also possesses this property. Since this condition, 
independently of any other, means that a space has a feature important 
in topology and in analysis, we abstract and study it separately. 

10.2 Definition A space Y is a Baire space if the intersection of each 
countable family of open dense sets in Y is dense. 
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With this terminology, every locally compact space is a Baire space. 
Somewhat more generally, every locally countably compact regular 
space is a Baire space, since the proof given in 10.1 is clearly applicable 
to this case also. The significant feature of Baire spaces is 

10.3 Theorem (R. Baire) Let Y be a Baire space. If {A n | ne Z + ] is 
any countable closed covering of Y, then at least one A n must 
contain an open set, that is, Int(^4 n ) ^ 0 for at least one n. 

CO 00 

Proof: From Y = [J A n follows ^A n = 0 , so since Y is a Baire 

i i _ 

space, not every ^A n can be dense. Consequently, A n ^ Y for at 
least one »; that is, Int (A n ) = WA n # 0. 

Ex. 3 This theorem yields the important conclusion that E n , or any locally 
compact space, cannot be decomposed into countably many closed sets, each of 
which has no interior. 

Ex. 4 The subspace Q of rationals in E 1 is not a Baire space. For, (r | reQ} 
is a countable closed covering of Q, and since Q is not discrete, no {r} is an open 
set. 

Remark: Definition 10.2 and Theorem 10.3 are equivalent, as the reader can 
easily show. 

The requirement “closed covering” in Theorem 10.3 can be relaxed 
by imposing a more stringent condition on the sets. To do this, we first 
require 

10.4 Definition In any space Y, 

(1) . A set B C Y is called nowhere dense (or: a sieve) if its closure 

has no interior (that is, WWB = 0, or alternatively, if WB 
is dense). 

(2) . Any countable union of nowhere dense sets is called a set 

of the first category (or meager). 

(3) . Any set not of the first category is said to be of the second 

category (or nonmeager). 

In these terms, the extended version of 10.3 is 

10.5 Theorem (R. Baire) In a Baire space, a set of the first category 
has no interior. 

Proof: Let {B n | ne Z + j be a countable family of nowhere dense 

OO 

sets, and let U be any open set such that U C U B n . We are to prove 
U — 0. From U C Q B t C Q B u we find f] <€B t C ^£7; since the 
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&Bi are open dense sets, the closed set &U is dense in Y, so that 
Y = &U and U = 0 . 

Ex. 5 Though 10.5 assures that a 1° category set C in a Baire space cannot fill 
out any open set, the closure of C may have an interior (that is, C may not be nowhere 
dense). For example, the set Q of rationals in E 1 is evidently a first category set; 
yet, Q = E 1 . 

Ex. 6 In a Baire space, the complement of ,a 1 0 category set is necessarily a 
second category set: otherwise the entire space would be a countable union of 
nowhere dense sets, contradicting 10.5. Thus, in E 1 , the irrationals are of the 
second category. Observe that a 2° category set also may have no interior. 


Problems 


Section I 

1. Let Y be compact. Prove: A filterbase SI on Fconverges if and only if it has 
exactly one accumulation point. 

2. Show that the Hilbert space / 2 (N 0 ) is not compact. 

3. Let Y be compact and ^ be a family of continuous real-valued functions on Y 
such that: 

a. If /, g £ then their product f-g £ SF. 

b. For each ye Y there is some nbd U(y) and some fe^ vanishing 
identically on U. 

Prove: 5F contains the function / = 0. 

OO 

4. Let Y be a regular space and Y = (J C ( , where each C t is compact. Prove that 

Y is paracompact. t " 

5. Let Y be compact. Show that the component containing aye Y is the inter¬ 
section of all closed open sets containing y, that is, the components are the 
quasicomponents. 

6. Let X be compact and connected, and let A C X be closed. Prove that there 
exists a closed connected subset B D A such that no closed connected proper 
subset of B contains A. 

7. Let {«n° | n e Z + \ i = 1, • • •, N] be a finite number of sequences in a compact 
space. Let {U a \ a e sY} be any open covering. Prove: There exist integers n 0 
and k 0 such that for each i = 1, —, N, each pair of elements a ( P 0 , a%l lie in a 
set U ai of the covering. 

8. Prove that the countable connected Hausdorff space (Z + , 5T) (see V, Prob¬ 
lem 1.10) is not compact. [Hint: Consider the open covering by the sets 
{U(p, 1) | all primes p}.] 

9. Prove that X is compact if and only if each open covering of X contains an 
irreducible subcovering. [Hint: Let ‘SI be a subcovering of minimal cardinality 
Nj,; write St = {U a \ a < oi^} and consider {V p | /3 < o> M }, where 

v, = U {Ua I a < j8}]. 
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10. Let Y be Hausdorff, and let {C a \ a e srf) be any family of closed subsets such 
that C\ C a ^ 0. Let U be any open set containing f] C a . Prove: for each 

a a 

compact C ao there exist finitely many sets C ai , • • •, C an such that 
C ao n • • • n C an C U. 

11. Let M(F) = N a . Show that if 0 F u ^ 0 for each descending family 

u 

{F u | /x < o> a } of nonempty closed subsets, then Y is compact. 

12. Show that the cartesian product of uncountably many copies of I is not 
perfectly normal (more particularly, no point is a G d ). 

Section 2 

1. Prove that there is no continuous bijection of S 1 onto any subset of E 1 , and 
no continuous surjection of S 1 onto E 1 . 

2. Prove: The suspension of »S n is homeomorphic to »S n + 1 . 

3. Prove: I n , with its boundary identified to a point, is homeomorphic to S n . 

4. Prove: If Y is compact, Z Hausdorff, and p: Y Z a continuous surjection, 
then p is an identification. 

5. Let X, Y, Z be Hausdorff spaces, and/: X x Y > Z continuous. Let A C X, 
B C Y be compact, and G C Z open such that f(A x B) C G. Prove: There 
exist open U D A, V 3 B such that/(Z7 x V) C G. 

6. Let X be compact. Define an equivalence relation R as follows: x R y if for 
every continuous/: X —> E 1 such that/(x) = 0, f(y) = 1, there is a.ueX with 
f(u ) = jr. Show that the equivalence classes are the components of X. 

7. Let X be compact and {/„} be a sequence of continuous real-valued functions 
on X such t}iat f n (x) </„ + i(x) for every n and every x. Assume that there is a 
continuous g: X —> E 1 such that f n (x) —> g(x) for each x. Prove: f n converges 
uniformly to g. 

8. Let/: X —> Y be continuous, and let {F n | n e Z + } be a descending sequence 

00 00 

of compact subsets of X. Prove that/(H F t ) = (~)f(F t . 

i i 

9. Let X be Hausdorff, Y compact, and /: X x Y — E 1 continuous, where E 1 
is the extended real line. Prove that M(x ) = sup {/(x, y) | y e Y} and 
m(x) — inf {f(x, y) | y e y} are continuous. [Hint: For any real a, let Q — 
{(x, y) \f(x,y) 3* a} and use 2.5.] 

10. Let Y be compact and/: T—> T continuous. Prove that there exists a non¬ 
empty closed set A C Y such that A = f(A). 

11. Let Y be completely regular, C C Y compact, and U a nbd of C. Prove: 

there exists a continuous/: Y —> I such that/(c) = 0 for all c e C and f(x) = 1 
for all x 6 Y — U. [Hint: For each ceC, let f c be such that f c (c) = 0 and 
fffiU) = 1; cover C by finitely many sets {/j/[0, | i— 1, • • •, n} and con¬ 

sider the product/ Cl (x) • f C2 (x ) • • • / CfJ (x).] 

Section 3 

1. Prove: X is countably compact if and only if every family of closed subsets 
having the finite intersection property also has the countable intersection 
property. 
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2. Prove: X is countably compact if and only if: whenever {Fi} is a descending 

oo 

sequence of closed nonempty sets, then H F x ^ 0. 

i 

3. Prove: If Y is 1° countable and X is countably compact, then a continuous 
bijection f:X—> Y is a homeomorphism. 

4. Prove: A regular space Y is countably compact if and only if every point- 
finite open covering has a finite subcovering. [Remark: This is no longer true 
if Y is assumed to be only Hausdorff.] 

5. Show that a sequence in a 1° countable countably compact space converges if 
and only if it has a single accumulation point. 

6. Prove: A space Y is pseudocompact if and only if each continuous/: Y —> E x 
attains its maximum and its minimum. 

7. Show that a completely regular space Y is pseudocompact if and only if each 
nbd-finite system of nonempty open sets in Y is finite, 

8. Prove: A completely regular space is pseudocompact if and only if each nbd- 
finite countable open covering has a proper subcovering. 

9. Let Q C / be the set of rationals. Retopologize I by taking the sets 

x W (]x — e, x + e[ Q), all e > 0, 

as the complete system of nbds at each x. Show that this space is pseudo¬ 
compact, but not countably compact. 

Section 4 

L Let X be compact metric and T: X—> X be a map such that d(x,y) — 
d(Tx, Ty) for all x,y. Prove: T is surjective. [Hint: If it is not surjective, 
select aye T(X) and consider the sequence y, Ty, T(Ty), • • •.] 

2. Let 5F be the family of all continuous maps I —> I such that | f(s ) — fit) | ^ 
Is — f|. Define 

d + if,g ) = max|/(0 - g(t )|. 

Prove: 3F is compact. 

3. Prove: A metric space is compact if and only if every continuous real-valued 
function on it is bounded. 

4. Let X be compact. Prove that X is metrizable if and only if the diagonal 

00 

A C X x X is a G d . [Hint: Letzl = fj U t ; for each i, find finitely many open 

i 

Va such that A C U Vn x Va C U iy and show that the family of all V n is 

j 

a basis for X.] 

5. Let X be compact. Assume that there exists a continuous /: X x X —» E 1 
such that f(x, y) = 0 if and only if x = y. Prove: X is metrizable. 

6. Let iX, d) be a compact metric space, and 5F{X) the space of all nonempty 
closed sets with the Hausdorff metric (IX, Problem 4.8) Prove: 

a. For each E C X, the set {A e4FiX) | E C A) is closed. 

Now, for any E C X, let I[E) = {A e 3F[X) \ A C E} and •/(£') = 

{AeJ^iX) \ A n E ^ 0}. 

b. If E is open (closed), then both /(£') and J[E) are open (closed). 

c. The map A - > SiA) of 3F(X) into E 1 is continuous. 

d. diA, B) is a continuous function on #/AT) x 4FiX). 

e. 4FiX) is compact. 
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Section 5 

1. Let { Y a | a e sYj be any family of spaces. Prove: If each f a \ X Y a is 

perfect, then so also is {/„}: AT —> FI Y a . 

a 

2. Let sY be an arbitrary set, and for each a estf, let f a : X a -> Y a be a perfect 
map. Prove: J~J/ a : T\ X a —»■ TT Y a is also perfect. 

a 

3. Prove that the following two conditions are equivalent: 

a. f: X Y is perfect. 

b. If 9l is a filterbase in X, and if /( 91) >• yo, then there is an x 0 e X such 
that 9i >• x 0 and f(x 0 ) = yo- 

4. Let Y be Hausdorff and p : Y —> Zbe perfect. Prove: If Z is metacompact, so 
also is Y. 

5. Let X be compact, and p: X X/R. Prove X/R is Hausdorff if and only if 
P is closed. 

6. Prove: A quotient space of a compact metric space is metrizable if and only 
if it is Hausdorff. 

7. Let/: X -> Y be a continuous map of a compact metric space into a Hausdorff 
space. Prove: f(X) is metrizable. 

8. Let Y be regular, let p: Y —> Y/R be closed, and let each equivalence class be 
compact. Prove: Y is paracompact if and only if Y/R is paracompact. 

9. Let p: X -> Y be continuous and D C X a dense proper subset. Assume that 
p~\y) n D is compact for each y e Y. Prove: p | D is not a closed map. 

10. Let X, Y, Z, be Hausdorff and /: X -+ Y, g: Y -> Z be continuous. Prove: 

a. If / and g are perfect, then so also is g °f. 

b. If g of is perfect and g is injective, then / is perfect. 

11. Let p : X-+ Y be perfect, and let X have weight < X. Prove that if X ^ N 0) 
then Y also has weight < X. 

12. Let p : X —* Y be an open perfect map. Show that if X is completely regular, 
then so also is Y. [Hint: Use III, Problem 11.16.] 

13. Prove [0, Q] x [0, Q[ is not normal. Thus, if p: X —*■ Y is perfect and Y is 
normal, then X need not be normal. 

14. Let X be normal, let Y be 1 ° countable, and let /: X -> Y be a continuous 
closed map. Prove that Fr[/ -1 (y)] is countably compact for each y e Y. 

15. Prove: If X is a metric space, and if/: X —> Y is a continuous closed surjec¬ 
tion, then Y is metrizable if and only if Fr[/ -1 (y)] is compact for each y e Y. 
[Hint: Necessity follows from Problem 14. Sufficiency: For each y e Y, 
define a set C(y) C X as follows: If Fr[/ ~ x (y)] ^ 0, let C(y) = Int[/~ 1 (y)], 
and if Fr[/ _1 (y)] = 0, let C(y) = f~ 1 (y) - x y , where x y is any point of 
f~ 1 (y). Let X 0 = X - U (C(y) | y e Y}, and show that /1 X 0 is a perfect 
map.] 

Section 6 

1. For any space X, prove: If the cone TX over X is locally compact, then TX 
is in fact compact. 

2. Prove: For every two points in a connected, locally connected, locally compact 
Hausdorff space, there exists a compact connected set containing them. 



Problems 255 

3. Let X be locally compact and f: X —> Y be a continuous open surjection. 
Prove: For each compact K C Y there exists a compact C C X such that 
f(C ) = K. 

4. In an arbitrary space X, an A C X is called locally closed if each a e A has a 
nbd U(a) such that U n A is closed in U. Prove: A is locally closed if and 
only if A = B r\ V, where B is closed and V is open in X. 

5. Let X be Hausdorff and Y locally compact. Prove: /: X — » Y is perfect if and 
only if/ _1 (C) is compact for each compact C C Y. 

6. Let ( Y, d ) be a locally compact metric space. Let p : Y —>• Y/R be a closed map 
such that each equivalence class is compact. Prove: Y/R is a locally compact 
metrizable space. 

7. Let X be Hausdorff and D C X dense. Prove that every relatively compact 
nbd in D of a point b e D is a nbd of b in X. 

8. Prove that the space (Z + , 3Y) of V, Problem 1.10, is not locally compact, 
[Hint: See VII, Problem 2.3.] 

Section 7 

1. Give examples to show (a) a star-finite closed covering of a space need not be 
nbd-finite; and (b) a nbd-finite closed covering of a space need not be star-finite. 

2. Let {U a \ a e s/} be a star-finite open covering of a connected space Y. If each 
U a ^ 0, prove that N(,c/) < Mo- [Hint: Proceed as in the proof of 7.3.] 

3. Prove: Every countable point-finite open covering of a normal space Y has a 
countable star-finite open refinement. [Hint: Shrink the given {Ui | i e Z + } to 
a closed covering {F t | i e Z + } such that F t C U t for every i. For each fixed i, 
let {Wi{ri) | n e Z + } be a sequence of open sets such that F t C W t (n) C Ui and 
W t (n) C Wi(n 4- 1) for every n. For each fixed n ^ 1, let 

V n = U W(«) | 1 <*<«}. 

Defining V n — 0 for n ^ 0, the open covering 

{( v n - F n _ 2 ) n W t (n) I 1 <i^n, n= 1, 2, • • ■} 
is the required refinement.] 

4. Prove the following theorem of K. Morita: Let Y be a connected space. Then 
every open covering of Y has an open star-finite refinement if and only if Y is 
regular and Lindeldf. 

Section 8 

1. Prove: [0, f2] is the Stone-Cech compactification of [0, Q[. 

2. Let X be a discrete space. Prove that the Stone-Cech compactification /3(X) 
has the following property: The closure of every open set is open. 

3. Let X be normal, A C X closed, and f:A—>Y, where Y is completely 
regular. Prove that f can be extended to a continuous F: X -» Y, where Y is 
a compact space containing Y. 

4. Prove that the Stone-Cech compactification fiX of X is characterized by the 
following property: each continuous map / of X into the unit interval I has a 
unique continuous extension F: fiX —> I. 

5. Prove: ft(X) is connected if and only if X is connected. 
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6. Prove: For every lower semicontinuous map/: Y -> E 1 , there exists one and 
only one lower semicontinuous F: @Y —> E 1 such that F | Y = f. 

7. Let X be completely regular and / be a homeomorphism of X into a compact 
space Y. Prove: The Stone-Cech extension F: fiX — Y sends (f$X) — X 
into Y - f(X). 

8. Show that the Stone-Cech compactification of [0, Q[ x [0, f2[ is 
[0, Q] x [0, Q], and that the Stone-Cech compactification of [0, f2[ x [0, o>] is 
[0, Q] x [0, «]. 

9. Show that fiZ + is the union of a countably infinite family of pairwise disjoint 
subsets, each homeomorphic to /SZ + . 

10. Show that (/3Z + ) — Z + contains a copy of ftZ + . 

11. Let Q C E 1 be the rationals. Show that N(/3Q) = 2 e . 

12. Let X, X' be locally compact and X, X' their one-point compactifications. 
Prove: In order that an /: X —> X' be perfect, it is necessary and sufficient 
that its extension F: X -> X', given by F{x ) = f(x) ( x e X), F(oo) = oo', be 
continuous. 

Section 10 

1. Prove: Baire spaces are invariant under continuous open surjections. 

2. Prove: An open subset of a Baire space is also a Baire space. 

3. Using Problem 2, prove that 10.2 and 10.3 are equivalent. 

4. Let y be a space with the following property: Each point of Y has a nbd 
that is a Baire space. Show that Y is a Baire space. 

5. Prove: El is a Baire space. 

6. Prove that the intersection of countably many open dense sets in a Baire space 
is a set of the second category. 

7. If y is a Baire space, and Y is not discrete, prove that N(y) ^ N 0 . 

8. Give an example to show that in a Baire space the complement of a second 
category set need not be a first category set. 

9: Let A be a set of the first category in a Baire space Y, and let {H n } be any 

00 

countable family of sets such that Y> A C (J H n . Prove: There exists an n 0 and 

i 

an open set U such that U' n H no 0 for each open U' C U. (Compare 
with the auxiliary proposition in VII, 3, Problem 3). 

10. Show that a completely regular pseudocompact space is a Baire space. 

11. In the metric space (Z, d), let A(z 0 ', e) denote the closed ball {s: | d{z, ar 0 ) ^ e). 
Now let X be an arbitrary space, let Y be a metric space, and let f: X X Y Z 
be continuous in each variable separately. Let e > 0 and y 0 e Y be kept fixed, 
and for each x e X define 

d(x) = sup{r |/i>, B(y 0 , r)] C A[f(x,y 0 );e]}. 

Prove: a. x d{x) is an upper semicontinuous map of X into E 1 . 

b. If X is a Baire space, then there exists an x 0 e X such that 
d[F(x, y), F(x 0 , y 0 )] < 2e on some nbd U(x 0 ) x V(y 0 ). 



Function Spaces 

xn 


The idea of topologizing the set of all continuous maps of one space 
into another plays an important role in modern topology. Of the 
many possible topologies, we study here one that stems from the classical 
function-theoretic concept of uniform convergence on every compact 
set. 


I. The Compact-open Topology 

Let X, Y be topological spaces, and denote by Y x the set of all 
continuous maps of X into Y. We wish to define nearness of two maps 
by their “nearness” on the compact subsets of X: if/satisfies a condition 
f(A ) C V, where A C X is compact and V C Y is open, then maps 
“near” to / are required to satisfy the same condition. The smallest 
topology in compatible with this requirement is called the compact- 
open topology (abbreviated: c-topology). 

M Definition For each pair of sets A C X, B C F, let (A, B) = 
{/ e Y x \f(A) C B}. The c-topology in Y x is that having as sub¬ 
basis all sets ( A , V), where A C X is compact and VC Y is open. 

It is evident that the space Y x is a joint topological invariant of X and 
F, that is, if X ^ L and F ~ M, then Y x ^ M L : we need only 
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observe first that the set Y x is completely determined by the spaces X, 
Y, and then that its ^-topology is specified by using only topological 
invariants of X and Y, so that it, too, is uniquely determined by the 
spaces X, Y. 

Ex. 1 If X is discrete, then Y x is homeomorphic to n { Y x \ x e X) where each 
Y x is a copy of Y. 

Ex. 2 Since the basic open sets in Y x are the finite intersections of subbasic 
ones, it is useful to observe: 

n (4u w) = (u A h wy, n (A,w t ) = (a, n w t y 

and 

n (A:,w t ) c (u A t , u w t y 

Ex. 3 For closure, we have the formula (A, W) C (A, W)\ For, if g e (A, IF), 
then ge (a, Y — W ) for some a e A; since the single point a is always compact, 
(a, Y — W) is anbd ofg in the c-topology, and because (A, W)o\(a, Y — W ) = 0 , 
we find that g e (A, W). 

The space Y x contains some useful subspaces: 

1.2 (a). For each y 0 e Y, let c yo : X Y be the constant map x ->y 0 . 

The map j: Y -> Y x given by y c y is a homeomorphism of 
Y onto a subspace of Y x ; thus Y can always be embedded in 

(b). Let y 0 C y be a subspace of Y; then y£ is homeomorphic to 
the subspace S 0 = {/ e Y x |/(^) C y o } C Y x . 

Proof: (a). Since the statements c y e (A, V) andy e V are equivalent, 
it is evident that the injection j is a homeomorphism. 

(b). Let (p: Y$ S 0 be the identity map; if W C Y is open, and 
V = Wn y 0 , the formula <p[(A, V )] = (A, W) n S 0 shows that <p is a 
homeomorphism. 

Ex. 4 The analogue of 1.2(b) for .Xo C X is false: a map X 0 —> Y need not be 
extendable over X, so that Yo is generally not a subspace of Y x . 

Some of the separation properties of Y x are determined by those of Y: 

1.3 (a). Y x is Hausdorff if and only if Y is Hausdorff. 

(b). Y x is regular if and only if Y is regular. 

Proof: If Y x is Hausdorff, or regular, then since ( 1 . 2 ) Y can be 
regarded as a subspace of Y x , Y must have these properties also. Thus, 
only the converses require proof. 
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(a) . Let / # g‘, then f(x 0 ) g(x 0 ) for some # 0 e X. Since F is 
Hausdorff, find disjoint nbds U(f(x 0 )), V(g(x 0 )); then (x 0 , U), (x 0 , V) 
are disjoint nbds of /, g. 

(b) . Given fe (A, V ), then because f(A ) C V is compact and Y is 
regular, there is (XI, 1.5) an open W with f{A) C W C W C V; by 
Ex. 3 we conclude that /e(^4, W) C (A, W) C (A, TV) C (A, V), 
establishing regularity of Y x . 

Ex. 5 In view of Ex. 1, if Y is normal, then Y x need not be normal. 

Since we consider only compact subsets of X in defining the topology 
of Y x , it is to be expected that the ^-topology will have particular im¬ 
portance whenever X contains “enough” compact subsets to define its 
topology. 

2. Continuity of Composition; the Evaluation Map 

Let X, F, Z be three spaces. For fe Y x and g e Z Y , the composition 
g o/e Z X y so that T(f, g) = g °f defines a map Y x x Z Y —> Z x . We 
investigate the continuity of T. 

2.1 T is always continuous in each argument separately. That is, 

(1) . g —> g °fi is a continuous map Z Y -> Z x for each fixed f x . 

(2) . f->gi of is a continuous map Y x -> Z x for each fixed g x . 

Proof: (1). Let (A, V ) be any subbasic nbd of g°f x . Observe that 
gof 1 e(A, V) if and only if ge(f x (A), V) and that, since f x (A) is 
compact, (/i(^4), V) is in fact a nbd of g; thus T[f 1} (ffA), V )] = 
(A, V), establishing the continuity. 

(2). This is proved similarly, noting that the statements 
g x o/e (A, V) and fe (A, X (I0) are equivalent. 

This result is summarized by using the following terminology: For 
each fixed continuous f:X-+ F, the map f + :Z Y ->Z x , given by 
f + (g) — g°f, is called the map induced by /; similarly, each fixed 
continuous g: Y -> Z induces a map g + : Y x -» Z x by g + (f) = g ° f. 
The statement of 2.1 is then simply that a map of function spaces induced 
by a continuous map of one of the factors is always continuous. 

In general, T is not continuous in both variables, as we shall see below: 
However, 

2.2 Theorem Let X, Z be Hausdorff and F locally compact. Then 
the map T : Y x x Z Y Z x is continuous. 
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Proof: Let f x e Y x , g x e Z Y and a nbd (A, W) of g x ° f x be given. 
Since gf 1 (W) C Y is open, and f x (A) C ^ r f 1 (W / ) is compact, the local 
compactness of Y assures (XI, 6.2) that there is a relatively compact 
open T with f x (A) C V C V C g{ 1 {W). Thus we havenbds/i e (A, V ), 
g! e (F, IT), and clearly, T[(^, T), (F, IT)] C (4, IT). 

The evaluation map plays an important role in function spaces: 

2.3 Definition For any two spaces Y, Z, the map o>: Z Y x Y —> Z 
defined by (/, y ) ->/(y) is called the evaluation map of Z y . 

2.4 Theorem (1). For each fixed y 0 , the map co yo : Z Y -> Z, given by 
/-► <*>(/, 3\>) = f(yo)> is continuous. 

(2). If Y is locally compact, then oj: Z y x Y -> Z is continuous. 

Proof: Because co is precisely the composition map 

T: Y x x Z y ->Z X 

whenever X is a space consisting of a single point, the results follow 
from 2 . 1 ( 1 ) and 2 . 2 . 

Ex. 1 That the local compactness of Y is essential in 2.4(2) is shown by the 
following example. Let Y — Q C E 1 be the rationals with the induced topology 
(we require only that Q be a nonlocally compact completely regular space), let I be 
the closed unit interval, and let to: I® x Q-+1 be the evaluation map. Let 
fo- Q -> I be the map f 0 (Q ) = 0, and let q 0 e Q be any point; we prove w not 
continuous at (/ 0 , qo) by showing that this point has no nbd mapping into W = 

n 

{t | t < 1}. Let U be any nbd of q 0> and V = f) ( A h V t ) be any nbd of / 0 ; since 

n 

U is not compact, whereas each^ is, U cannot be a subset of (J A iy so that there 

i 

n ^ 

is a q e U — (J A f . Since Q is completely regular, there is an /: Q —> / with 
i 

~ ~/”\ n ~ 
f(q ) = 1, and / (IJ Af = 0. Noting that 0 e (~) V i} we conclude that/e V, qe U, 

and yet co(f, q) e W. Thus, to is not continuous. This example also shows that 
the local compactness of Y is essential in 2.2: if we take the space X of 2.2 to 
consist of a single point, then T becomes simply the evaluation map. We further 
remark that R. Arens has shown the evaluation map to : I Y x Y —> / to be con¬ 
tinuous if and only if Y is locally compact. 


3. Cartesian Products 

Given three spaces X, Y, Z, a function a(^, y) = z can be regarded as a 
map X x Y —>- Z or as a family of maps Y —> Z with X as the parameter 
space. In this section, we consider the effect that shifting from one point 
of view to the other has on the continuity of the maps. 
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For notation, let a: X x Y —> Z be continuous in y for each fixed x\ 
the formula 

[«(*)]O0 = a (*> y) 

defines, for each fixed x, an a(x): Y — > Z, and so a(x) is a map 
a: X Z Y . Conversely, given an <2: X Z Y , the formula defines an 
a: X x Y -> Z continuous in y for each fixed x. Two maps 

a:X X Y-+Z and &:X^Z Y 

related by the above formula are called associates. 

The most important feature of the c-topology is 

3.1 Theorem (1). If a: X x Y -» Z is continuous then <$: X -> Z Y is 

also continuous. 

(2). If a: X Z Y is continuous, and if Y is locally compact , then 
a: X x Y —> Z is also continuous. 

Proof: (1). It is enough to show that for each x 0 and each subbasic 
( A , V ) satisfying <x(x 0 ) e (A, V), there is a nbd U(x 0 ) with ot{U) C 
(A, V). Equivalently, we must show that, if a(x 0 , A) C V, then there 
is an open U(x 0 ) with a(U x A) C V. To this end, note that 
x 0 x A C a -1 (F) and that because a is continuous, a -1 (F) is open; 
since A is compact, XI, 2.6, applies to give nbd U(x 0 ) with 
U x A C a~ 1 (V), completing the proof. 

a x 1 a 

(2). In the sequence X x Y ■—> Z Y x Y Z, the first map is 
continuous by IV, 2.5, and because Y is locally compact, so also is the 
second. The combined map is therefore continuous, and this is 

(x, y) -> oj(a(x), y) = a(x)(y) = cc(x, y). 

Note that although Z determines the separation properties of Z Y it 
plays no role in the general continuity considerations of the theorem. 
Note also that (2) is true for every space X whenever Y is locally compact. 
Now, by imposing conditions on X x Y, we can relax the requirement 
of local compactness on Y: 

3.2 Corollary If <£: XZ Y is continuous, and if X x Y is a k-space, 
then a: X x Y -> Z is continuous. 

Proof: With no assumptions on X or Y, we can still prove that a is 
continuous on all sets X x B, where B C Y is compact: For, using the 
continuous map i + : Z Y —> Z B induced by the inclusion i: B —> Y, each 

a x 1 i + x l (o 

map in the sequence X x B — > Z Y x B - > Z B x B^Z is con¬ 

tinuous, so that the combined map is also, and this is simply a \ X x B. 
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It now follows that a is continuous on every compact C C X x Y : 
for if p:X x Y-> Y is the projection, then p(C) is compact and 
C C X x p(C). By VI, 8.3, the map a is therefore continuous. 


4. Application to Identification Topologies 

Theorem 3.1 is very powerful; we use it to derive the fundamental 
theorem for identification topologies in cartesian products. 

4.1 Theorem (J. H. C. Whitehead) Let p: X -> R be an identification, 
and let Y be locally compact. Then the map 

p x 1:X x Y->R x Y 

is an identification. 

Proof: Let Z be any space and g: R x Y —>■ Z be any map such that 
g o (p x l):Xx FZ is continuous; according to VI, 3.1, the 
theorem will be proved if we can show that g is continuous. To this 
end, note first that since a = g o (p x 1) is continuous, the associated 
<$: XZ Y is also continuous. Furthermore, ap~ 1 : i? Z Y is single¬ 
valued: indeed, <5p -1 = g , since 

[<sp -1 (')]O0 = <P~ x ( r )>y) = g{PP~ 1 ( r )>y ) = g{r,y) 

= [KOKjO- 

By VI, 3.2, we conclude that ap~ x —g:R-^Z Y is continuous, and 
since Y is locally compact, that g: R x Y —x Z is continuous. 

This theorem permits the extension of VI, 3.2, to cartesian products: 
With the notation of 4.1, if f:Xx Y -> Z is continuous, then 
( r > y) ~*f(P ~ 1 ( r ), y) a continuous map R x Y-+-Z whenever it is 
single-valued. Of particular importance for our purposes later is the 

4.2 Corollary Let A C V be closed, and attach X to Y by a continuous 

/: A —>■ Y. Let p: X + be the identification map. 

Let K be locally compact and 9 0 : X x K^-Z, f: Y x K -> Z 
continuous maps. If cp(a, k) = </»[/(«), A] for each k e K and a e A, 
(that is, 99 and 1 p are "consistent”), then the map 

(<P,tf)[p x l]" 1 : (Xu/ Y) x K-^Z 

is continuous. 

Proof: p x 1 is an identification, and the consistency condition 
asserts that {cp, ip)[p x 1] _1 is single-valued. 
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Theorem 4.1 also has the consequence: 

4.3 Corollary Let /:P—^A, g:R—>Y be identifications. If the 
range of one map and the domain of the other is locally compact, 
then / xg:PxR^Xx Y is an identification. 

Proof: Assume that R , X are locally compact. Then 
/ x 1 R :P x R^X x R 

and 1 x xg:XxR-^Xx Y are both identifications; by transitivity 
(VI, 3.3) (l x x g) o (/ x 1 B ) = f x g is therefore also an identification. 

As another application of 3.1, we have 

4.4 Theorem Let AT be a k-space and Y a locally compact space. Then 
X x Y is a k-space. 

Proof: We first observe that if P is any k-space, and if R is any 
locally compact space, then an /: P x R -> Z is continuous if and only 
if/| C x R is continuous for each compact C C P. Indeed, since R is 

locally compact, the continuity of / is equivalent to that of /: P —> Z R 
and, since P has the weak topology determined by its compact subsets, 

A A 

VI, 8.3, shows that / is continuous if and only if / | C is continuous for 
each compact C. 

We now prove the theorem. By the definition of weak topology, every 
set open in the cartesian product topology <X(c) of X x Y is open in the 
k-topology 2X{k) of X x Y, so we need prove only that 

1: (A x Y, 3~{c)) -> (A x Y, ^(k)) 

is continuous. For compact CCA, C' C Y, the compactness of 
C x C' and XI, 9.1, assures that 1 | C x C' is continuous. Now, 
keeping any compact C fixed, and recalling (XI, 9.3) that Y is a k-space, 
our observation above shows that 1 | C x Y is continuous; and apply¬ 
ing our observation again, since A is a k-space, we find that 1 is in fact 
continuous. 


5. Basis for Z Y 

In the subbasic open sets (A, V) for the topology of Z Y y the open sets 
VC Z and the compact sets A C Y can be restricted to range over 
certain subfamilies, and the resulting collection will still be a subbasis for 
the otopology. 
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5.1 (a). Let 8ft = { W a | a e j/} be a subbasis for Z. Then the family 

{(A, W) | A C Y is compact, W e 8ft) is also a subbasis for Z Y . 
(b). Let IF — {C a | a e be a family of compact sets in Y with 
the following property: For each compact A and open U D A, 

n 

there are finitely many C t £ 3F with A C [J C t C U. Then the 
family {(C, W) | C e W e 8ft) is also a subbasis for Z Y . 

Proof: (a). It is enough to show that, given / e (A, V), there are 

finitely many (A t , W t ), W { e 8ft, with fe f) (A, Wt) C (A, V). We 

i 

start by observing that because V is open and 8ft is a subbasis, it follows 

k(0) 

that V = U V B , where each V e is a finite intersection p) W e Now, 
0 i = l 

since/(^4) C L, the sets {/ _1 (L^) n yl} are an open (in A) covering of 
the compact A, so we can extract a finite covering {/“ 1 (L j ) n A}, 
i = 1, •••,«, which we shrink (since A is normal) to obtain compact 

A lt • • •, A n with A = U A t , and A t C f~ 1 (V i ), for each i = 1, •••,«. 

i 

Since 

( /c(0 \ fc(i) 

a, n Wij) = n (4, tfu 

y=i / /-i 

for each *, we find 

n fc(i) n n 

/e n n (A, w tJ ) = n (A, v t ) c (a u c (a, vy 

i = 1 i = 1 i = 1 1 

as required. 

(b). Given fe (A, W), choose finitely many C t E ^ with 

KUQcm 

i 

then / e (C 0 IT) for i — 1, ••♦,», so that 

/en(C„W0 = (0 c„ Pf) C (^,PF) 

and, as in (a), the proof is complete. 


Ex. 1 In Z XxY , the sets (A x B, V), where A C X, B C Y are compact and 
V C Z is open, form a subbasis for the c-topology. For, let C C X x Y be com¬ 
pact, and let IF be a nbd of C. If A, B are the projections of C on X, Y, respectively, 
then A x B is compact (hence, regular) and contains C ; therefore each ceC 
has a nbd U c x V c in A x B with U c x V c C (A x B) n W: Since C is compact, 
extract a finite covering {U Ci x V Ct }‘, then C C (J U Ci x V Ci C IF and because the 
U ct , V C( are compact, the condition in 5.1(b) is satisfied. 
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5.2 Theorem Let Y be locally compact and be the cardinal of a 
basis {U} consisting of relatively compact open sets. Let Z be 
arbitrary and X z be the cardinal of a basis {V}. If at least one of 

X z is not finite, Z Y has a basis of cardinal ^ X y • X z . In 
particular, Z Y is 2° countable if both Z and Y are 2° countable. 

Proof: We first note that the family stf — {( IJ, V )} is a subbasis: 
For, because of 5.1(a), the requirement that V lie in the specified basis 
is no restriction, and since {U} is a basis, the condition in 5.1(b) is also 
fulfilled. It is evident that X(j/) = X y -K z . Since the finite intersections 
of the members of give a basis, this basis has cardinal no larger than 
that of the set of all finite subsets of s/, and since ^ X 0 , this basis 

has (II, 8.8) cardinal X(j/). 

Ex. 2 If both Xy, are finite, the theorem is false. Let Z be a discrete space 
with n points and Y a discrete space with m points; then Z Y has n m elements and, 
being Hausdorff, is also discrete. 

Ex. 3 The hypothesis that Y be locally compact is essential. Consider the 
space I Q of 2, Ex. 1; though both I and Q are 2° countable, I Q is not even 1° 
countable: Indeed, because the identity map 1: I Q —> I Q is the associate of the 
evaluation map o»: I Q x Q -* J, and because Q is second countable, the 1 0 
countability of I Q together with 3.2 would yield that to is continuous, a contra¬ 
diction to the result of 2, Ex. 1. 

We also use 5.1 to establish 

5.3 Theorem Let Y be locally compact, and X, Z arbitrary. The map 
a -> a establishes a homeomorphism of Z XxY and ( Z Y ) X . (This is 
also true if X x Y is a k-space.) 

Proof: By 3.1, a-^oi is bijective. A subbasis for ( Z Y ) X consists of 
all pairs (A, (B , W)), where A C X, B C Y are compact and W C Z 
is open. By Ex. 1, the sets (A x B, W) form a subbasis for Z XxY ; since 
a g (A x B, W) if and only if a e (A, (B, W)), the theorem is proved. 
For the parenthetical remark, we require 3.2 to show that a —x <$ is 
bijective. 


6. Compact Subsets of Z Y 

For the spaces Z Y previously considered, the only restriction on Z was 
that it be Hausdorff; from now on, we will assume that Z is a metric 
space. 

The fact that some given subset of Z Y is compact usually has important 
applications in analysis; in this section, we give a readily verifiable 
criterion for this. 
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6.1 Definition Let (Z, d) be a metric space and Y an arbitrary space. 
A subset IF C Z Y is equicontinuous at y 0 e Y if 

V e > 0 3 U(y 0 ) V/e &-.f(U(y 0 )) C B(f(y 0 ), «). 

£/(y 0 ) is called a nbd of e-equicontinuity for SF. We say that IF is 
equicontinuous on Y whenever IF is equicontinuous at each point 
of Y. 

Ex. 1 Any finite subset of Z Y is equicontinuous on Y. 

Ex. 2 Let Y= [a, b ], Z = E 1 , and F = {feZ Y \ |/'(y)| <Mon ]a, &[}. 
Then F is equicontinuous on [a, b], since for each/eJ 5 ” we have | /(£) — 

M\£ — rj\, so that B(y 0 , e/M) is a nbd of e-equicontinuity for F . 

6.2 Lemma Let Z Y have the c-topology and F C Z Y be equi¬ 
continuous on Y. Then its closure F is also equicontinuous on Y. 

Proof: This will be a simple consequence of 

6.3 Let F be equicontinuous on Y, and for eachy e Y, let co y : Z Y —> Z 
be the evaluation map /-> f(y). Let 21 be a filterbase on IF such 
that o> y ( 2 l) converges to some 9 o(y) e Z for each y. Then: 

( 1 ) - 99 is continuous and 21 —> 9 9. 

(2) . If U(yf) is a nbd of e-equicontinuity for F, then 

<p(U(y 0 ))C B(<p(y 0 ),3e). 

Proof of 6 . 3: Lety 0 e Y be fixed. Given e > 0, let U(y 0 ) be a nbd of 
e-equicontinuity, so that for each fe F, f{U(y 0 )) C B(f(y 0 ), e). Since 
Wj, 0 3l -> 9 >(y 0 ), there is some A a e 21 with t o Vo (A a ) C B(cp(y 0 ), e); that is, 
for each /e A a , f(y 0 ) e B(<p(y 0 ), e). It follows that V y e U (y 0 ) V/e A a : 
d(f(y)Myo)) < d{f(y)J{y Q )) + d(f{y 0 ),<p(y 0 )) < 2 e, so we have the 
following result: 

(a). V ye U (y 0 ) : oj y A a C B(<p(y 0 ), 2e). 

Because of (a), we must have <p(y) e B(cp{y 0 ), 2e) for each y e t/(y 0 ): 
indeed, since o » y 21 —>■ 9 ?(y), each nbd of cp(y) must intersect every a > y A B , 
and in particular, the oj y A a C B(cp(y 0 ), 2e) found in (a). Thus, 

%>(j)> 9(y 0 )) < 3e 

for each y e U(y 0 ), and because e and y 0 are arbitrary, this establishes 
the continuity of 9 ? at each y 0 and also the assertion 6.3 (2). 

To prove 21 —> <p, it suffices to show that if <p e (C, V), then there is 
some A a e 21 with A a C (C, V). To this end, note that because 99 (C) is 
compact and 99 (C) n [Y — V] = 0 , we have d(cp(C), Y — V) — 3e for 
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some e > 0. For each c e C, let U(c ) be a nbd of e-equicontinuity for 3P 
and extract a finite covering U(cf)> •••, U(c n ) for the compact C. 
According to (a) there are A t e 91 such that co y A t C B(<p(c i ), 2e ) for each 

n 

y e U(Cj); choosing an A a e SI such that C f| A if we find that when- 

i 

ever feA a , then d(f(c), <p{c)) < 3e for each ceC, and consequently, 
that A a C (C, V ), as required. 

Proof of 6.2: For each <p e JF, there is a filterbase I on with 
31 -> <p; because co y : Z y —> Z is continuous [2.4(1)], we have 

oifti <p(y) 

for each y, consequently 6.3 applies and 6.3(2) yields the result. 

This leads to 

6.4 Theorem (Arzela-Ascoli) Let (Z , d) be a metric space and Y an 
arbitrary space. Assume F C Z Y satisfies: 

(1) . SP is equicontinuous on Y. 

(2) . a) y F is compact for each y e Y (that is, {f(y) \ f e F) has 

compact closure for each y). 

Then F is compact (and equicontinuous) on Y. 

Proof: By 6.2, F is equicontinuous on Y. To prove jF compact, 
let 9JI be a maximal filterbase on SP ; note that for each y e Y, the map 
u ) y : Z Y —> Z is continuous, so we have a> y F C co y F. Consequently, for 
each y e Y, a) y W is a maximal filterbase (X, 7.5) on the compact co y F, 
and therefore converges to some <p{y) e Z. Using 6.3, we conclude that 

there is a continuous cp e F = JF, with 9K —>■ cp, so by XI, 1.3, F is 
compact. 


7. Sequential Convergence in the c-Topology 

We shall show in this section that whenever Z is a metric space, sequential 
convergence in Z Y is precisely the classical function-theoretic uniform 
convergence on every compact subset. 

7.1 Definition Let (Z, d) be a metric space and Y an arbitrary space. 
A sequence {/ n } in Z Y is said to converge to an fe Z Y uniformly on 
every compact subset if for each compact C C Y and each e > 0 
there is an integer N = N(C, e ) such that d(f(c), f n (c )) < e for 
every n ^ N and every c e C. 
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7.2 Theorem Let (Z, d) be a metric space and Y an arbitrary space. 
A sequence {f n } in Z Y converges to an fe Z Y uniformly on every 
compact subset if and only if f n —>/ in the c-topology of Z Y . 

Proof: Assume that / n —>-/ according to 7.1, and let / 6 (C, V), 
Since C is compact, we have d(f(C), Z — V) = e > 0. Let now 
N = N(C, e ); then for n ^ N, we have d(f n (c), /(c)) < e for all cgC, 
and therefore f n e (C, V) for all n ^ N. Thus f n / in the otopology. 
Conversely, let f n -> / in the otopology. Given any compact C and 
£ > 0, each c e C has a nbd U(c) with f(U(c)) C B(f(c), e); covering C 
with finitely many U(c x ) n C, • • •, U ( c n ) n C and shrinking, we obtain 

71 

compact Ci, • • •, C n , with C t C U (c*), C = U Q* Letting IT be the 

nbd H (C u B(f(Ci), e)) of /, we find that if/ n e W, then d(f n (c)J(c)) < 2e 
i 

for all c e C. 

In 7.2, we have assumed that the limit function is continuous; if we 
drop this continuity requirement, we have 

7.3 Let {f n } be a sequence in Z Y converging uniformly on every 
compact subset to some function /. Then /1 C is continuous for 
each compact C C Y. In particular, if Y is a k-space, then the 
limit of a sequence of continuous functions converging uniformly 
on every compact set is always continuous. 

Proof: Let C be compact, and f n -> / as in 7.1; we prove that / is 
continuous at each c 0 e C. Given £ > 0, there is an integer n with 
d(f(c),f n (c)) < e for all cgC; from 

d(f(c),f(c 0 )) < d(f(c),f n (c)) + d(f n (c),f n (c 0 )) + d(f n (c 0 ),f(c 0 )) 

we find d(f(c),f(c 0 )) < 3 e on the nbd C nf^ 1 [B(f n (c 0 ), e)] of c 0 , 
completing the proof. 

Another type of convergence, closely related to that in 7.1, is given in 

7.4 Definition A sequence {/„} in Z Y converges continuously to an f e Z Y if 
f n (y n ) —>f(y) for each y e Y and sequence y n -+y. 

7.5 Let (Z, d) be a metric space, and let 7 be 1° countable. Then, continuous 
convergence in Z Y is equivalent to uniform convergence on every compact 
subset. 

Proof: Assume f n —> f continuously, but not uniformly on some compact set 
C C Y. Then there is an e > 0, a sequence of integers «i < n 2 < ■ ■ ■, and a 
sequence of points c k e C such that d(f nk (c k ), f(c k )) > e for each k 5* 1. Since C 
is compact and 1° countable, we can assume that c k -+c 0 ; otherwise, we use a 
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subsequence and X, 6.1(2). Due to continuous convergence, it follows that 
fn k ( c k) f(co)l and, by the continuity of /, we find that d(f nic (c k ), f(c k )) ^ 
d(fn k (Ck), f(c 0 )) + d(f(c 0 ), f(c k )) -* 0, which is a contradiction. Conversely, 
assume /„ —>/ uniformly on every compact set, and let y n -> y>o‘, then C — 
{y n } u yo is compact, so that f n \C f\C uniformly; thus, from 

d(fn(y n ),f(yo ) < d(f n (y n ),f(y n )) + d(f(y n ),f(y 0 )) 
and the continuity off, we find that/ n (y n ) — >f(yo)- 


8. Metric Topologies; Relation to the c-Topology 

If Z is a metric space, each of its metrics can be used to impose a metric 
topology on a suitable subset of the set Z Y . 

8.1 Definition Let (Z, d) be a metric space and Y an arbitrary space. 
Let C(Y, Z; d) be the set of all ^-bounded continuous maps of Y 
into Z, that is C(F, Z; d) = {/e Z Y \ S/(Y) < oo}. The metric 
topology in C(Y, Z; d) is that determined by the metric 

d + if,g) = sup {d(f(y), g{y)) | y e Y). 

Verification that d + is in fact a metric is routine, once it has been 
established that d + (f, g) is always finite, and this follows by noting that 
if y Q e Y be fixed, then for each y e Y, 

d(f{y),g{y)) < d(f(y),f(y 0 )) + d{f{y 0 ),g{y 0 )) + d(g(y 0 ), g(y)) 

^ Bf(Y) + d(f(y 0 ), g(y 0 )) + & g(Y), 

a fixed finite constant. 

It is important to observe that the metric d in Z plays a dual role: 
It determines the set C(Y, Z; d) and imposes a metric topology on this 
set. Equivalent metrics in Z may determine distinct sets. For example, 
with Y — Z — E 1 , if d e is the Euclidean metric, then 1: E 1 —>• E l does 
not belong to C(Y, Z; d e ), whereas it does belong to C(Y, Z; d-f) for 
any equivalent bounded metric d x in E 1 . 

Since C(Y, Z\d) C Z Y , the set C(Y, Z; d) inherits two topologies: 
the metric topology determined by d + and the subspace c-topology. 
The relation between these topologies is summarized in 

8.2 (1). If neither Z nor Y is compact, then for any bounded metric d 

in Z, the set C(Y, Z; d) = Z Y . However, the metric topology 
in Z y depends not only on the topologies of Y and Z, but 
also on the particular bounded metric used in Z, and may be 
different for equivalent bounded metrics. 
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(2) . If Z alone is compact, then for any metric d giving the topol¬ 
ogy of Z, the set C(Y, Z; d) = Z Y . The metric topology in 
Z Y is a joint topological invariant of the spaces Y and Z (in 
particular, it is independent of the metric used to give the 
topology of Z); but it may not coincide with the c-topology 
of Z Y . 

(3) . If Y is compact, then for any metric space (Z, d), the set 
C(Y, Z; d) = Z Y . The metric topology in Z Y is a joint 
topological invariant of the spaces Y and Z and always coincides 
with the c-topology of Z Y . 

Proofs and Examples : (1). To see that the set C{Y, Z\ d) = Z Y if d 

is a bounded metric for Z is trivial. The following example will show 

that equivalent bounded metrics in Z may determine distinct metric 
topologies in the set Z Y . Let Y = Z = E 1 , and in Z take the two bounded 
metrics 

d x (x, z) = min{l, \x — js:]}, d 2 (x, z) = 

These are equivalent, since each is equivalent to the Euclidean metric in 
E 1 . Let /: Y -> Z be the identity map f{y) = y, and for each n = 
1, 2, • ■ •, let/ n : y-> Z be the (continuous) map: 

y y < n 

n y ^ n. 

Then, clearly, df(f,f n ) = 1 for each n\ but since df(f,f n ) < 1 /«, the 
^/-nbd of radius 1 of/can contain no df -nbd of/. 

(2). Since Z is compact, any metric for Z is necessarily bounded, 
so that C(Y, Z; d) = Z Y . To show that the metric space C(Y, Z; d) is 
a joint topological invariant of Y and Z, we prove that if 99 : Y ~ y^^ and 
Z ~ Z 1} then the map F : C(Y, Z; d) -> C(Y 1 , Z x ; d x ), given by 
F(f) = f of o (p~ 1 , is a homeomorphism. Define 

F x :C{Y ly Z x \ df) -> C(Y,Z;d) 

by Ffff) = f~ 1 °fi°(p; clearly, F, F x are inverses, so only (III, 12.3) 
the continuity of each need be established, and by symmetry, only that 
of F. Let B(F(f 0 ), e) be given. Because Z is compact, / is uniformly 
continuous, and therefore there is a S > 0 such that 

f(B(z, 8)) C B ± (ip(z), e) 

for each z e Z. Then F(B(f 0 , 8)) C B 1 (F(f 0 ),e), as required: For, 
d + (ff 0 ) < 8 implies that d(f(y),f 0 (y)) < 8 for every y e Y, and 
consequently that dftp °/ 0 ° 99 _ 1 (jyi), /°/° 9 ? - 1 (.yi)) < e for every 
y x E Y x . To see that the metric topology need not coincide with the 



x z 

1 + M 1 + 1# 
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c-topology, let Z be the discrete space 2 and Y the discrete space Z + ; 
the metric topology in Z Y is evidently discrete and, having 2 K o elements, 
is not 2° countable. However, by 5.2, the c-topology in Z Y is in fact 2° 
countable. 

(3). Since the set f(Y) is compact for each continuous/: Y —> Z, 
it is (XI, 4.2) bounded in Z, and consequently the set C(Y, Z; d) = Z Y . 
We now show that the metric topology in Z Y coincides with the c- 
topology of Z Y . 

(a) . Each ball B(f, e) contains a c-nbd of / For, the compact Y 
can be covered by finitely many open sets U ly • • •, U n such that 8f(U i ) < 
e/4 for each i — 1, •••,«. Letting V { be an e/4-nbd of the compact/(C/ f ), 

we have 8V t < fe, and so/e (U if V t ) C B(f , e ). 

i 

(b) . Each c-nbd (A, V) of / contains a ball B(f, e). For, since 
f(A) is compact, e = d(f(A), Y — V) is positive because 

f(A)n[Y- V] = 0 , 

and therefore /e B(f, e/2) C (A, V). 

Unlike the otopology, in any metric space C(F, Z; d) we have 

8.3 The evaluation map o>: C( Y, Z; d) x Y Z is always continuous. 

Proof: Given U = B( f 0 (y 0 ), e) C Z, let V = /o x ( U), which is an 
open set containing y Q , and let W = B(f 0 ,e) C C(Y , Z; d); then 
co(W, V) C B(f 0 (y 0 ), 2e), since [/e W] => [d(f(y),f 0 (y)) < e for all 
y e Y] and [y e V] => [d(f 0 (y),fo(yo)) < «]• 

In the c-topology, sequential convergence is equivalent to uniform 
convergence on every compact set; in any metric topology, we have 

8.4 In any metric space C(F, Z; d): 

(1) . A sequence { f n } C C( Y, Z; d) converges to an/e C( Y, Z; d) 

in the metric topology if and only if f n —>/ uniformly on Y. 

(2) . If a sequence {/ n } C C(F, Z; d) converges to some function 

/ uniformly on Y, then / is continuous and belongs to 
C(Y, Z; d). 

Proof: (1). We need observe only that always d(f(y),f n (y)) ^ 

d + (f,fn)- ' . . .. \ . ' 

(2). The proof that / is continuous is identical to that of 7.3; to 
see that/e C(Y, Z; d ), note that d{f{y),f n {y)) < 1 for all y e Y and 
some sufficiently large n, so that 8/( Y) < 8f n ( Y) + 2. 
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Remark: The result 8.2(3) can be regarded as stating that if Y is compact and 
Z is metrizable, then the otopology in Z Y is also metrizable. Metrization of the 
otopology is also possible whenever Y is cr-compact, although in this case the 
metric cannot be simply that imposed by a metric for Z : in the example of 8.2(2), 
the otopology in Z Y is 2° countable and regular and, consequently, it is metrizable; 
but there is no metric d in Z such that d + metrizes the otopology. 

00 _ 

8.5 Let Y be cr-compact and write Y = (J U if where the C/i are open, £/j C U t + l 

and Ui is compact for each i. Let Z be a metrizable space and d any metric 
that gives its topology. For/, g e Z Y , and each n = 1, 2, • • •, define 

d n (f, g ) = minji su p id(f(y), g(y ) I y e 0»}]. 

Then p(f,g) = sup d n (f, g) metrizes the otopology in Z Y . 

n 

The proof, which is entirely analogous to that in 8.2(3), is left for the reader. 


9. Pointwise Convergence 

We have seen that the otopology describes uniform convergence on 
every compact set. Another type of convergence frequently used in 
analysis is given in 

9.1 Definition A sequence {/ n } C Z Y converges pointwise to an/e Z Y 

if f n (y) f(y) for each fixed y e Y. 

Clearly, uniform convergence on every compact set implies pointwise 
convergence; the usual examples in analysis show (1) that the converse 
is not true and (2) that if a sequence {/„} C Z Y converges pointwise to 
some function/, then /need not be continuous. 

To obtain a topology for the set Z Y in which sequential convergence 
is equivalent to pointwise convergence, we make the 

9.2 Definition In the set Z Y , the /-topology is that having the family 
{(y, T) | y e Y, all open VC Z} as subbasis. This space is denoted 
by Z Y (p). 

The /-topology is evidently contained in the otopology, since the 
compact sets used in defining the subbasis for the otopology are replaced 
by single points. The verification that sequential convergence in Z Y (p) 
is equivalent to pointwise convergence is immediate, once we establish 
the following equivalent description of Z Y {p): 

9.3 Z Y (p) is homeomorphic to a subspace of the cartesian product 
f] {Z y | y 6 Y}, where each Z y is a copy of Z. Precisely: If for 
each/e Z y , we define p(f) = point in ]/[ Z y with yth coordinate 

y 

f{y), then Z Y (p) is homeomorphic to p>{Z Y ). 
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n 

Proof: Clearly, fi is injective. Let P) (y u U t ) be any basic open set in 

1 

71 

Z Y (p ); defining U Vi C Z Vi to be the set U iy we have fx[(~] (y u Uf] = 
(U Vl , • • •, U Vn ) n fi(Z Y ) y which establishes that p, is a homeomorphism. 

Since convergence in cartesian products is equivalent to coordinate 
convergence, it is evident from 9.3 that convergence in Z Y (p ) is equivalent 
to pointwise convergence. 

9.4 (a). For each fixed y 0 e Y , the evaluation map co Vo : Z Y (p) -> Z is 

continuous. 

(b). If /: X —> Y is continuous, the induced map Z Y (p) Z x (p) is 
also continuous. 

Proof: (a). We need note only that co Vo = p Vo © p where 
Pvo ■ n Zy “^ ^ 

is the projection onto the _y 0 th factor. The proof of (b) is left for the 
reader. 

Let Z be a metric space and Y any space. If we choose a bounded metric d in 
Z, then sequential convergence in the metric space (Z y , d + ) is equivalent to uniform 
convergence on Y; alternatively stated: the concept of uniform convergence on Y 
is metrizable. The question arises if pointwise convergence can also be metrized 
in some manner. If Y is discrete, then because Z Y (p) is homeomorphic to 
Y\{Z y | y e Y}, metrization is possible if and only if N(T) =5 S 0 - However, in the 
general case, the possibility remains that although ]T[ Z y is not metrizable, the sub¬ 
space fi(Z Y ) is. For example, if Y is any connected space and Z is any totally 
disconnected metric space, then Z Y consists only of constant maps and /x(Z Y ), being 
homeomorphic to Z, is therefore metrizable. 

9.5 Let Y be completely regular and Z metric. Assume that N( Y) > X 0 and 
that Z is not totally pathwise disconnected. Then pointwise convergence is 
not metrizable; indeed, there does not exist any real-valued function p on 
Z Y x Z Y having just the two properties: 

(1) . P<J,<P) > 0. 

(2) . p{f n , <p) —*• 0 if and only if f n -><p pointwise. 

Proof: We need some preliminary remarks. Let d be a metric for Z. By 
hypothesis, there is a nonconstant continuous p: I —> Z; let 

sup {d[p(0), pit)] | tel} = p, 

which is positive. The existence of p assures that for each b p, each y e Y, and 
each open U {y}, there is a continuous/: Y —*• Z such that/(F — U) = p{ 0) 
and d(p(0),f(y)) = b: for, since d[p(0), p(t)] is continuous on the connected I, 
there is at least one t 0 e I such that d(p( 0), p(t 0 )) == b ; complete regularity gives a 
continuous g: Y —> I such that g(y) = t 0 , g(Y — U) = 0, and then / = p ° g is 
the required map. 
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We are now ready to prove that the existence of p leads to a contradiction. 
Let tp: Y —> Z be the constant map y —> p(0) e Z. For each fixed y 0 e Y and 
each n e Z + , let 

A(y 0 , n) = sup {d[/(y 0 ), 9 >(yo)] |/e />(/, 90 ) < 1 /n}. 

Then for each fixed y 0 we must have A(y 0 , n) 0 as n —> 00 : otherwise there 
would be arbitrarily large with d(y 0 > ^ e > 0 for some fixed e > 0 , so we 

would have a sequence {/ n/c } such that p(fn k , tp) < l/w/e, whereas 

d[fn k {yo), 9 >(>>o)] > «/ 2 , 

in contradiction to the condition ( 2 ) on p. 

Now let E n — {y e Y | A(y, n) < p/ 2} where p is the constant in the intro¬ 
ductory remarks. We have (J E n — Y by what we have already proved, and since 

n 

X(y) > N 0 , at least one E n , say E no , must be infinite. By VII, 2.4, we can find a 
family {Ui | i e Z + } of open sets in Y, whose closures are pairwise disjoint, and 
such that Ui O E no 0 for every i e Z + . For each i, choose a y t e U t n E no 
and let f t : Y —> Z be a continuous map such that /,(Y — U t ) = p{ 0) and 
d[p(fi), fi{yi)\ = A(y t . n 0 ) + p/ 2. Since the U t are pairwise disjoint, the sequence 
{ft} converges pointwise to <p: but since d[fi{yi), <p(;yt)] > A(y u n 0 ), it must be true 
that p(fi, <p) > 1 /« 0 for every i e Z + , and this is the required contradiction. 


10. Comparison of Topologies in Z Y 

Let Y, Z be arbitrary spaces. We take the properties in 3.1 as a basis for 
comparing topologies in the set Z Y . To indicate that a topology t is used 
in Z Y , we write Z Y {t). 

10.1 Definition A topology t in Z Y is splitting (or proper) if for every 
space X, the continuity of a: X x Y -> Z implies that of its 
associate a : XZ Y (t). A topology t in Z Y is conjoining (or 
admissible) if for every space X, the continuity of 61: X -> Z Y (t) 
implies that of a: X x Y —> Z. 

10.2 The topology t is conjoining if and only if the evaluation map 
to : Z Y {t) x Y —> Z is continuous. 

Proof: If to is continuous, it follows as in the proof of 3.1 .(2) that 
t is conjoining. For the converse, & — 1: Z Y (t ) Z Y (t ) is obviously 
continuous and therefore to is also continuous. 

Ex. 1 The discrete topology in Z Y is conjoining, and by 8.3, so also is any 
metric topology in Z Y . The indiscrete topology is splitting. The otopology is 
always splitting, and for locally compact Y, also conjoining. 

Ex. 2 The significance of the requirement for conjoining topologies (that for 
every space X the continuity of a implies that of a) is illustrated by the space I Q of 
2, Ex. 1: the c-topology in 1° is not conjoining, but for any 1° countable X, the 
continuity of a: X I Q (c ) does imply that of a: X x Q —> I ( cf. 3.2). 
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10.3 (a). A topology larger than a conjoining topology is also conjoining. 

(b) . A topology smaller than a splitting topology is also splitting. 

(c) . Any conjoining topology is larger than any splitting topology. 

(d) . There is always a unique largest splitting topology. 

Proof: (a). Let t be conjoining and t C u; since 1: Z Y (u) -> Z ¥ (t ) 
is continuous, the conjoining property of t shows that a>: Z Y (u ) x Y Z 
is continuous and, by 10 . 2 , that u is conjoining. The proof of (b) is 
similar. 

(c) . Let t be conjoining and u be splitting. Then to : Z Y (t) x Y Z 
is continuous, and since u is splitting, we find that 1: Z Y (t ) —> Z Y (u) is 
continuous, which shows that u C t. 

(d) . Let (£ a ) be the family of all splitting topologies in Z Y , and let t 
be that topology having the members of (J t a as subbasis; we need prove 

a 

only that t is splitting. Let a: X x Y -» Z be continuous; since any 
subbasic U e t belongs to some splitting t a , we must have a - 1 (t/) open 
in X, consequently a: X-> Z Y (t ) is continuous. 

There is no known characterization of the largest splitting topology 
directly in terms of the topological structures of Y and Z, unless Y is 
locally compact. 

10.4 A function space Z Y can have at most one topology that is both 
conjoining and splitting. Such a topology is necessarily the largest 
splitting topology and the smallest conjoining topology. If Y is 
locally compact, this topology exists and is the c-topology. 

Proof: The necessary uniqueness of such a topology follows from 
10.3(c) and (d) and the rest from 3.1. 

If Y is not locally compact, a topology in Z Y that is both conjoining 
and splitting need not exist. For example, R. H. Fox and R. Arens have 
shown that the set I Q of 2, Ex. 3, has no smallest conjoining topology, 
so that it cannot have a topology that is both conjoining and splitting. 


Problems 

Section I 

1. Prove in detail that if X eg. L, and Y ~ M, then Y A ’ = M L . 

2. If Y is a Hausdorff space, prove that the embedding j: Y —» Y x is a closed 
mapping, that is, thatj(F) is a closed subspace of Y x . 
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3. Let Z be Hausdorff. Prove that if the c-topology is used in Z Y , then 
{(f,y,z)\f(y) = z}C Z Y x Yx Z 

is closed. 


Section 2 


1. Let/: X —■> y be surjective. Prove: / + : Z Y —> Z x is injective for any space Z. 

2. Let Y be locally compact. Prove: If F C Z is a fixed closed set, then 


{(/,*) I f(y) e F} 

is closed in Z Y x Y. 

3. Let y be compact, and G open in Y. Show that {(/, z) |/ -1 («) C G) is open 
in Z Y x Z. 

4. Let Y be compact, and F C Z closed, and G C Y open. Prove that 


is open in Z Y . 


{/I/-WC G) 


Section 3 

1. Prove: The evaluation map or. Z Y x Y —> Z is continuous if and only if for 
every space X, the continuity of a : X —> Z Y implies that of a : X x Y Z. 

2. Show that the identity map 1: Z Y —> Z y is the associate of the evaluation map 
oo: Z Y x Y-+Z. 


Section 4 

1. Let p:X—±R be an identification. Prove that if Y x R is a k-space, then 
p x \ : X x Y -> R x Tisan identification. 

2. Let /: P-* AT, g:R-+Y be identifications. Show that if X, R, Y are 1° 
countable, then / x g: P x R X x Y is an identification. 

3. Let X be paracompact, A C X closed. Let Y be compact, and let /: A —>■ I Y 
be continuous. Show that / has a continuous extension F: X —> I Y . 

4. Let A if i = 1, 2, • • •, n be compact subsets of a space X, and let Y be any 

n n 

compact space. Show that the join [(J A t ] * Y = U [ A t * y], and that 

i i 

tn * y s n * y]. 

i i 

Section 5 

1. Let X, y, Z be arbitrary spaces. Prove: (y x Z) x = Y x x Z x . 

2. Let y and Z be 2° countable and Y compact. Prove: Z Y is metrizable if and only 
if Z is regular. 

Section 6 

1. Let (Z, d) be a metric space, and let Y be locally compact. Assume that .F r is 
compact. Prove: 

a. IF is equicontinuous on Y. 

b. ojy.F is compact for each y e Y. 

2. Show that any equicontinuous family of continuous maps of a compact space 
into itself has compact closure. 
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Section 7 


277 


1. Let Z be a metric space and Y a k-space. Let {/„} C Z Y be an equicontinuous 
sequence of functions that converges for each fixed y e Y. Prove: The sequence 
{/„} converges uniformly on every compact subset of Y to a continuous /. 

2. Let 3F be a uniformly bounded equicontinuous family of continuous real¬ 
valued functions on E n . Show that one can always extract a sequence {/„} C 3F 
that converges uniformly on every compact set to a continuous/: E n —> E 1 . 

Section 8 

1. Let Y = Z = E 1 . For each integer n and/, g e Z Y , let 

M n = sup{| /(t) - g(t)| \-n < t < «} 

and define 

^ 1 M n 
p(f,g) - Z 2 n * 1 + Mn 
Show that p metrizes the c-topology of Z Y . 

2. Let X be a compact metric space, let Y be an arbitrary metric space, and let 

f:X—> Y be continuous. Referring to the spaces defined in IX, Problem 4.8, 
prove that the map/* : 3E{X) 2W{Y) defined by A —>f(A) is continuous. 

3. Let F be a compact metric space, X an arbitrary space, and A C X . For 
each / 6 Y x define a(/) = f(A). Prove that if Y x is taken with the metric 
topology, then a: Y x —>3^(Y) is continuous. 

Section 9 

1. Let X and Y be arbitrary spaces, and let {f n \ne Z + } be a sequence of con¬ 
tinuous maps /„: X —> Y. Assume that the sequence converges pointwise to 
some function /. Show that if Y is 2° countable, then there exists a nowhere 
dense set N C X such that / | X — N is continuous. 

2. Let Z be Hausdorff (regular, completely regular). Prove: Z Y (p) is also Hausdorff 
(regular, completely regular) for any space Y. 

Section 10 

1. Show that the />-topology is splitting in Z Y . Show that if Y is completely 
regular and contains a homeomorph of I, if Z is arbitrary and also contains a 
homeomorph of I, then the ^-topology in Z Y is never conjoining. 
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xm 


In this chapter, we study the set of continuous real-valued functions on 
a space Y ; in particular, we obtain the algebraico-topological Stone- 
Weierstrass theorem, which is one of the fundamental facts of modern 
analysis. 


I. Continuity of the Algebraic Operations 

1.1 Definition The set (£' 1 ) y of all continuous real-valued functions on 
Y, with the c-topology, is denoted by C(Y\ c). 

1.2 In C\F;c) the addition, multiplication, and scalar multiplication 
are continuous operations; that is, the maps 

(/> g)~*f + g, (/> g) — f'g of C( Y; c) x C{ Y ; c) -> C{ Y ; c), 

and the map (A,/)-> A/ of E 1 x C(Y; c)C(Y; c) are each 
continuous (in both variables). 

Proof: Let a: C( Y; c) x C( Y ; c) —> C( Y; c) be the map 

(/> g) ~+f + g 

and let (A, W) be a given nbd of / + g. Since the addition operation 
(A, fx) —> A + fi for real numbers is continuous, we find that for each ae A 
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there are nbds U{f{a)), V(g(a )) such that U(f(a)) + V(g(a)) C W, 
and, since /, g are continuous, that there is a nbd U — U(a) with 
f(U) C U(f(a)),g(U) C V(g(a)). From the open covering 

{U(a) n A | a e A} 

of the compact A, extract a finite covering U(a 1 ) D A, • • •, £/(«„) n A 
and shrink it to obtain compact sets A ly • • •, A n satisfying A t C U(a i ), 

(j A { = A. Then U 0 = (A it U(f(a { ))) is a nbd of /, V 0 = 

i i 

(^4j, V(g{a i ))) is a nbd of £, and a(C/ 0 , V 0 ) C (yl, PF). The map 
i 

a is therefore continuous. The continuity of multiplication, and of 
scalar multiplication, is proved analogously. 

By referring to Appendix I, proposition 1.2 implies that C(Y; c) is a 
linear topological space. Even more, 

1.3 Theorem C( Y; c) is a locally convex linear topological space. 

Proof: Since the open intervals ]c, d[ are a basis for E 1 , XII, 5.1, 
assures that the subbasic sets of form (A, ]c, d[ ) themselves form a sub¬ 
basis for C( Y; c). Now, each (A, ]c, d [) is convex: For, if f,ge (A, ]c, <f[), 
then for each a e A and 0 < A < 1, the point A/(a) + (1 — A)^(a) on 
the line segment joining f(a) and g(a) also lies in ]c, d[so 

A/ + (1 - % e (A, ]c, d[) 

also. Since the intersection of convex sets is convex, C(Y; c ) therefore 
has a basis consisting of convex sets, and so C( Y ; c) is locally convex. 

2. Algebras in C(Y; c ) 

2.1 Definition A subset A C C(Y\ c) is called an algebra if whenever 
/, g belong to A, so also do/ + g,f-g, and A f for each real A. A is a 
unitary algebra if it also contains the constant function S(y) = 1. 

Ex. 1 C(Y] c) is itself a unitary algebra. 

Ex. 2 Every algebra contains the constant function f(x) = 0; an algebra is 
unitary if and only if it contains a nonzero constant function. 

Ex. 3 In C(I; c ), the set of all polynomials without constant term is a non¬ 
unitary algebra. 

Ex. 4 If A is a unitary algebra and / e A, then for each polynomial p(x ) in a 
single variable x, the continuous function p(f) belongs to A also. More generally, 
if p(x 1> ■ • ■ , x n ) is any polynomial in n variables, and if /i, ■ • -,f n e A, then 
P(fi, •••,/«) belongs to A also. 
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2.2 If A C C(Y\ c) is an algebra, so also is its closure A in the space 
C{Y;c). 

Proof: Let a: Y; c) x €{ Y ; c) -> C( Y; c) be the map 

+ g- 

Then a (A x A) C A because A is an algebra, and 
a(A X A) C cc(A X A) 

because a is continuous; thus (IV, 1.2) a (A x A) C A and the sum of 
two functions in A also belongs to A. Similarly, the continuity of 
(/, g) —> f-g and (A, /) —*■ A/ show that the remaining requirements for an 
algebra are satisfied by A. 

The main result of this section is 

2.3 Theorem Let AC C(Y;c ) be a unitary algebra. If f e A, then 
|/| 63 . 

This will follow from the 

Lemma There exists a sequence { p n (t )} of polynomials that converges 
uniformly on [ 0 , 1 ] to the function 9 ft) = Vt. 

Proof of Lemma: The binomial theorem assures that 

1 — Vl — x = ^ 

1 

is certainly valid on [0, 1[. We first show that the series converges also 
for x = 1. Indeed, because all terms of the series are nonnegative, each 
partial sum satisfies 0 ^ s n (x) ^ 1 — V\ — x ^ 1 on [0, 1[; since 
each s n is continuous at x = 1, we have s n (l) < 1 also, and since it is a 
bounded monotone sequence, {^(1)} therefore converges. Next, the 
convergence of the series is uniform on [0, 1]: For, if R n (x) is the re¬ 
mainder after n terms, we need observe only that 0 ^ R n (x) sC. *»( 1) 
because all terms of the series are monotone increasing functions. Now, 
letting x = 1 — t, we conclude that s n (l — t) —> 1 — Vt uniformly on 
[0, 1], so the polynomials p n (t) = 1 — s n (l — t) fulfill the requirement 
of the lemma. 

Proof of Theorem: Let /e A. We are to prove that each nbd 

n 

0 (Cj> Fj) of |/| contains some g e A. Letting d e (x, y) be the metric 
1 

I# — y | in E 1 , and letting e be the positive number 

min {</.[|/|(C,), Y- V,] \ i =!,•••.«}, 
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it suffices to find a g e A such that | j f\(c) — £(c)| < e for each 
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ceC — [j Cj. 

i 

Since C is compact, we have |/(c)| ^ B for some constant B < oo 
and all c e C, so using the polynomials p n of the lemma, we find 
p n (f 2 /B 2 ) —>-Vf 2 IB 2 = |/|/5 uniformly on C. Observing now that 
each p n {f 2 jB 2 ) e A , the proof is complete. 

2.4 Corollary Let A be a unitary algebra in C(Y\ c). If/, g eA, then 
the functions max[/, £] and min[/, £] also belong to A. 

Proof: We have 

max( /, g) = ^y-^ + ^y-^; 

since f,geA , 2.2 shows f ± g e A and 2.3 shows \f — g\e A = A. 
Thus, by 2.2 again, max(/,£) e A. The result for min(/,£) follows in 
the same way from the formula 

f+g \f~g\ 

min {J>g) = 2 -2- 


Since 

max(«, b, c) = max(max(«, b ), c) and min(«, b, c) = min(min(a, b), c), 
2.4 and induction show that life A for i = 1 then 

max( /i, • • •, /„) and min( /i, • • •, /„) 
also belong to ^4. 


3. Stone-Weierstrass Theorem 

Let D be any subset of C(Y; c); then there is a unique smallest algebra 
A(D) containing D. Indeed, C(Y; c) is an algebra containing D, and it 
is trivial to verify that the intersection A(D) of all algebras containing D 
is also an algebra. A(D) is called the algebra generated by D; its 
description directly in terms of D itself is 

3.1 A{D) is the set of all functions of form p(f lt • • - ,/ n )> where the / 
belong to D, and p ranges over all polynomials in n ^ 1 indetermi- 
nates with no constant term. A{D) is unitary if D contains a non¬ 
zero constant function. 
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Proof: If A is any algebra containing D, then by 2, Ex. 4, A must 
certainly contain all the functions described above. However, the 
described set is clearly itself an algebra, so it must be A(D). 

The Stone-Weierstrass theorem states that if D satisfies a fairly simple 
condition, then the generated algebra A(D) is dense in C{Y\ c). 

3.2 Definition A set D C (?(F; c) is called separating if for each pair 
of points y # y’ in Y there is an/eZ) such that f(y) # f(y'). 

3.3 Theorem (M. Stone) Let Y be an arbitrary space, and D C C(Y;c) 
a family that contains a nonzero constant function and is separating. 
Then A(D) is dense in C(Y; c). 

We give some examples before entering the proof. 

Ex. 1 The Stone-Weierstrass theorem contains the classical Weierstrass 
theorem. Let Y = I, and D = {S(y) = 1, c(y) = y }; this family is separating, so 
that A(D), which (3.1) consists of all polynomials in x, is dense in C(/; c). Because 
/ is compact, C(I; c ) is (XII, 8.2) homeomorphic to C(I, E 1 ; d e ) with the metric 
topology induced by df, therefore sequences can be used to describe closure 
(X, 6.2) and convergence means uniform convergence on I. Thus, for each 
fe C{T,c) and each e > 0, there is a polynomial p E {x) such that |/(x) — p £ (x) | < e 
for all x e I. 

Ex. 2 It contains the ^-dimensional form of the Weierstrass theorem: For 
each fe C(I n ; c ) and each e > 0, there is a polynomial p E (x lf • • •, x n ) such that 
| f(x i, • - • , x„) - p e (x u • • •, x n )\ < e for all (x x , • • •, x n ) e I n . We need note only 
that the functions f(x u • • •, x n ) = 1, x u • • •, x n satisfy the requirement of 3.3. 

Ex. 3 Let Y = [0, oo[; then D = (S(x) = 1, f(x) = e~ x j separates points; 
since Y is 2° countable, C{Y\ c) is metrizable (IX, 9.2, and XII, 1.3) so sequences 
can be used to describe the closure of A(D). Thus: for each continuous real-valued 
function / on the positive x-axis, there exists a sequence 

ntc 

pk(x) = 2 a ne~ ni 

n = 0 

such that p h —>f uniformly on every compact subset (XII, 7.2). 


Proof of Theorem: The proof breaks into three parts: 


(1). For any pair x ^ y of points in Y and any constants a, b, there 
is an/e A(D) such that f(x) = a and f(y) = b. 

Indeed, since D is separating, there is a g e D with g(x) — a 7 ^ / = 
g(y)\ since D contains a constant function, A(D) contains all constant 


functions, and so 


/ = a + 


(b — a) 


is the required function in A(D). 
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To prove the theorem, it evidently suffices to show that A(D ) is dense 

, n 

in C(Y; c)\ that is, given / and any nbd P| ( A it V { ) of /, there is a 

1 

g e A(D) in this nbd. Letting e = min {d e (f(A i ), Y — V t )\ i = 1, • • •, »}, 
which is positive (XI, 4.4), this will follow if we can find a g e A(D ) such 

n 

that | f(r) — g{r)\ < e for all r in the compact R = (J A t . We produce 

i 

this g in two stages: 

(2) . For each fixed r 0 e R there is a g £ A{D ) such that: 

(a) . g(r 0 ) = f(r 0 ), 

(b) . g(r) < f(r ) + e for all r e R. 

In fact, by (1), for each r e R there is some h T e A(D) such that 
K(r 0 ) = f(r 0 ) and h r {r ) < f(r) + e/2. Since h r is continuous on Y, 
there is a nbd V(r) such thaty e V(r) => h r (y) < f(y) + e; covering the 
compact R by finitely many sets V (f^), • • •, V (r n ) and defining g = 
min[/? ri , • • •, h Tn ], we find g £ A(D) by 2.4. Furthermore, since each 
r £ R belongs to some F^), it follows that g{r) ^ h Ti (r ) < f(r) + e, as 
required. 

(3) . There is a g e A(D) with j f(r) — £(r)| < e for all r e R. 

For each r 0 , let g ro be the function obtained in (2), and find a nbd 
V{r Q ) such that y£ V(r 0 ) ^ g ro (y) > f(y) — cover R with finitely 
many such nbds F(r x ), • • •, V(r n ), and define 

g = max[£ ri , • • -,gr n ], 

which belongs to A(D). Since each r e R belongs to some V(r { ), we have 
g( r Y > gr t {r) > f(r) - e; and, by (2), we have g Ti (r) < f(r ) + e, for every 
i - 1, • • • n, so that g(r) < f(r) + e also; consequently, | f(r) - g(r) | < e 
on R, and the proof of 3.3 is complete. 

The Stone-Weierstrass theorem need not be true for complex-valued 
functions. For example, with Y = {2 | |.sj < 1), the unit disc in the 
complex plane, and Z — the complex plane, the family DC C(Y, Z\d 2 ) 
consisting of (S(^) = 1, f{z) = 2 } satisfies the requirement of 3.3, but 
any sequence of polynomials converging uniformly on every compact 
subset of Y necessarily has an analytic function for limit. The theorem 
does, however, extend to complex-valued functions by placing on D the 
following additional requirement: If / belongs to D, so also does its 
complex conjugate f + . For, with this additional requirement, it is easy 
to see that the family {/ + f + A{f~f + ) |/ e ^}°f real-valued functions 
is separating; therefore it can be used to approximate separately the real 
and imaginary parts of any given complex-valued function. 
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Somewhat surprisingly, Theorem 3.3 (that is, with no additional requirement 
on D) also holds for quaternion-valued functions (J. C. Holladay). A proof, which 
will be left for the reader, can be based on the following simple identity: if 
q = a + hi + cj + dk, then 4 a — q — iqi — jqj — kqk. 

4. The Metric Space C(Y) 

Let d e be the Euclidean metric d e (x, y) = \x — y\ in E 1 . In this section, 
we consider two topologies on the set C(Y,E 1 \d e ) of all bounded 
continuous real-valued functions on Y, and investigate their interrelation. 

4.1 Definition The set C(Y,E 1 ;d e ), as a subspace of C(Y;c), is 
denoted by C(Y;c). The same set, with the metric topology 
induced by the supremum metric df , is denoted by C( Y). 

If y is compact, then [XII, 8.2(3)] we know that C(Y) £ C(Y;c). 
However, this is not true in general. 

Ex. 1 Let Q C E 1 be the subspace of rationals. Using the c-topology, XII, 
1.2, shows that I Q can be regarded as a subspace of ( E 1 ) Q , and it is evident that 
I Q C C(Q; c) C (E 1 )°. If the space C(Q; c ) were metrizable, so also would be 
7°, and this is impossible because (XII, 5, Ex. 3) I Q is not first countable. 

For the metric space C( Y) and its relation to C( Y; c), we have 

4.2 C(Y) is a locally convex linear topological space. Furthermore, 
the identity map 1: C( Y) -* C( Y; c) is continuous. 

Proof: Since C( Y) is a metric space, sequences can be used. Because 
convergence means uniform convergence on Y, we find from f n —> f, 
g n ->g, and real numbers A n A that/ n ± g n ->/ ± g,f n -gn ~>f'g and 
A n f n -> A/, and therefore the algebraic operations are continuous. For 
local convexity, it is simple to verify that if /, g e B(f 0 , e), then also 
A/ + (1 — X)g E B(f 0 , e) for all 0 < A ^ 1. [We remark that these 
results follow much more simply from the observation that C(Y) is a 
normed space ( cf. Appendix I).] To see that 1: C( Y) —> C( Y; c) is 
continuous, note that (XII, 8.3) the metric topology is conjoining; since 
the c-topology is splitting, it is smaller than the metric topology (XII, 10.3). 

It is clear that the set C(Y) can be described in purely topological 
terms as {/: Y —> E 1 \f( Y) is compact), and because compact sets are 
bounded, it therefore has the minimal property: C(Y) C C(Y, E 1 ; d) 
for every metric d equivalent to d e . This shows that for each d equivalent 
to d e , we can use d + to impose a topology on C(Y). We now inquire 
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whether all these metrics will yield the same topology on the set C(Y ) 
[or, what is the same, whether the topology of the space C(Y) depends 
only on the topology of E 1 and not on the metric d e ]. Although we know 
[XII, 8.2(1)] that the metric spaces C(Y, E 1 ; d) need not be homeo- 
morphic for different equivalent d , the possibility remains that all the 
metrics d + induce the same topology on their common subset C(Y). 

4.3 The metric space C(Y) is always a topological invariant of Y. If 
Y is completely regular, then C(Y) is a. joint topological invariant 
of Y and E 1 ; in particular, the metric topology in C( Y) is then the 
same as that imposed by any metric in E 1 equivalent to d e . 

Proof: The first assertion is trivial: if H: Y ^ Y', then the formula 
de (/> S) = df [f ° H, g ° H ], which is valid for all /, g £ C( Y'), shows that 
the bijective map f—>f° H is a homeomorphism. Now let Y be com¬ 
pletely regular, and let p: Y —> /?(Y) be its Stone-Cech compactification. 
Since each /eC(Y) is bounded, there exists (XI, 8.2) for each / a 
unique F: j3Y -> E l such that /.= F ° p, and consequently the map 
C(/3Y) -> C(Y) defined by F -> F o p is bijective. Since Y is dense in 
/?(Y), we have df (F, Fj — df(F ° p, F' ° p) so that F F ° p is a homeo¬ 
morphism of the metric spaces C(/8(Y)) and C(Y). Since j8(Y) is 
compact, C(P(Y)) s C{P{Y);c) - (F 1 )^; and because (XI, 8.2) 
/3( Y) is a topological invariant of Y, the theorem has been proved. 

As Ex. 1 shows, in completely regular spaces Y the spaces C(Y) and 
C( Y; c) are, in general, distinct joint topological invariants of Y and E 1 . 


5. Embedding of Y in C(Y) 

5.1 Definition Let (Y, d) and (Z, d') be metric spaces. A map 

cp: Y — > Z 

is called an isometry if d'(cp(x), <p(y)) = d(x, y) for all 

(#, y) e Y x Y. 

It is immediate that an isometry is always injective, is always uniformly 
continuous, and is a homeomorphism of Y and 9 ?(Y); a surjective 
isometry is called an isomorphism. Note that an isometry is always 
relative to specified metrics in the two spaces. 

Ex. 1 Referring to the proof of 4 . 3 , we find: If Y = Y', then C(Y) is iso¬ 
morphic to C( Y '); if Y is completely regular, then C( Y) is isomorphic to C(j8( Y)). 
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5.2 Theorem The metric space (Y , d) can always be isometrically 
embedded in the metric space (C( F), df ). Furthermore, its image 
Y' C C(Y) is closed in its convex hull. 

Proof: Choose a point p e Y, which will remain fixed throughout the 
discussion. Let <P : Y C(Y) be the map a ->/ a , where 

fa(y) = d(y> a) ~ d{y,p). 

We verify f a 6 C( Y) by noting that | f a (y) | ^ d(a, p ) and that d{a, p) is 
a constant independent of y. To prove that cp is an isometry (that is, 

dt{<p{a\ <p(b)) = d(a, b)), 

we must show sup | f a (y) — fb(y) I = d(a , b). Since 
y 

I My) - My) I = I d(y, a) - d(y, b) | < d(a, b) 

for each y e F, the sup cannot exceed d{a, b). Selecting y = b shows 
the value d(a, b) is in fact attained, so that df ( f a , f b ) = d(a, b ), as 
asserted. 

Let H(Y') be the convex hull of <p{Y) = Y' in C{Y). We are to 
show that Y' is closed in H(Y'). Let/£ H(Y ') — Y'; then 

/ - 2 v«,. 

1 

n 

where a t e Y, n ^ 2, ^ \ = 1, and all > 0. Now, for each Y, 
i 

we find 

f(y) - fa(y) = (2 d (y> fl i)) " d (y> a )• 

Since n ^ 2, this gives 

f(y) - fa(y) > [mi^Aj, A 2 )]-[d{y, af) + d(y, a 2 )] - d(y, a) 

^ [min(A 1} A a )] ■ [d(a ly a 2 )] - d(y , a). 

Using y = a , we conclude that df(f,f a ) ^ [mi^Aj, A 2 )][rf(a 1 , a 2 )] > 0 
for all a e Y, consequently / is not in the closure of Y'. This proves the 
theorem. 

As an immediate application, we show that if X is attached to Y by /: A —*■ Y, 
then whenever X, Y are metric spaces, the resulting set X vj/ Y can be given a 
metric topology (in general, distinct from its identification space topology). 

5.3 (C. Kuratowski, F. Hausdorff) Let X, Y be metric spaces, A C X closed, 
and /: A —Y continuous. Then there exists a metric space Z J Y such 
that: 

1. Y is closed in Z. 

2. / has a continuous extension F: X -> Z. 

3. F | X — A is a homeomorphism of X — A and Z — Y. 
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Proof: Let H(Y ) be the convex hull of Y in C(Y); since (X, d) is a metric 
space and C( Y) is a locally convex linear space, then by IX, 6 . 1 , there is an exten¬ 
sion/ 4 ^ : X —> Y) of/. Let 93 : X —> C(X) be the embedding of 5 . 2 , and define 


by 


F: X —> H( Y) x E 1 x C(X) 

F(x) = [f + (x), d(x, A), d(x, A)-cp(x)]. 


F is evidently continuous (IV, 2 . 2 ). Furthermore, F \ X — A is injective: if 
F(x) = F(x'), then d(x, A) = d(x',A ) and cp{x)-d(x y A) = cp(x') ■ d(x', A) ; since 
d{x, A) ^ 0, we have <p(x) = cp(x'), and since 93 is injective, x — x'. To prove that 
F | X — A is a homeomorphism, we show its inverse continuous by proving 
[F(x n ) -> -F(tfo)] => On-^Xo]. Since F(x n ) F(x 0 ), we find d(x n . A) d(x 0 , A) 
and <p(x n )-d(x n , A) —> <p(x 0 ) • d(x 0 , A ); because d(x 0 , A) ^ 0, we have d(x n , A) ^ 0 
for all large n, so that 


9 5 (‘^'n) — 


tp(.^n) ‘ d(.x n , A ) 
d{x n , A) 


<p( x o) 


and consequently, x n —> x 0 . The space Z is evidently the subspace Y U F(X). 


6. The Ring C{Y) 

With the operations of pointwise addition and pointwise multiplication, 
the set C(Y ) of all continuous real-valued functions on Y becomes a 
commutative ring with unit, the unit being the map 8(y) = 1. It is clear 
that the ring C(Y) is completely determined by the space Y; the 
objective in this section is to prove the converse result, due to I. Gelfand 
and A. Kolmogoroff, that whenever Y is compact, the ring C(Y) 
determines the space Y up to a homeomorphism. 

We use the following approach: Taking C(Y) with the discrete 
topology, let 'Zif(Y) be the set of all nonzero homomorphisms of C(Y) 
into E 1 and give J^(Y) the function-space topology of pointwise 
convergence. The space J4?(Y) is evidently completely determined by 
the ring C( Y). For each fixed y e Y, observe that the evaluation map 
a> y : C(Y) E 1 belongs to Y), so the correspondence y -» a> y defines 
a map /x: Y JY(Y). To establish the Gelfand-KolmogorofF result, it 
is evidently enough to prove that /x is a homeomorphism of Y and Y) 
whenever Y is compact. In order to carry out this program, we need 
some elementary facts from algebra; these will first be briefly summarized 
for convenience. 


Each ring R , R' in this discussion is assumed to be commutative and to have a 
unit. A map (p:R^R' is called a (ring) homomorphism if it satisfies both 
<p(a + b) = 95 (a) + 93 ( 6 ) and 9 o{a-b) = 93 (a) -rp{b) for all a, b e R; its kernel, Ker 9 ?, 
is {r e R | <p(r) = 0}. 93 is termed a nonzero homomorphism whenever Ker 9 : ^ R, 
and an isomorphism whenever it is bijective. 
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A subset / C i? with the properties (1 ) a, b e => a — be , and (2) ae/, 
reR^a-re c f\s called an ideal. R is an ideal, and because of (2), it is the only 
ideal containing the unit lei?. An ideal C R is proper if ^ ^ R; a proper 
ideal is called maximal if it is not a proper subset of any proper ideal. 

If tp: R —> R' is any ring homomorphism, it is easy to verify that Ker cp is an 
ideal in R; more important for our purposes is this fact: If <p(R) is a field, then 
Ker <p is a maximal ideal. [Usual proof: Let P be any ideal properly containing 
Ker cp ; we show Is P. Choose any p e P — Ker cp ; because cp(R) is a field and 
cp(p) ^ 0, there is at least one x e R such that cp(p)cp(x) — <p(l), so that (px — 1) e 
Ker 9 o C P. Since px e P, we conclude that 1 = px — (px — 1) e P.] 

To determine the nature of an coe/( Y), we begin with 

6.1 Each nonzero homomorphism co:C(Y)-^E 1 is surjective and 
satisfies oj(cS) = c for each real number c. 

Proof: By choosing a geC(Y) such that to(g) # 0, we find from 
= to(g-8) = to(g)-to(8) that o>(8) = 1. Using induction, we con¬ 
clude that to(«S) = n for each n e Z, and because n = to(n8) = 
oj(m8)-a>(n8lm8), that to(r8) = r for each rational r. To complete the 
proof, it clearly suffices to show that for any two real numbers c, d, 
[c < d] => [o>(cS) ^ m(dS)]; this follows by noting that d — c = a 2 for 
some real a , so that to(d8) — to(c8) = to(a 2 8) = [co(«S)] 2 is consequently 
nonnegative. 

To obtain more information about to we must study its kernel, which 
(as follows from 6 . 1 ) is a maximal ideal in C(Y). 

6.2 Let Y be compact. Then: 

(1) . If f is a proper ideal in C(Y), there exists ay 0 e Y such that 

/(y 0 ) = 0 for every/e/. 

(2) . If / is a maximal ideal, there exists a y 0 such that 

/ = {/etf(F)|/( Jo ) = 0}. 

Proof: Ad (1). We first note that for each fe f y the closed set 
f~\ 0) * 0. Indeed, if / 1 (0) = 0 for some fe f, then because 
life C{Y), we would have the unit 8 = / • 1// e C(Y) so that ^ would 
not be a proper ideal. We next show that the family (/ -1 (0) |/e 
of closed sets has the finite intersection property: if/i, ••*,/„ e $then 

because f = 2^ 6 </> we have Pl/i _1 (0) = / _1 (0) # 0- Since Y is 

1 ^ 

compact, this implies that f) {/ _1 (0) \ f e <f} ^ 0 , completing the proof. 

Ad (2). Let / be a maximal ideal. By (1), there is a y 0 such that 
/ C f(y 0 ) = {fe C(Y ) \f(y 0 ) = 0). Since f{y Q ) is clearly a proper 
ideal, the maximality of f requires f{y 0 ) C so / = f{y 0 ). 
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6.3 Let Y be compact. Then the only nonzero homomorphisms 
to: C(Y)-*E' are the evaluation maps a> y . 

Proof: Because E 1 is a field, 6.1 shows Ker to is a maximal ideal, so 
that Ker to = f{yf) for some y 0 e Y. Let feC(Y) and f(y 0 ) = c; 
since f — c- 8 vanishes aty 0 , we have/ — c- 8 e Ker to. Thus to(/ — c-S) 
= 0; that is, to(/) = to(r-S) = c = f{y Q ) and to = a) yQ . 

We can now obtain the Gelfand-Kolmogoroff result, 

6.4 Theorem Let Y be compact and p: Y —>■ Jf(Y) be the map 
y —> toy. Then p is a homeomorphism of Y and Y). 

Proof According to 6.3, p is surjective. If y 0 # y u then the complete 
regularity of Y gives an fe C{Y) such that both/(y 0 ) = 0 and/( 3 q) = 1, 
so that tOy o ^ to Vi and p is therefore bijective. To prove continuity, let 
W = (/ V ) be a subbasic nbd of p(y 0 ); then 

/*-W) = {y|a,„(/) e F} = {j|/(j) 6K} =/-(n 

which is an open set. Finally, because Y is compact, p is (XI, 2.1) a 
homeomorphism. 

We relate the ring structure of C{Y) more closely to the topological 
structure of Y by the following considerations. A continuous map 
9 o: X Y induces a map <p + : C(Y)~>(?(A) by setting <p + (g) = £ ° <p 
for each geC(Y ); note that <p + (8) = 8. Now let <P + + be the map 
of J^(X) induced by <p + ; that is, cp + + (o>) = cu o <p + . Then each <p + + (o>) 
is a nonzero homomorphism (?(Y) —> E 1 , since oj o cp + (8) = oj(S) = 1, 
and therefore <p + + is a map of J^(X) into Jt( Y). Furthermore, because 
the rings C{Y) are taken with the discrete topology, <p + is continuous 
and consequently the induced map <p + + : Jf(X) —> Jt(Y) is also con¬ 
tinuous (XII, 9.4). It is trivial to verify that the diagram 


<P 

X -> Y 






pr 


- > 

<p + + 


Jf(Y) 


is commutative. This leads to the comprehensive 

6.5 Theorem Let X, Y be compact and h: C{ Y) C(X) be any 
ring homomorphism. Then: 

(1) . If A satisfies h(8 ) = 8, then there exists a unique continuous 

A: XY such that A + = h. 

(2) . If h is an isomorphism, then A is a homeomorphism. 
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Proof: Ad (1). As the above considerations show, the induced map 
h + of JY(X) is a continuous map h + : Jf'(Y); the desired 

A :X^Y is given by the formula A = fiy 1 -h + ° p x , and is clearly 
continuous; note that A(x) = y if and only if ^(^[x] = g[y ] for each 
g g C{Y). Now let A + : C{Y) —> C ( X) be the induced map; then 

a+ (£)M = g ° A M = g[y] = Kg)[ x ] 

shows X + (g) — h(g) for eachg e C(Y), as required. 

Uniqueness of A: If A, <p are such that A(x) / <p(x) for some x g X, 
then complete regularity of Y gives an feC(Y) such that /[<p(x)] ^ 
/(A(x)); thus, 99 + 7 ^ A + . 

Ad ( 2 ). We first note that any homomorphism h : C(Y)—>C(X) 
whose image contains S necessarily satisfies h(8 ) = 8: for, if h(g) = 8, 
then h(8 ) = h(8)-h(g) = h(8-g) = h(g) = 8. In particular, every iso¬ 
morphism satisfies the condition required in ( 1 ), and is therefore induced 
by A = fiy 1 ° h + o fx x . To complete the proof, the reader can easily 
verify that whenever h is an isomorphism, then h + is bijective. 

Remark: For noncompact spaces, the algebraic structure of C( Y) is, in general, 
not strong enough to determine the topology of Y. For example, using III, 8 , 
Ex. 7, the reader can easily show that C([0, .£?]) and C([0, f2[) are isomorphic as 
algebraic structures, though of course [ 0 , Q] and [ 0 , are not homeomorphic. 


Problems 


Section I 

1. Let Y be an arbitrary space. Prove: Z Y (c ) is a linear topological space if and 
only if Z is a linear topological space, and Z Y (c ) is locally convex if and only if 
Z is locally convex. 

Section 3 

1. Prove: For each continuous periodic function of period 2tt, and each e > 0, 
there is a trigonometric function 

N 

t E (x) = a 0 + 2 ( a n cos nx + b n sin nx) 

1 

such that | f(x) — t t: (x) \ < e for all x. 

2. Let X, Y be compact spaces and f e C(X x Y; c). Prove: For each e > 0 
there are finitely many functions u t (x), v^y), i — 1, • - -, n, such that 

n 


for all (x, y) e X x Y. 


I f(x,y) ~ ^Ui(x)Vi(y) \ < e 
1 
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3. Let Y be compact. Prove that the following three properties are equivalent: 

a. Y is metrizable. 

b. Y has a countable separating family of functions. 

c. C(F; c) is metrizable. 

Section 5 

1. Let Y be completely regular and L the set of all linear functionals on C(Y). 
Taking L with the p-topology, show that Y can be embedded in L. 

2. Let X be a metric space and A C X closed. Show that the set X/A can be 
given a metric topology and that, with this topology, there is a continuous 
surjection p: X — > XIA. 

Section 6 

1. Let <P be a homomorphism C(Y) — > C(X) whose image contains C(X). 
Prove: <P sends C(Y) into C(X). 

2. Let X be an arbitrary space. A subset A C X is called a zero set if there is a 
continuous /: X E 1 such that A =/~ 1 (0). Prove: Any countable inter¬ 
section of zero sets is also a zero set. 



Complete Spaces 

30V 


Let Y be a metric space or, more generally, a gauge space. In this 
chapter, we study a certain property, completeness, that some of the 
gauge structures for Y may have; although this is not a topological 
concept, it is related to certain topological properties of Y that are 
of importance in analysis and in topology. We will first discuss 
complete metrics and then, in Section 9, we consider complete gauge 
structures. 


I. Cauchy Sequences 

l.l Definition Let (Y, d) be a metric space. A sequence {y n } in Y 
is called a {/-Cauchy sequence if 

V e > 0 3 N(e) V n, m ^ N : d(y n ,y m ) < e. 

Letting T n be the terminal segment {i e Z + | i ^ «}, this definition 
can be restated: A sequence <p: Z + -> Y is J-Cauchy if V e > 0 3 n\ 
{/-diameter < e. 

The notion of a </-Cauchy sequence is dependent on the particular 
metric used: The same sequence can be Cauchy for one metric, but not 
Cauchy for an equivalent metric. 
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Sec. 2 Complete Metrics and Complete Spaces 293 

Ex. 1 In E 1 , the Euclidean metric d e (x, y) = \x — y\ is equivalent to the 
metric 

d * (x ’ y) = rr"R _ nnTi 

since the latter is derived from the homeomorphism x —> xj{\ + ]xj) of E 1 and 
] —1, +1[. The sequence {n\n = 1, 2, • • •} in E 1 is not d e -Cauchy, whereas it 
obviously is d^-Cauchy. 

The main properties of Cauchy sequences are summarized in 

1.2 Theorem Let (F, d) be a metric space. 

(1) . Every convergent sequence in F is a d-Cauchy sequence. 

(2) . Every subsequence of a (/-Cauchy sequence is also a 

(/-Cauchy sequence. 

( 3 ) . If a (/-Cauchy sequence accumulates at y 0 , then it converges 

to y 0 . In particular, a (/-Cauchy sequence either converges 
or has no convergent subsequence. 

Proof. (1). Assume cp —>y 0 ; then for each e > 0 there is an n = n(e) 
such that <p(T n ) C B(y 0 , e/2) and therefore < e. 

( 2 ) is trivial. 

( 3 ) . Assume that 9 p is d-Cauchy and that cp >» y 0 . Given any nbd 
B(y 0 , e) of y 0 , choose N so large that S[<p(7V)] < ejl; since 

00 _ 

To e fl <p{T n ), 

x 

it follows that <p(T N ) C B(y 0 , e), and we have proved that 93 -+y 0 . The 
second part is an immediate consequence: if a subsequence <p' —> y 0 , 
then because 9 o' h- cp, it would follow that cp >• y 0 . 

Ex. 2 The converse of 1.2(1) is false in general: In the space Y = ]0, 1] with 
the Euclidean metric d e , the sequence {1 /«} is d e -Cauchy, yet it does not converge 
to any y 0 e F. 

2. Complete Metrics and Complete Spaces 

2.1 Definition Let Y be a metrizable space. A metric d for F (that 
is, one that metrizes the given topology of F) is called complete if 
every (/-Cauchy sequence in F converges. 

It must be emphasized that completeness is a property of metrics: 
One metric for Fmay be complete, whereas another (equivalent!) metric 
may not. 



294 Chap. XIV Complete Spaces 

Ex. 1 Referring to I, Ex. 1, we shall see shortly that the Euclidean metric d e 
for E 1 is complete; however, the equivalent metric for E 1 is not complete, since 
the sequence {n} is d^-Cauchy, but does not converge to any point of E 1 . 

A given metrizable space Y may not have any complete metric; to 
denote those that do, we have 

2.2 Definition A metric space Y is called topologically complete (or 
briefly, complete) if a complete metric for Y exists. To indicate 
that d is a complete metric for Y, we say that Y is d-complete. 

Ex. 2 We shall see later that the subspace of rationals in I is not topologically 
complete. In contrast, the subspace ^ of irrationals in I is topologically complete, 
though the Euclidean metric d e is evidently not complete for the space J . To 
determine a complete metric, express each irrational as an infinite continued 

+ I—' + • • • and define d(a, b) — 1 /n, where n is the first 
|«2 

integer for which a n ^ b n . It is simple to verify that d is a metric (called the Baire 
metric) for £, that d is equivalent to the Euclidean metric for r fl, and that d is 
complete for r f. 

The question whether a given metric d for a space Y is complete 
arises in all considerations of limits. For, to determine that a given 
sequence in Y converges, the definition X, l.l of convergence requires 
that we produce the limit point y 0 ; that is, we must find a point y 0 E Y 
that satisfies the requirements of that definition. On the other hand, if 
it is known that d is complete, then we can determine that a given 
sequence converges by simply verifying it to be ^-Cauchy, that is, 
without having to produce the limit point or using any data other than 
the given sequence. These considerations indicate that for the purposes 
of analysis, it is generally not so important to know that a space is topo¬ 
logically complete as it is to know what a complete metric for that space is. 

We now determine some conditions that assure that a metric, or a 
space, is complete. 

2.3 Theorem Let ( Y , d) be a metric space, and assume that d has the 
property: 3 e > 0 Vy e Y : B d (y y e ) is compact. Then d is com¬ 
plete. 

Proof: Let <p be a 6?-Cauchy sequence in Y, and choose n so large 
that S[ 9 ?(T n )] < e/2; then <p(T n ) C B d [cp(n), e] and therefore [XI, L3(3)] y> 
has an accumulation point y 0 . It now follows from 1.2(3) that <p— 
and this completes the proof. 

2.4 Corollary Every locally compact metric space Y is topologically 
complete. Furthermore, if Y is compact, then every metric d for 
Y is complete. 


fraction a — i-' 

|«i 
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Proof: If Y is locally compact, it has a covering {U} consisting 
of relatively compact open sets; by IX, 9.4, there is a metric d for Y 
such that each ball B d (y, 1) is contained in some set TJ, and by 2.3, d is 
therefore complete. For compact Y, the entire proposition follows 
from 2.3. 

Ex. 3 Any metric for a closed bounded set in E n and any metric for the Hilbert 
cube 7” is complete. 

Ex. 4 It follows directly from 2.3 that the Euclidean metric for E n is complete. 
Ex. 5 The converse of 2.4 is false: We have seen in Ex. 2 that the space of 
irrationals in I is topologically complete, but it is not locally compact. 

For the invariance properties of topological completeness we find 

2.5 Theorem (1). Topological completeness is a topological invariant. 

(2) . If Y is topologically complete, then any closed subspace A 

of y is also topologically complete. Moreover, if d is a 
complete metric for Y, then d A = d j A x A is a complete 
metric for A. 

(3) . If (Y, d) is any metric space (not necessarily {/-complete!) 

and if A C Y is {/^-complete, then A is closed in Y. 

oo 1 

(4) . A (countable) cartesian product Y { is topologically com- 

i 

plete if and only if each factor is topologically complete. 

Proof: (1). Let cp : Y ~ Z, and let Y be {/-complete. Define a metric 
{/' in Z by d'(z 0 , zf) = d((p^ 1 (z 0 ), 9 ? _1 (^ 1 )); it is straightforward to 
verify that d' metrizes the space Z and that Z is {/'-complete. 

(2) . Let {a n } be a {/-Cauchy sequence in A ; since d is complete, 
a n -+ y 0 e Y, and because A is closed, y 0 e A. 

(3) . Let y 0 e A; by X, 6.2, there is a sequence { a n } in A such that 
a n -+y 0 . By 1.2(1), {« n } is {/-Cauchy, and since A is {/-complete, {a n } 
must converge to some a 0 e A. Since limits of sequences are unique in 

Hausdorff spaces, we find y 0 = a 0 e A, so A is closed. 

00 

(4) . If Y\ Yi is topologically complete, then because each Y 4 is 

i 

00 

homeomorphic to a closed subset of ]^[ Y u (2) assures that each Y t is 

i 

topologically complete. For the converse, assume that Y t is {/ r complete 
for each i. Let be any sequence of positive constants such that 
k t — 0 , and for each i define d[ (x u y t ) = min[& 4 , dfx^ yf ]; it is trivial to 
verify that d[ is also a complete metric for Y { . By IX, 7.2, p({Xi}, ( y { }) = 

oo 

sup dfxi, y t ) is a metric for the space Y f ; we show that p is complete. 
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00 

Let {# (n) } be any p-Cauchy sequence in ]~| Y t \ since 

1 

dl(x\ n \yl n) ) ^ p(x (n \ y (n) ), 

it follows that for each i, the sequence {^ n) } is d\- Cauchy, consequently 
it converges to some x\ 0) e Y t . Since convergence in cartesian products 
is equivalent to coordinatewise convergence, x (n) -> x (0) , concluding the 
proof. 

For function spaces with the sup metric, 

2.6 Theorem Let X be an arbitrary space, and let Y be (/-complete. 
Then C(X, Y\d) is d + -complete. 

Proof: Let {/ n } be any d + -Cauchy sequence, so that 

V e > 0 3 N(e) Vn,m> N(b) : d + (f n ,f m ) < e. 

Since d(f n (x),f m (x)) ^ d + (f n ,f m ), it follows that {/„(*)} is a (/-Cauchy 
sequence in Y for each x, and therefore converges to some element, 
which we denote by F(x). Furthermore, we have f n (x) e B(f m (x), e) for 
all x and n, m ^ N(e), consequently F(x) e B(f m (x ), e ) for each x and all 
m ^ N(e), which shows that the sequence {/ n } converges to the function 
F uniformly on Y. By XII, 8.4, we find that F is continuous and 
F e C(X, Y; d)\ since f n F, this concludes the proof. 


3. Cauchy Filterbases; Total Boundedness 

In this section, we express the completeness of a metric by the behavior 
of filterbases. 

3.1 Definition A filterbase 91 — { A a | a e sY) in a metric space ( Y, d) 
is called a (/-Cauchy filterbase if for each e > 0 there is some A a 
having (/-diameter 8(A a ) < e. 

It is evident that a convergent filterbase is necessarily (/-Cauchy; in 
particular, the nbd-filterbase U(jy) of anyy e Y is a (/-Cauchy filterbase. 
Furthermore, the filterbase 51 ( 93 ) determined by a (/-Cauchy sequence cp 
is also clearly a (/-Cauchy filterbase. 

It is obvious that if each (/-Cauchy filterbase in ( Y, d) converges, then 
Y is (/-complete. The following theorem goes in the opposite direction: 

3.2 Theorem (G. Cantor) Let ( Y, d) be a metric space. If d is com¬ 
plete, then every (/-Cauchy filterbase in Y converges. 
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Proof: Let 91 = {A a | a e s/} be a </-Cauchy filterbase in Y. For 
each integer n ^ 1 , find an A Un such that 8(A a J < ljn, and 

n 

define a filterbase 93 = {B t \ie Z + } by setting B n — P| A U{ . It is 

evident that 91 i- 93, so we need prove only that 93 is convergent.To this 
end, for each n choose a b n e B n \ since 8{B i ) —> 0 and b n e B { for all 
n ^ i, we conclude that { b n } is a d-Cauchy sequence and consequently 
converges to some y 0 e Y. It follows that 93 -> y 0 : Given any U = 
B(y 0 , e), we need only choose n so large that b n sB{y 0 , e/2), and 1/w < e/2 
to assure that B n C U. 

3.3 Corollary Let (Y, d) be a metric space. The following two 
properties are equivalent: 

( 1 ) . d is complete. 

(2) . If {F a | a e j/} is any family of closed sets in Y such that 

each finite subfamily has nonempty intersection, and if 
inf {8(F a ) | a e s/} = 0, then p) F a is nonempty, and con- 

a 

sists of a single point. 

Proof: (1) => (2). The family 91, consisting of all the F a together with 
their finite intersections, is a filterbase in Y and, because 

inf {b(F a ) | a E stf) = 0, 

it is a rf-Cauchy filterbase. Thus, 91 converges to some y 0 and therefore 
y 0 E D F a = Pi F a . There can be no y ^ y 0 in this intersection, since 

a a 

this would require that 8(F a ) ^ d(y, y 0 ) > 0 for all a. 

(2) => (1). Let 99 be a rf-Cauchy sequence in Y. The family 

{^77)|«eZ + } 

evidently satisfies the requirements in (2), so there is some 6 P) <p(T n ). 

n 

This means that >* y 0 , and therefore that <p —> y 0 . 

The condition inf 8(F a ) = 0 is essential: in the ^-complete space 

CL 

E 1 , this condition is violated by the family F n = {a: | x ^ «}, n e Z + , 
and the conclusion is false. 

Since 3.3 differs from the analogous [XI, 1.3(2)] characterization of 
compactness only in the additional requirement that inf 8(F a ) = 0 , it 

a 

suggests that the topological concept of compactness in metric spaces 
can be expressed entirely by suitable properties of a metric. To obtain 
such a characterization, we start with the 
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3.4 Definition A metric d for a metrizable space Y is called totally 
bounded (or precompact) if, for each e > 0, the open covering 
{B(y, e) | y e Y} of Y has a finite subcovering. To indicate that d 
is a totally bounded metric for Y, we say that Y is totally d- 
bounded (or d-precompact). 

Ex. 1 A bounded metric need not be totally bounded: in E 1 , the bounded 
metric d(x, y) = min[l, d,,(x, y)] is not totally bounded. 

Ex. 2 Total boundedness is a property of metrics: Referring to I, Ex. 1, the 
Euclidean metric d e for E 1 is not totally bounded, whereas the (equivalent) metric 
dy is. This also shows that the existence of a totally bounded metric for a space 
does not imply that the space is compact. 

Ex. 3 A metric space Y has a totally bounded metric if and only if it is 2° 
countable. For, if Y has a totally bounded metric, then Y has a finite (l/«)-dense 
set for each n e Z + , consequently Y is separable and IX, 5.6 applies. Conversely, 
if Y is 2° countable, then Y can be embedded in the Hilbert cube 7°° and, since 
/°° is compact, the induced metric on Y is totally bounded. 

3.5 Theorem A metrizable space Y is compact if and only if it has a 
metric d that is both complete and totally bounded. 

Proof: Any metric for a compact space is complete, and by the 
definition of compactness, also totally bounded. Conversely, let d be a 
totally bounded and complete metric for Y ; we show that Y is compact 
by proving that each maximal filterbase TO in Y converges. Since d is 
complete, it suffices to show that TO is d- Cauchy. To this end, let e > 0 
be given; by total boundedness of d , there is a finite covering U i = 
B d (y t , e), i = 1, • • •, n of Y, and we need prove only that at least one 
U t contains a member of TO. If none did, then the maximality of TO 
would (X, 7.2) give an M a{ C < &U i for each i = 1, 2, • • •, n and result in 
the contradiction that there is a nonempty 

M b Cf]I S( C hvu, = 0. 

1 1 

The following modification of 3.5 is frequently used in analysis. 

3.6 Corollary Let Y be d-complete. Then a subset A C Y has 
compact closure if and only if A is totally d-bounded. 

Proof: By 2.5, A is d-complete, so in view of 3.5, we need prove only 
the general proposition: A is totally d-bounded if and only if A is totally 
d-bounded. Since the total d-boundedness of A obviously implies that 
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of A, only the converse requires proof. Let e > 0 be given; since A is 
totally ^/-bounded, there is a finite open covering 

{B(a it e/2) n A | i = 1 ,•••,«} 

of A. In Y, we therefore have 

a c y bL, i) = y bL, i) c y B(«„ «), 

so that {^4 n 5(a { , e) | i — 1, •■•,«} is a finite covering of by balls of 
radius e. Thus A is totally ^/-bounded. 


4. Baire’s Theorem for Complete Metric Spaces 

Theorem 2.4 gives a sufficient condition for topological completeness; 
the following theorem is a necessary condition. Because completeness is 
more prevalent than local compactness, this result is one of the most 
important and useful theorems in topology, and has extensive applica¬ 
tions in analysis. 

4.1 Theorem (R. Baire) Any topologically complete space is a Baire 
space. 

Proof: The proof is similar to that of XI, 10.1. Let D x , D 2 , • • • be 
open dense sets in the topologically complete space Y ; we show 

00 

Unf)D t ^ 0 

i 

for each open U ^ 0 . Choose a complete metric d for Y, and start with 

U and D x . Since U n D x ^ 0, there is an open d -ball B x such that 

B x C U n D x and 8(B X ) ^ 1* Wc proceed by induction^ 3.s beforej but 

this time we determine a sequence {B n } of open balls such that 

B n C 2? n _i n D n and 8(B n ) < 1 jn for each n. We have 

00 00 

n B n C Unf]D n , 

1 1 

— 00 

and since the { B n } satisfy the hypotheses of 3.3, also (~) B n ^ 0 , so the 

1 

proof is complete. 

Ex. 1 More generally, any cartesian product { Y a | a e s2} of topologically 
complete spaces is a Baire space. For, in the preceding proof, take each B n to be a 
basic open set such that each factor not the whole space has diameter ^ 1 /n; 
observing that each B n is of the form C n x n{T a j aej/ - 38}, where 38 C 
is some fixed set with N( 38 ) ^ N 0 and C n C IT { Y a | a e 38), the conclusion follows 
easily from 2.5(4). By using the topologically complete space of irrationals in E 1 , 
we find that nonlocally compact and also nonmetrizable Baire spaces exist. 
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Ex. 2 The subspace Q of rationals in E 1 is not topologically complete. For, 
by XI, 10 , Ex. 4, Q is not a Baire space. 

Ex. 3 As an application of 4 .1 (valid, in fact, in any Baire space, Y), we prove: 
If { f a | a 6 sY} is any family of continuous real-valued functions on Y, and if 
M{y ) = sup {/«(>’)} is finite for each y e Y, then there is an open set U on which 

a 

M is uniformly bounded. For, M is lower semicontinuous (III, 10.4) and con¬ 
sequently A n = {y | M(y) ^ «}, «eZ + , is a closed countable covering of Y; 
since Y is a Baire space, some A n must contain an open U C Y. 

The conclusion XI, 10.5, that a first category set in a topologically complete 
space has no interior is frequently used in analysis to establish general existence 
theorems. We give two fairly typical illustrations of its use. 

4.2 There exist continuous real-valued functions on I having no derivative at any 
point. In fact, the functions in C(I) that have infinite right derivatives at 
each point of I form a set of the second category in C(7). 


Proof: For each n = 1,2, • • • define N n C C(I) by 

N n = j/e C(7) | 3 * e [o, 1 V h e ]0,1] : | /( -- + ^ ~ f(x) 


^ n 


The only functions qualified to have a derivative at even one point are those 
belonging to some N n and therefore we wish to prove that 

C(I) - \JN n * 0 . 

i 

It is at this point that Baire’s theorem enters. For, noting that C(7) is complete 
(cf. 2 . 6 ), we need show only that each N n is nowhere dense in C(7) to be assured 



of nowhere differentiable functions is of the second category. 
We now establish that each N n is nowhere dense. In fact: 

(1). Each N n is closed. 


The evaluation map co: C(7) x I E 1 being continuous, it follows that for each 
fixed h 0 £ ]0, 1/m] the maps C(7) x [0, 1 — 1/m] —*■ E 1 given by 

(/> x) (1 /h 0 )-f(x + h 0 ) 


and (/, x) —> ( l/h 0 )f(x ) are also continuous; thus, so also is 

I fix + h 0 ) - fix) 


and therefore 


if, x) 


if, x) 


h 0 

fjx + h 0 ) - fjx) 
ho 


n 


is closed in C(7) x [0, 1 — 1 /m]. The projection of this closed set parallel to the 
compact axis [0, 1 — 1/m] is therefore closed in C(7) and is 


Nih 0 ) = {/ | 3 * e [o, 1 - -]: 


11 I fix + h 0 ) - fix) 


ho 


M 
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Since N n = p| {N(h 0 ) \ h 0 e ]0, 1/m]}, this establishes (1). 

(2). Each N n has no interior. 

Let f e N n \ we show that in each ball B(f\ e), there is a g e C(I ) — N n \ that is, 
a g such that: 

(a), dt ( f,g ) < e. 


(b). V x e 




g(x + h x ) - g(x) 
h x 


> n. 


By the Weierstrass theorem (XIII, 3, Ex. 1), there is a polynomial p with 
de{f,p) < e/3, so we require a function within e/3 of p and having property (b). 
Since the derivative p' is continuous on /, let 

M = max (| />'(x)| | 0 < x ^ 1} 


and define s(x ) to be a continuous nonnegative function on I having a graph con¬ 
sisting of straight line segments, the absolute value of the slope of each segment 
being M + n + l, and the graph never rising more than e/3 units above the x-axis. 
Then df (p + s, p) < e/3, and p + s is the function we seek, since 


p(x + h) + s(x + h) — p(x) — s(x) 

> 

$(.*: + h) — $(.*) 

h 


h 

i 


p(x + h) — p(x) 


and for each x e [0,1 — 1/m], we can evidently find an he ]0, 1/m] such that the 
right side is + n -fi 1 — M = n + \. 


To give another application of this technique, let C® be the set of all 

functions in C(I ) that have continuous derivatives of all orders. Metrizing C® by • 

00 

d(f, g) = 2 m ' n [2 -n > dp(f (n \ g (n, )]> it follows from 2.6 and standard theorems of 
o 

analysis that C® is d-complete. An/eC® is called analytic at ael if its Taylor 

series ( f in \a)/n\)(x — a) n at a converges to f(x) for each x in some nbd of a. 

0 

4.3 (D. Morgenstern) The set of functions in C" that are nowhere analytic is of 

the second category. 


Proof: In order that / e C ® be analytic at a e I, we must have 
sup {V 7 ! f k) (a) I fk\ I k 6 Z + } = c < 00 . 

Letting 

T(a;c) = {/EC®|V£eZ + : \f k \a) | < k\ c k }, 

it follows that if / is analytic at a, then / belongs to T(a; c) for some c ^ 0. Since 
analyticity at a point implies analyticity in some nbd of that point, we find that 
the functions analytic anywhere in I are contained in 

(J { T(a ; c) | a rational; c e Z + }. 

We will now prove this union to be a set of the first category, by showing that 
each T(a; c) is nowhere dense. 
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Each T(a ; c) is closed: Indeed, {/eC“ j | f (k \a) | k \ c k ) is clearly closed for 
each k, and therefore so also is their intersection. 

Each T(a ; c ) has empty interior. Given/ e T(a; c ) and any nbd B{f, 2e) of/, 

CO 

choose n so large that ^2~ l < e, and then select a b > 2 so that eb n > (2 n) ! c 2n . 

n 

Let 

s(x ) = f(x) + sb ~ n cos b(x — a) ; 

then s £ C 00 and dp (/ (fc) , s (k) ) < eb k ~ n < e-2 k ~ n for each k < n, consequently 
s G B(f, 2e). Elowever, |s (2n) (a) —/ (2n) (a)| = eb n > (2 n)\ c 2n , so that s e T(a; c), 
This proof is due to H. Salzmann and K. Zeller. 


5. Extension of Uniformly Continuous Maps 

Let X, Y be metric spaces and /: X —> Y continuous. Although the 
image /(3I) of a convergent filterbase 3t is convergent (X, 5.2) the image 
of a Cauchy filterbase in X need not be Cauchy in Y, as I, Ex. 1, shows. 
However, 

5.1 If/: (X , d') —> (Y, d) is uniformly continuous, then the image of a 
d'-Cauchy filterbase is a d-Cauchy filterbase. 

Proof: Let 31 be d '-Cauchy. Given any e > 0, let 8(e) > 0 be such 
that V xeX: f(B d ,(x , S)) C B d (f(x), e ); finding an A a e 31 with 8(A a ) < 8, 
we have ^[/(.d,,,)] < e, as required. 

Ex. 1 The uniformly continuous image of a complete space need not, however, 
be complete. The bijection/: (E 1 , d e ) —>■(] — 1, + 1[, d e ) given by x —> x/(l + |ac|) 
is uniformly continuous, and even a homeomorphism, yet the image is evidently 
not complete. 

Because of 5.1, uniformly continuous maps into complete spaces can 
be expected to have special significance. The following fundamental 
extension theorem has many applications; a standard one is to define 
the function a x , x real, (a > 0) from a knowledge of a r , r rational. 

5.2 Theorem Let ( X , d') be an arbitrary metric space, and A C X a 
dense subset. Let Y be ^-complete and /: A —>■ Y uniformly con¬ 
tinuous. Then there exists one, and only one, continuous extension 
F: X — 3 - Y of /, and F is also uniformly continuous. 

Proof: For each xe X, the nbd filterbase U(v) n A is certainly 
d'-Cauchy, so by 5.1, the filterbase /(U(#) Gi A) is i-Cauchy and con¬ 
sequently convergent. By X, 5.3, f can be extended by continuity to a 
unique continuous F: XY. We now prove that F is uniformly 
continuous. Given e > 0, let 8 > 0 be such that d(f(a 1 ), f(a 2 )) < e 
whenever d'(a u a 2 ) <8; we will show that d(F(x 1 ), F(x 2 )) < 3e 
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whenever d'(x 1} x 2 ) < 8/3. In fact, since F is continuous, find nbds 
U(x 1 ), U(x 2 ) such that F(U( Xi )) C B(F(x i ), e), i = 1,2, and let 

W(x i ) = U(x t ) n B(x u S/3). 

Now A n W(x i ) ^ 0, since A is dense, and we choose a t e A r i W(x j). 
Then, because 

d'(a 1 j a 2 ) ^ d'(a ly x^) + d\x x , x 2 ) + d\x 2 , a 2 ) < 3S/3, 
we find that 

d(F( Xl ), F(x 2 )) < d(F( Xl ),f(a i)) + d(f( ai ),f(a 2 )) + d(f{a 2 ), F(x 2 )) < 3e 

and this completes the proof. 

Ex. 2 The hypothesis that / be uniformly continuous is essential. Let A = 
E 1 — {0} C E 1 and let Y = E 1 . The continuous map f(x) = x/\x\ of A E 1 
cannot be extended over E 1 . 

Ex. 3 The hypothesis that Y be (/-complete is essential. Let X = E 1 , A C X 
be the subspace of rationals and Y = A. The identity map/: A -> A is uniformly 
continuous, but cannot be extended to a continuous F: E 1 -* A, since E l is 
connected and F cannot be constant. 

If the map / in 5.2 is a homeomorphism, it is not in general true that 
its extension F is also a homeomorphism. For example, let X — /, let 
A ~ Int (/), and let Y be the unit circle S 1 . Using the Euclidean 
metrics, the map x -> e 2nix of Int (I) onto S 1 — {(1, 0)) is a uniformly 
continuous homeomorphism, yet its extension over / is not bijective. 
However, there is one type of homeomorphism for which such behavior 
cannot occur. 

A homeomorphism h: (X, d) S (Y y d’) is called a uniform iso¬ 
morphism of X and Y whenever both h and h~ r are uniformly con¬ 
tinuous. A surjective isometry is a particularly important example of a 
uniform isomorphism, but the notion is more general: the map 

1: (E 1 , d e ) —> (E 1 , d'), 

where d' = min (1, d e ), is a uniform isomorphism, although it is not an 
isometry. 

5.3 Corollary Let Y be (/-complete, let Y' be (/'-complete, and let 
AC Y, A' C Y' be dense. Then each uniform isomorphism 
h: A = A' has an extension H\ Y ~ Y' that is also a uniform 
isomorphism. Furthermore, if h is an isometry, then so also is H. 

Proof: Since h is uniformly continuous, it is extendable to a uni¬ 
formly continuous H : Y -> Y'. Since g = h~ x is also uniformly 
continuous, it also has a uniformly continuous extension G : Y' -> Y. 
Because G ° H j A — 1 A and A is dense in Y, we have (VII, 1.5) that 
G°H = l y and, similarly, that H°G = 1 Y '. It now follows from 
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III, 12.3, that if is a uniform isomorphism. The second part is im¬ 
mediate from the manner in which the extension H is defined. 

6. Completion of a Metric Space 

Let Y be a metrizable space and d a given metric for Y. If Y is not 
f-complete, then some f-Cauchy sequences in Y do not converge. By 
emulating the Cantor process for getting the reals from the rationals, we 
successively adjoin ideal elements to F, which act as limits for the 
nonconvergent f-Cauchy sequences, to get ultimately an enlarged space 

Y in which F is dense, and an extension of d to a complete metric d for 
F. Observe that this process depends on the metric d with which we 
start: Different metrics for the same space F generally result in distinct 
enlargements. 

The Cantor process can be described in a simpler manner, as the proof 
of the following theorem shows. 

6.1 Theorem Let F be a metrizable space and d a given metric for F. 
Then F can be isometrically embedded as a dense subset of a 
complete space (F, d). Y and d are unique up to an isometry: if 
(F, d) is isometrically embedded as a dense subset of any d 0 ~ 

complete F 0 , then (Y, d) and (F 0 , d 0 ) are isometric. 

Proof: The uniqueness (up to isometry) of Y results from 5.3. 
Existence: Given (F, d), there is by XIII, 5.2, an isometric embedding 
i of F into (C(F), df). Define Y = /(F); then F is dense in /(F), and 
since (C(F), df ) is complete ( 2 . 6 ), the closed subspace Y is also. 

A 

The metric space (F, d) is called the completion of the metric space 
(F, d ). Relating the completion process with uniformly continuous maps, 
we have 

6.2 Corollary Let (F, d), (F 0 , d 0 ) be metric spaces, and /: F -> F 0 a 
uniformly continuous map. Then there exists a unique uniformly 

continuous /: Y F 0 such that the diagram 

3 

*0 

0 



is commutative. 
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Proof: The map i 0 °/° i -1 : f(F) -> F 0 is evidently uniformly 
continuous; since F 0 is complete and i{Y) is dense in F, 5.2 gives a 

A ^ A 

uniformly continuous extension /: Y Y 0 , and / satisfies the require¬ 
ments. 

7. Fixed-Point Theorem for Complete Spaces 

7.1 Definition Let T : Y Y be a map of a space F into itself. A 
point y 0 e F is called a fixed point for T if T(y 0 ) = y Q . 

Not every map has a fixed point; for example the map T: E 1 —> E 1 
given by x —> x + 1 has no fixed point. Theorems asserting the existence 
of a fixed point for certain types of maps usually have important applica¬ 
tions, as we shall see. 

A map T: (F, d) —>■ (F, d) of a metric space into itself is called 
^-contractive if there exists an a < 1 such that d(Tx, Ty ) ^ ad{x,y) for 
all (x, y) e Y x F. The following theorem is a topological version of the 
Picard “successive approximation” process in analysis: 

7.2 Theorem (S. Banach) Let F be ^-complete, and let T: Y -> F 
be d-contractive. Then T is continuous and has exactly one fixed 
point. 

Proof: The continuity of T is obvious. Furthermore, T cannot have 
more than one fixed point: T(x 0 ) = x 0 , T(y 0 ) = y 0 , and d(x 0 ,y 0 ) > 0 
yield the contradiction d(x 0 ,y 0 ) = d(Tx 0 , Ty 0 ) ^ ad(x 0 , y 0 ) < d(x 0 , y Q ). 

To prove that T does have a fixed point, we first choose any y e F 
and show that the sequence y, Ty, T(Ty) = T 2 y, • • • of iterates is a 
«f-Cauchy sequence. In fact, note that 

d(Ty, T 2 y) ^ a d(y, Ty), 
d(T 2 y, T 3 y) ^ a d(Ty, T 2 y) 

< a 2 d{y, Ty), 

so that, by induction, d(T n y, T n + 1 y) ^ a n d(y, Ty). It follows that for 
any n and any m > n we have 

d(T n y, T m y) ^ d{T n y, T n + 1 y) + • • • + d(T m ~ 1 y, T m y) 

^ (cc n + • • • + a m_1 ) d(y, Ty) 

Now, because a < 1, this formula shows that 

d(T n y, T m y) ^ d{y, Ty) 

for all m > n; therefore, since a n —>■ 0 as n -> oo, we conclude that the 
sequence {T n y} is in fact rf-Cauchy. 
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Since Y is ^-complete, the sequence { T n y } converges to some jy 0 6 Y. 
The point y 0 is the fixed point of T. For, on the one hand T n y —>y 0 and 
the continuity of T imply that T(T n y) —» Ty 0 ; on the other hand, the 
sequence {T(T n y)} = { T n + 1 y } is a subsequence of the ^-Cauchy sequence 
{T n y} and therefore must converge to y 0 . Thus, y Q = Ty 0 , and the 
theorem is proved. 

Ex. 1 In analysis, the elements T n y are called the successive approximations 
to y 0 ‘, note that T n y ->y 0 , regardless of which y e Y is used, and that the “error” 
d(y 0 , T n y ) of the nth approximation is 

^ d(y, Ty ). 

1 — a 

Ex. 2 While the condition d(Tx, Ty) < d(x, y) is sufficient to assure that T 
has no more than one fixed point, it is too weak to guarantee the existence of one. 
The map T: E 1 —> E 1 defined by T(x) = ln(l + e x ) satisfies this weaker con¬ 
dition, since |T'(v)| < 1 for all x, but it has no fixed point. 

Ex. 3 The essential feature of 7.2 and of various generalizations is that some 
sequence {T n y} of iterates either converges or has a subsequence that converges. 
In 7.2, this has been forced by completeness of Y plus a uniform Lipschitz con¬ 
dition on T. It is not difficult to verify that completeness of Y plus the weaker 
condition d(Tx, Ty) s£ a(d(x, y)) ■ d(x, y), where a(£) is a function on the positive 
real line such that 0 < a(£) < 1 , and is either monotone nonincreasing or mono¬ 
tone nondecreasing also suffices to have each sequence of iterates convergent. 

As a typical application illustrating the use of 7.2, we prove a version of the 
classical implicit function theorem: 

Let F(x, y) be a continuous real-valued function defined on the rectangle 
la X I b C E 2 , where I a = | \x — x 0 \ ^ a } and I b = {y | \y — y 0 | < b}. 

Assume that F(x 0 , y 0 ) = 0 and that there is a k < 1 such that |E(x, y)—F(x, y')| 
< k\y — y' | for all x e I a , y, y' e I b . Then there exists a positive 5 < a and a 
unique continuous h \ I s -> I b such that h(x 0 ) — y 0 and h(x) = y 0 + F(x, h(x)) 
on I s . 

Proof: For any fixed positive y ^ a, consider the space C(/ y , I b \ d e ), which is 
(2.6) df -complete, and let C y be the subspace {cp | (p(x 0 ) = Vo}; C y is closed, since 
it is the inverse image of y 0 under the evaluation map co Xo> and so each C y is 
df -complete. For cp e C y , define T(cp) to be the function T(cp)(x) = y 0 + F(x, cp(x)) 
on I y ; then always T(<p)(x 0 ) = y 0 + F(x 0 , y>(^ 0 )) = Vo, and the problem reduces to 
showing that in a suitable C y , there is an h such that T{h) — h. To apply 7.2, 
we must first determine a C y that is mapped by T into itself; that is, for each cp 
satisfying |y 0 — <p(A)| ^ b on / y , T(cp) satisfies the same condition. Now, 

|y 0 - T(cp)(x )| = |F(», 9 ?(x))| 

< \F(x,cp(x)) - F(x, y 0 )I + \F(x, y 0 )| 

< k\q>(x) - y 0 1 4- \F{x, y 0 )| 

^ kb + |F(x, y 0 )| 
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Since F{x 0 , y 0 ) = 0 and F is continuous, by choosing y = s so small that 
|F(x, y 0 )| < b( 1 — k ) for all x e I s , we shall indeed have that T maps C s into 
itself. Next, for cp, ip e C S) we have 

\T(<p)(x) - T(ip)(x )| = |F(x, <p(x)) - F(x, i/j(x))\ 

£|<p(x) - ip(x)\, 

so that de ( Tcp , Tip) sg kdp ( <p , ip)‘, since k < 1, T: C s —> C s is contractive and has 
a unique fixed' point h. 


8. Complete Subspaces of Complete Spaces 

Let Y be ^-complete. It follows from 2.5 that the only d-complete 
subspaces of Y are the closed subspaces. However, if we ask for the 
subspaces of Y that are topologically complete, the answer is quite 
different; for example, the set of irrationals in (/, d e ) is not a closed sub¬ 
space, yet (2, Ex. 2) it is a topologically complete space. We are going to 
show that the topologically complete subspaces of a complete space are 
precisely the G^-sets; this is one reason for the importance of G^-sets in 
analysis. 

We first modify 5.2 by removing the requirement of uniformity in the 
continuity, to obtain the weaker 

8.1 Let X be an arbitrary metric space, and A C X an arbitrary sub¬ 
set. Let Y be complete and f:A->-Y a continuous map. Then / 
has a continuous extension over a G a -set G D A. 

Proof: Let U(,v) be the nbd filterbase of x. Because A is dense in A, 
we know (X, 5.3) that / has an extension by continuity over the set 

G = {x e A | f(A n U(x)) converges). 

We will show that G is a G^-set in X. 

Let d be a complete metric for Y, and for each n e Z + let 

A n = {xe A | 3 U(x) e U(x): S[f(A n U(x))] < 1/n}. 

Since a filterbase on Y converges if and only if it is d- Cauchy, we have 
G — p) A n . Now, each A n is open in A, because if x e A n , then each 

_ 71 

y g A n U(x) also belongs to A n . Thus, A n = A n U n for some set U n 
open in X, and therefore G = A n P| U n . By recalling that every 

71 

closed set in a metric space is a G 6 , it follows that G is a G a , and the 
theorem is proved. 

8.2 Lemma Let Y be complete and let A C Y be a topologically 
complete subset. Then A is a G d -set in Y. 
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Proof: Let d A be a complete metric for A, and d a complete metric 
for Y. The identity map i: (A, d)(A, d A ) is continuous, so by 8 . 1 , 
the map i extends to a map i + : G —> (A, d A ), where G D A is the G^-set 
{y e A | A n U(y) is J^-Cauchy}. We need show only that G C A, to 
prove the lemma. Let y e G, and note that the filterbase A n U(y) 
always converges to y; therefore the filterbase A n U(y) is ^-Cauchy 
and, if d A is complete, we must have y e A. 

8.3 Theorem (S. Mazurkiewicz) Let Y be complete. Then A C Y is 
topologically complete if and only if it is a G 6 -set in Y. 


Proof: “Only if” is 8.2. For "if”, let A = P) U u where the U i are 

i 

open in Y, and U 1 D U 2 ^ • • *. We begin with the observation that A 

00 

can be embedded as a closed subspace in the cartesian product J~J U n . 

i 

Indeed, for each n e Z + let Y n — Y and let fi n : Y Y n be the identity 

00 

map. Define Y —► ]~J Y n byy —> {/x n (y)}; it is clear that /x: Y = [jl(Y) 

i 

and, as in VII, 1.2 (4), we find that /x(F) is closed in Y1 Y n . Now let A 
be the mapping of A into the subspace f] U n C n Yn which agrees 
with fi | A ; then A is an embedding of A and, since X(A) = /x( Y) n U n , 
the image of A is closed in ]j[ U n . Our observation established, 2.5 (2) 
and (4) show that we need prove only that an open set U in a topo¬ 
logically complete space Y is topologically complete. 

We may obviously assume that U # Y, and shall again construct a 
suitable embedding. Let d be a metric for Y, and define /: U E 1 by 
f(u) = 1 /d(u, Y — U); since / is continuous, the graph G C U x E 1 
of / is clearly homeomorphic to U. Let j: U x E 1 —> Y x jF 1 be the 
inclusion map; then j(G) = G. Moreoever, j(G) is closed in 7 x f 1 : 
for if h: Y x E 1 —^ E 1 is the continuous map (y, /) —> t-d(y, Y — U ), 
then /(G) is the closed set h~ l { 1). Thus, U is homeomorphic to a closed 
subset of the complete space Y x E 1 so, by 2.5 ( 2 ), U is topologically 
complete. The theorem is proved. 

9. Complete Gauge Structures 

In this section, we will extend the notion of completeness to arbitrary 
gauge structures; since gauge spaces need not be 1° countable, this is 
done by working with filterbases rather than with sequences. 

Let d be a gauge in a space Y. The ^-diameter of a set A C Y is 
defined, as for metrics, to be sup { d(x , y) | x, y e A}. We next define 
J-Cauchy filterbase in Y exactly as in 3.1, and finally make the 
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9.1 Definition A filterbase 2t = {A a | a £ in a gauge space 
(Y,^(3)) is called a ^-Cauchy filterbase if it is ^-Cauchy for 
each d e 3. 

The ^-Cauchy filterbases have properties analogous to those sum¬ 
marized in 1 . 2 : 

9.2 Theorem Let (T, ^{3)) be a gauge space. Then 

(1) . Every convergent filterbase is ^-Cauchy. 

(2) . If 21 is ^-Cauchy and if 23 i- 91, then 23 is ^-Cauchy. 

(3) . If 2t is ^-Cauchy, and if 21 >> y 0 , then 2t —> y 0 . 

The proofs are formally the same as those given in 1.2; in particular, it 
follows from (3) that a ^-Cauchy filterbase either converges or has no 
convergent subordinated filterbase. 

9.3 Definition A gauge structure 3 for a space Y is called complete if 
every ^-Cauchy filterbase in Y converges. A completely regular 
space having a complete gauge structure 3 is called ^-complete. 

From 9.2(3) and XI, 1.3(3), we find that every gauge structure for a 
compact space Y is complete; moreover, because of 3.2, every d- 
complete metric space is a ^-complete gauge space. The invariance 
properties for ^-complete gauge structures differ from those of their 
metric analog (2.5) in the behavior of cartesian products: 

9.4 Theorem (1). If Y is ^-complete and A C Y is closed, then A is 
^-complete. 

(2) . If (y, 3~{3)) is any gauge space, and if A C Y is in¬ 
complete, then A is closed in Y. 

(3) . Let {(Y e , 3~(3p)) | £ 3} be any family of gauge spaces, 

A _ A 

and let 3 be the induced gauge structure of fl Y e . Then 3 is 
complete if and only if each 3 e is complete. 

The proofs are entirely similar to those given in 2.5, with that for (3) 

A 

being immediate from the observation that the projection of a S-Cauchy 
filterbase on each factor Y e is ^-Cauchy. 

We next consider total boundedness. Again, the definition of a 
totally bounded gauge is formally the same as that for a totally bounded 
metric, and we make the 

9.5 Definition A gauge structure 3 for a space Y is called totally 
bounded if each d £ 3 is totally bounded. 
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There is an important difference between the notion of total bounded¬ 
ness using gauges and that of its purely metric analog: because a com¬ 
pletely regular space can be embedded in a parallelotope, it follows 
easily from 9.4(3) that every completely regular space has a totally 
bounded gauge structure. In particular, any nonseparable metric space 
has a totally bounded gauge structure, although (3, Ex. 3) it does not 
have any totally bounded metric. However, in exactly the same way as 
in 3.5, it follows that 

9.6 A completely regular space is compact if and only if it has a gauge 
structure that is both complete and totally bounded. 

We now take up the completion of a given gauge structure. Since we 
have a meaning (IX, 11, Ex. 3) for "uniformly continuous map of one 
gauge space into another," we can introduce the notion of uniform 
isomorphism as in Section 5; from this viewpoint, the notion has the 
following significance: the identity map 1: (Y, ^{3)) —> (Y, 3~(3')) is 
a uniform isomorphism if and only if the uniform structures determined 
by 3 and 3' are equivalent. 

The proofs of the evident analogs of 5.2 and 5.3 are practically the 
same as before; in particular, we obtain the following analog of 5.3: 

9.7 Let Y be ^-complete, let Y' be ^'-complete, and let A C Y, 
A' C Y' be dense. Then any uniform isomorphism h: A % A' 
can be extended to a uniform isomorphism H : Y ~ Y\ 

We now prove: 

9.8 Theorem Each gauge space (Y, 3~(3)) is uniformly isomorphic to 

^ A 

a dense subspace of a complete gauge space (Y, 3~{3f). Further- 

^ A 

more, (Y, 3~(3)) is unique, up to a uniform isomorphism. 

Proof: The uniqueness comes from 9.7; we now prove the existence. 

Let {C d ( Y)\ de 3} be a family of copies of the metric space 
(C(Y), df) indexed by the gauges de 3. The gauge structure for the 
space FI {C d ( Y) | d e 3} derived by using the metric df in each factor is, 
by 9.4 and 2.6, a complete gauge structure. For each ds3 and ye Y, 
let y d : Y — E 1 be the continuous function y d (z) = d(z, y ) — d(z,p), 
where p is a fixed element of Y, and let j: Y -> FI (Cd(Y) | dG 3} be 
the map given by j(y) = {y d }, that is, the dth coordinate of j(y) is y d . 
Because 3 is separating, the map j is readily verified to be injective, and 
because (as in XIII, 5.2) we have df(y a , x d ) = d{y f v), it follows that j 
is a uniform isomorphism of (Y, 3~(3)) onto (j( Y), <3(3 e )). Thus, 
](T) is, by (9.4), the required complete gauge space. 
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We remark that, in this broad extension of the concept of completeness 
from metric spaces to completely regular spaces, one of the most im¬ 
portant consequences of metric completeness is significantly weakened: 
there seems to be no generalization of Baire’s theorem to gauge spaces 
that does not involve some fairly restrictive hypotheses on the gauge 
structure (cf ., 4, Ex. 1, for example). 
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Without additional hypotheses, none of the implications is reversible. 


Problems 


Section I 

1. Let d be the Euclidean metric in E n . Show that a sequence in E n is d-Cauchy 
if and only if each coordinate is d e -Cauchy. 

2. Prove: A Cauchy sequence can converge to at most one point. 

3. Using the fact that every bounded monotone sequence in E 1 converges, show 

that a d e -Cauchy sequence { a n } in E 1 converges to sup inf aA. 

m (. i>m J 
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Section 2 

1. Let (Y, d) be a metric space. Prove: Each arbitrary intersection and each 
finite union of ^-complete subspaces is also J-complete. 

2. Let / 2 (X 0 ) be Hilbert space and d its metric. Show that d is complete (use the 
diagonal process). 

3. Let (Y, d), ( Z , d') be metric spaces and/: Y = Z a homeomorphism such that 
d(y,y') ^ ccd'(f(y),f(y')) for all y, y' e Y and some fixed a > 0. Prove: If 
d is complete, so also is d '. 

4. Prove that every discrete space is topologically complete. 

Section 3 

1. Prove: 

a. Any subordinate of a J-Cauchy filterbase is also a c?-Cauchy filterbase. 

b. If a <i-Cauchy filterbase has a convergent subordinate, then it itself con¬ 
verges. 

2. Prove that Y is ^-complete if and only if: For every descending sequence 
A\ 3 A 2 3 • • • of nonempty closed sets having c?-diameter S(A ( ) —> 0, the 
intersection A t is not empty. 

i 

3. Let Y be <f-complete. Let {A t | i = 1, 2, • • •} be a countable family of arbitrary 

ao 

sets such that A { n A } ^ 0 for all (i, j), and such that 8(A) < 00 • Show 

i 

that there exists a y 0 e Y such that each nbd U(y 0 ) contains all but at most 
finitely many A t . 

4. Let Y be rf-complete, let Z be an arbitrary (Hausdorff!) space, and let/: Y -> Z 
be continuous. Assume A x 3 A 2 3 ■ • • is a descending sequence of closed 
nonempty sets and S(A t ) -> 0. Prove: 

l 00 \ 00 

/(ha) = n/(A). 

5. Let Y be totally ^-bounded. Show that d is a bounded metric for Y. 

6. Prove: Y is totally ^-bounded if and only if each infinite sequence in Y contains 
a c/-Cauchy subsequence. 

7. Let Y be J-complete, and let Z be any metric space. Let /: Y —> Z be a 
continuous map with the property: 

Vr > 0 3 p = p(r) > 0 V ye Y :f[B(y, r)] 3 B[f(y), p]. 

Prove that/is an open mapping. {Hint: Show that f[B(y, r + e)] 3 B[f{y), p] 
for each e > 0.] 

Section 4 

1. Prove: Any open and any closed subset of a topologically complete space is a 
Baire space. 

2. Let Y be complete, and let each G t be a Ga-set in Y. Assume each Gi to be 

oo 

dense in Y ; show that f) G t is dense in Y. 
i 

3. Prove that the Cantor set is nowhere dense in E 1 . 

4. Show that if Y is topologically complete and has no isolated points, then 
K(Y) > K 0 . 
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Section S 

1. Show that a J-complete space may be isometric with a proper closed subset 
of itself. [Hint: Let/: ]0, oo [ >]0, oc [ be the map/(jc) = x +1.] 

2. Let ( X , d) be a compact metric space, and let A C X be dense. Let Y be d'- 
complete. Prove: A map /: A —> Y has a continuous extension over X if and 
only if it is uniformly continuous. 

3. Show that the homeomorphism x —> x 3 of (E 1 , d e ) on itself preserves df e -Cauchy 
sequences, but is not a uniform isomorphism. 


Section 6 

1. Let X, Y be complete, and /: X -> Y uniformly continuous. Prove: If A is 
relatively compact, so also is f(A). 

2. Let (Y, d ) be a metric space, and A C Y any subset. Let i: Y —> Y be the 
embedding of Y in its completion Y. Let j: A Y be the inclusion map, and 

A the completion of A (with metric d j A). Show: j: A —► Y is an isomorphism 
onto the closure of i(A) in Y. 

3. Let {(X u di) | i e Z + } be a family of metric spaces, and for each i e Z + let X t 

00 

be the completion of (X h d t ). Prove: The completion of J7 is uniformly 

i 

oo 

isomorphic to ]^[ A*. 

i 

4. Let (y, d) be a metric space, and let C be the set of all d-Cauchy sequences in 

y. Prove: (1) If {x n }, {ar n } e C, then lim d(x n , z n ) exists. (2) The map 
d: C x C —> E 1 given by </({*„}, {#„}) = limc?(x n , z n ) is a gauge on C. (3) If R 
is the equivalence relation xRz o d(x, z) = 0 in C, and if p is the induced 
metric on C/R, then ( C/R , p) is isometric to the completion of ( Y, d). [Hint: 
Observe that the map Y — > C/R given by y -> where y n = y for all «, 

is an isometry onto a dense subset.] 


Section 7 


1. Let G(x, y) be a continuous real-valued function on I a x I b . Assume that 
G(x 0 , y 0 ) = 0 and G y (xo, yo) i 1 0. Prove: There exists a positive s and a 
unique continuous h: I s I b such that h(x 0 ) = y 0 and G(x, h\x)) = 0 on I s . 
[Hint: Define 


F(x, y) = y - y 0 - 


G(x, y) 

Gy{x o, yo) 


and use the theorem in the text.] 

2. Let f(x, y) be continuous on I a x I b and satisfy some Lipschitz condition 
| f(x,y) — f(x,y)\ ^ k\y — y| on I a x I b . Prove: If a is chosen so that 
d-max|/| < b and a-k < 1, then the differential equation y = f(x, y) has a 
unique solution h: I a -» I b satisfying h{x 0 ) = yo. [Hint: Consider the map 


Twix) = y 0 + f * m, <p(t)) m 
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3. Let K(x,y, z) be defined in R = {(x,y, z) |0 ^ x 1, 0 < y < 1, (srj < 1}. 
Assume K(x, y, z) > 0 on R, and \K{x, y, z) — K(x, y, z')\ ^ c la 1 — z'\ on R. 
Prove: There exists a 6 > 0 such that for each A, 0 ^ A 8, the integral 
equation 

u(x) = A f K(x, i, u(i)) dg 
Jo 

has solutions. 

4. Let X be compact metric, and T : X —> 0°{X) a map with the following property: 
d(a, b ) > d(x, y) for each x, y and each a ef(x), b e/(y). Prove: T is single¬ 
valued, and an isometry. [Hint: Starting with a 0 — a, b 0 = b, define 

a n e T(a n _!), b n = T(6„_i). 

Show: Ve>03«3&: [d[a n , a n + k ) < e] A [d{b n , b n + k ) < e]. Finally, note 
that d(a 0 , b 0 ) d(a u 6i) < d(a k , b k ) ^ d(a 0 , b 0 ) + 2e.] Conclude: 

a. A compact metric space is not isometric to a proper subset. 

b. If X, Y are compact, if X is isometric to a subset of Y, and if Y is iso¬ 
metric to a subset of X, then X is isometric to Y. 

c. If X is compact, and if T: X -> X is a surjection satisfying d(Tx, Ty) j? 
d{x, y) for all x, y, then T is an isometry. 

These results are due to W. Hurewicz and H. Freudenthal. 

Section 8 

1. Let X, Y be topologically complete, separable metric spaces. Let A C X be 
an arbitrary subset and/: A —> Y such that/: A -+f(A) is a continuous open 
mapping. Show that / extends over a G<>-set G 4 A to a map F such that 
F: G —> F(G) is also a continuous open mapping. 

2. (Lavrentieff’s theorem.) Let X, Y be topologically complete spaces. Let 
A C X, B C Y be arbitrary subsets and assume that there is a homeomorphism 
h: A = B. Prove: There exists an extension of h to a homeomorphism 
H : G £ G', where G, G' are G d -sets and G 3 A, G' 2> B. 

3. Show that the topologically complete, separable metric spaces are the G d -sets 
in the Hilbert cube I 00 . 

4. Prove: Every metric space that is locally topologically complete is topologically 
complete. [Hint: Use IX, 5, Problem 5.] 



Homotopy 

xv 


Homotopy of maps plays an important role in modern topology, basically 
because most of the known algebraic invariants of spaces are homotopy 
invariants. In this chapter, we determine some elementary properties of 
this relation. 


I. Homotopy 


l.l Definition Let X , Y be two spaces and I be the unit interval 
{£ | 0 < t ^ 1}. Two maps f,g:X—> Y are called homotopic 
(written: f — g) if there exists a continuous 0: X x I -> Y such 
that 0{x , 0) = f(x) and 0(x, 1) = g(x) for each x e X. 

Intuitively, regarding t as a time parameter, 0 represents a continuous 
deformation of the map / to the map g, with 0 j X x t 0 being the stage 
of the deformation at instant t 0 . Alternatively, / ~ g if there exists a 
continuous one-parameter family of maps f t : X -> Y, 0 < £ < 1, 
starting with / and ending with g (remembering that continuity of the 
family is with respect to the two variables x, t jointly). We write 
0: f ~ g to mean “0 establishes a homotopy of / to g.” An f:X—> Y 
homotopic to a constant map is called nullhomotopic, written / — 0. 
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Ex. 1 Let Y be a convex subset of E n or, in fact, any linear topological space, 
and let X be an arbitrary space. Then each/: X Y is nullhomotopic. Indeed, 
choose any y 0 s Y and define 0{x, t) = ty 0 + (1 — t)f(x), which sends each 
x € X to the point on the line segment joining y 0 to f(x) that divides it in the ratio 
(1 — t)/t. Then0:X x /--> Y is continuous, since addition and scalar multiplica¬ 
tion are continuous operations in linear spaces, and is a homotopy of/to a constant 
map because &(x, 0) = f(x ), 0(x, 1) = y 0 . More generally, call a space Y con¬ 
tractible if 1: Y —> Y is nullhomotopic; then, for every space X, each continuous 
/: X —> Y is nullhomotopic: if0:Yx/-^-Yisa nullhomotopy of the identity 
map of Y, then W(x, t) = 0[f(x), t] is a nullhomotopy of /. 

Ex. 2 Reversing the situation of Ex. 1, let X be a convex subset of a linear topo¬ 
logical space and Y be an arbitrary space; then, again, each /: X —^ Y is null¬ 
homotopic. For, fixing any x 0 e X and defining 0(x, t ) = f(tx 0 4- (1 — t)x), 
we have that 0 is continuous and shrinks the image of X to f(x 0 ). More generally, 
if X is contractible, then for any space Y, each continuous /: X —> Y is null¬ 
homotopic: if 0: X x I X is a nullhomotopy of the identity map 1: X -> X , 
then W(x , t) = f(0(x, t)) is a nullhomotopy of /. 

Ex. 3 Nullhomotopic maps need not be homotopic; indeed, constant maps 
into a space need not be homotopic. Let X be connected, Y not connected, and 
y o, y 1 points in distinct components of Y; then the constant maps x -» y 0 and 
x yx are not homotopic, since X x I is connected. 

Ex. 4 It is important to note that, in considering the homotopy of two maps 
f,g: X —y Y, the space Y in which the deformation is to take place must be speci¬ 
fied in advance and kept fixed in the discussion. If it is permitted to enlarge Y 
arbitrarily, then any two given f,g:X—> Y are homotopic: Simply attach X x I 
to YbyF:(IxO)u(Ixl)^Y, where F(x, 0) = f(x) and F(x, 1) - g(x), 
to get Y; if p: (X x I) + Y -> Y is the identification map then p \ X x I is a 
homotopy of / to g in Y. 

By Ex. 1 and Ex. 2, all maps of E n and all maps into E n , are null¬ 
homotopic. Replacing E n by the slightly more complicated space S n 
makes both statements false: in the simple case n = 0, it is clear that the 
identity map 1: S° -> *S° is not nullhomotopic. However, the following 
proposition is very useful. 


1.2 (1). If X is any space and /, g: X —> S n two maps such for each 

x E X,f(x) and £(#) are not antipodal, then f ~ g. In particular, 
a nonsurjective /: X -> S n is always nullhomotopic. 

(2). Let Y be any space and f:S n -+Y. Then / ~ 0 if and only if 
/ has a continuous extension F : V n + 1 —> Y. 


Proof: (1). The deformation is described by pushing/to g along the 
(unique!) shortest arc of great circle joining each/(^) to g(x). Explicitly, 
let 


0(x, t) = 


t-g(x) + (1 - t)-f(x) m 
t-g(x) + (1 - t)-f(x)\ ’ 
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because f(x), g(x) are never antipodal, the denominator is never zero, 
so 0 is continuous and shows / — g. For the second part, choose any 
s 0 e S n — f(X); then / and the constant map X -> — are never anti¬ 
podal. 

(2). If F: V n + 1 —> Y is a continuous extension of/: S n —> Y, then 
defining 0: S n x / -» Y by 

0(x, t) = F{[1 - t]x), 

0 is a homotopy of /to the constant map S n -> F( 0). Conversely, if 0 
is a homotopy of / to a constant map 0, then the same formula shows that 
F is uniquely defined at the origin (since -F(O) = 0(x t 1) = constant), 
and that it is indeed a continuous extension F: V n + 1 —> Y of /. 

The question whether or not two maps f,g\X-> Y are homotopic is 
essentially an extension problem. In fact, defining a map 

f :(IxO)u(Ixl)->F 

by <p(x, 0) = f(x), (p(x, 1) = g(x), we have <p a continuous map of the 
closed subset (X x 0) U (X x 1) C X x /into Y, and / ~ g if and only 
if <p can be extended to a continuous 0: X x /—> Y. The problem of 
whether a given/ is nullhomotopic can, additionally, be reduced to another 
extension problem: 

1.3 Let X be any space, and TX the cone over X. An /: X — > Y is 
nullhomotopic if and only if / has a continuous extension 

F : TX-^ Y. 

Proof: Let p: X x I -> TX be the identification map; since 
p | X x 0 is a homeomorphism, we regard X and p(X x 0) as identical. 
If 0:f — 0, then 0p~ x is single-valued and so is a continuous map 
TX —> Y extending /. Conversely, if / is extendable to F: TX -> Y, 
then F o p: X x I -> Y shows/ — 0. 

Observe that 1.2(2) is a special case of 1.3 because (XI, 2, Ex. 5) we 
know that TS n = V n + 1 . 


2 . Homotopy Classes 

2.1 Let 7, Z be two spaces. The relation of homotopy is an equivalence 
relation in the set Z Y and so decomposes Z Y into mutually ex¬ 
clusive classes (called homotopy classes), two maps being in the 
same class if and only if they are homotopic. The set of homotopy 
classes is denoted by [y, Z\ and the homotopy class of an/e Z Y 
by [/]. 
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Proof : The relation of homotopy is reflexive: 0(y, t) = f(y) shows 


/. It is symmetric: If &:f~g y then 0{y, t) = 0(y, 1 — t) shows 
/. It is transitive: If &:f~g and P: g ~ h, then 


f$(y, 21) 

A(y, t) = < 

l ny, 2t - 1) 


4 ^ t ^ 1 


is continuous, since (III, 9.4) its two definitions agree on X x and 
A:f~ h. 

Ex. 1 Two constant maps/, g: Y —> Z are homotopic if and only if the points 
f(Y) = z f and g(T) = z g belong to a common path-component of Z. For, if 
0: / ~ g, then choosing any y 0 e Y, a(t) = 0(y o > 0 is a path joining z f to z gy and 
conversely, if a is such a path, then 0(y, t ) = a(t ) shows f — g. Thus it is only 
whenever Z is path-connected that all nullhomotopic maps are homotopic (that is, 
belong to the same homotopy class) and the concept of nullhomotopy is indepen¬ 
dent of the point to which the map is contracted. 


For elementary properties of the homotopy relation, 

2.2 Theorem (1). (Composition.) Let/,/': Y and g,g'i Y Z. 

If /-/' and g 2L g\ then go f ~ g' of. 

(2) . (Restriction.) If f,g: X -> Y are homotopic, then 

f\A^g\A 

for any A C X. 

(3) . (Cartesian product.) /, g: X -> ]TJ Y a are homotopic if and 

a 

only if p a o / ~ p a ° g for each a. 

(4) . (Attaching.) Let X be attached to Y by /: A —»■ Y, where 

A C X is closed, and let p: X + Y —> X U/ Y be the 
identification map. Let g 0 , g x : X —> Z and h 0 , h x : Y -> Z. 
If 0:g o — Si and h 0 ~ h x are “consistent” (that is, if 
0(a, t) = x F(f(a), t) for all (a, t) e A x I), then ( g 0 , h 0 )p~ l 
and (g x , h x )p~ x are homotopic maps of X Of Y into Z. 

Proof: (1). Let <P:f~f and X P: g — g f ; then 

(g<P(x, It) 0 ^ t ^ i 


A(X> 0 2 1 - 1 ] 


\ ^ < 1 


is clearly a continuous map X x / —Z and establishes the required 
homotopy. 

(2). If i: A X is the inclusion map, then / j A = / of, so this 
result is a special case of (1). 
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(3) . If W:f~g, then by (1) we have p a ° f — Pa° g for each 
aej/. Conversely, if & a : p a o/ ~ p a ° g for each a, then the map 
(#, t ) —> { < P a {x, £)} of X x I —> J~[ Y a is (IV, 2.3) continuous and 

Of 

shows / — g. 

(4) . According to XII, 4.2, the map A = (0, W)(p x l) -1 of 
(X U/ Y) x I into Z is continuous, and A provides the required homo¬ 
topy. 

For behavior of [ Y , Z ] under continuous maps, 

2.3 Let X, Y be two spaces and (p: X —> Y continuous. Then: 

(a) . For each Z, cp induces a map <p # : [V, Z] [X, Z], by 

9#\n = [f°?i . 

(b) . For each Z, cp induces a map <P# : i z > x ] [Z, Y] by 

<P#[g] = [<P°gl 

(c) . If y ~ ifj, then the maps induced by cp, p are the same. 

(d) . If </f: Y —> S, then (ip ° (p)# = (p# o p# and {cp o ^)^ = 

<p# ° *A#- 

Proof: These proofs involve straightforward applications of 2.2(1), 
and are left for the reader. 

It follows directly from 2.3(d) that [Y, Z] is a joint topological 
invariant of Y and Z; intuitively, [Y, Z] measures the number of 
“essentially different” ways that Y can be mapped into Z, and so provides 
information on the “complexity” of the topological structure of Z 
relative to that of Y. For example, ^([Z 1 , Z]) is the number of path 
components of Z (as follows from Ex. 1 and I, Ex. 2). The explicit 
determination of [Y, Z] in terms of calculable algebraic invariants of Y 
and Z is one of the main problems in homotopy. Only particular cases 
have been settled, even for such simple spaces as spheres; for example, if 
n ^ 4, it is known that [ S n , <S 2 ] is a finite set, but the exact number of 
elements is not yet known for any large value of n (say, n ^ 50). 


3. Homotopy and Function Spaces 

A topology in the set Z Y decomposes it into path components. On the 
other hand, the relation of homotopy decomposes the set Z Y into homo¬ 
topy classes. One advantage of the c-topology in Z Y is that under mild 
restrictions on Y, the homotopy classes are exactly the path components. 
This follows from 
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3.1 Theorem Let Z Y be given the c-topology. Then: 

(1) . If/ ~ g, then/and g lie in a common path component. 

(2) . If/ and^ lie in a common path component of Z Y , then f — g, 

provided Y is a k-space. 

Proof: (1). Let 0:f — g\ because 0: Y x I —> Z is continuous, 

XII, 3.1, assures that the associated map 0: /-> Z Y is also continuous, 
/*> 

and 0 is evidently a path in Z Y joining/to g. 

(2). Let S :/-> Z Y be a path joining/ to g. Since (XII, 4.4) Y x I 
is a k-space, XII, 3.2 states that the associated 0: Y x I Z is con¬ 
tinuous, and clearly, 0\fct g. 

A further advantage of the c-topology is that homotopic maps induce 
homotopic maps of function spaces, again under mild restrictions. 

3.2 Theorem In all function spaces, use the c-topology and let Z be an 
arbitrary space. 

(1) . If fotfx'. X -> Y are homotopic, and if Y is locally compact 

or if X is a k-space, then the induced maps /„,// : Z Y -> Z x 
are homotopic. 

(2) . If g°, g 1 : y —> Z are homotopic, and if Y is locally compact 

or if X is a k-space, then the induced maps g° + , g\ : Y x -> Z x 
are homotopic. 

Proof: In case Y is locally compact, the proof of (1) and (2) depends 
on XII, 2.2, that the composition T: Y x x Z Y Z x is continuous. 

Ad (1). Let 0: f Q — f ± ; because (XII, 3.1) the associated 0:1 -+Y X 
is continuous, so also (IV, 2.5) is 0 x 1 :1 x Z Y —» Y x x Z Y ; thus 
T o [0 x 1) is continuous and shows that ff — //. The proof of (2) 
is similar. 

In case A" is a k-space, the proof depends on XII, 5.3 and 4.4, that 

s (. z x y s (z ! ) x . 

Ad (1). Let 0:f o — fv, by XII, 2.1, the induced 

0 + : z Y -^z xxI ~ ( z x y 

is continuous, and [XII, 3.1(2)] the associated continuous Z Y x I —> Z x 
provides the required homotopy. 

Ad (2). Let 0:g° — g 1 ', then the associated 0: Y —> Z 1 is con¬ 
tinuous, so that the induced ( 0) + : Y x -> (Z ! ) x = {Z x y is also con¬ 
tinuous; and the associated continuous Y x x / — Z x shows — g\. 
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4. Relative Homotopy 

In many cases, attention is restricted only to maps f:Y->Z having 
special properties, and two such maps are called homotopic only if one 
can be deformed to the other in a certain way. The usual pattern for 
this notion is 

4.1 Definition Let JY C Z y be some subset, and call its members 
JF-maps. Two J^-maps are JF-homotopic if there is a homotopy 
0: Y x I —> Z such that 0 \ Y x t is an JF-map for each tel. 

Ex. 1 Let fe Z Y be a given continuous map, let A C Y be any subset, and define 
34? = {g e Z Y | g{A = f\A}. Then two J^-maps g, h are ^-homotopic only if 
there is a homotopy of g to h such that the image of each point a e A remains 
fixed [at/(a)] throughout the entire deformation. Such homotopies are frequently 
considered; to denote that g, f are homotopic in this way, we shall in the future 
write “g ~ / rel A." 

Ex. 2 Let AC Y, B C Z, and define 34? = {/e Z Y | f(A) C B}\ since this 
set 34? occurs frequently, an J^-map will be denoted briefly by/: ( Y\ A) —> (Z; B). 
An 34? -homotopy of 34? -maps is now one in which the image of A remains in B 
(not necessarily pointwise fixed!) during the entire deformation. 

Ex. 3 It is evident that Jf’-homotopy of ^-maps is more restrictive than ordi¬ 
nary homotopy, and the following trivial example shows this. Let 34? C I 1 be 
{/ |/: (/; Fr I) —> (I; Fr jT)}; then, although the J^-maps f(t) = t, g(t) = 1 — t 
are homotopic, it is obvious that they are not 34? -homotopic. 

Let 34? C Z Y . As before, Jf’-homotopy of Jf-maps is an equivalence 
relation in 34? ; the set of Jf’-homotopy classes is denoted by [F, Z; 3?F\. 
Regarding as a subspace of the c-topologized Z Y then whenever Y is 
a k-space the -homotopy classes are precisely the path components 
of 34?. 

As an illustration of these ideas, we prove 

4.2 (J. W. Alexander) Let h : V n —> V n be a homeomorphism such that 
h | S n ~ 1 = 1. Then h ~ 1 rel S n ~ Y , with each stage of the deformation 
being a homeomorphism. Alternatively stated: If 34? is the set of all homeo- 
morphisms V n —> V n coinciding with the identity map on 5 1 " -1 , then 34? is 
path-connected. 

|*| 5s t 

|*| < t, 

which keeps all points outside the ball F" of radius t fixed and duplicates on 
Vt r-> Vt the given transformation h on a diminished scale. 0 is not defined for 
t = 0; however, we set 0(x, 0) = *. It is readily seen that 0: V n x /—> V n is 
continuous, that 0:1 ~ h rel »S n-1 , and that 0 | V n x / is a homeomorphism 
for each t. 


Proof: For each t e ]0, 1] define 
0(x, t) — 


th(x/t ) 



322 


Chap. XV Homotopy 


5. Retracts and Extendabiiity 

Let X be a given space. In this and the next section we will be concerned 
with characterizing those subsets A C X having the two properties: 
For all spaces Z , (a) each f: A Z is extendable over X; and (b) two 
maps F, G: X —> Z are homotopic whenever only F \ A — G | A. To see 
the importance of such sets, note that since the map i#: [X, Z\ —> [A, Z] 
induced by the inclusion map i: A —X is exactly [F] -> [F \ A], it 
follows from (a) that i # is surjective, and from (b) that i # is injective; 
thus, for any space Z, the calculation of [ X , Z] can always be reduced to 
the (perhaps easier, or known) determination of [A, Z], 

We begin with the extension problem. Conditions for extending a 
given/: A —> Z over X generally involve Z also. For example, if X is a 
connected normal space and A is the union of two disjoint closed subsets, 
every continuous/: A —> E 1 is extendable over X (cf. VII, 5.1), whereas 
this is not true for continuous maps f: A-+■ 2. However, there is an 
important case where such conditions do not involve Z. 

5.1 Definition Let X be a space and A C X. A is a retract of X if the 
identity map 1: A —> A is extendable to a continuous r: X -» A; 
such an extension is called a retraction. 

Equivalently, A is a retract of X if there exists an r : X -> A such that 
r(a) = a for each a e A, or alternatively, if r: X A is surjective and 
r o r(x) = r(x) for each x e X. The concept of retract is evidently topo¬ 
logically invariant: if h: X ^ X' , then h(A ) is a retract of X' if and only 
if A is a retract of X. 

Ex. 1 Let X be any space. Then X and each x 0 e X are retracts of X. 

Ex. 2 The unit ball V n is a retract of E n , as the map r(x) = x/\x\ (if |x| ^ 1 
and r(x) — x otherwise) shows. Further, S n_1 is a retract of E n — {0}. 

Ex. 3 Let FI Y a be any cartesian product, and for each a, let B a C Y a be a 

a 

retract. Then P[ B a is a retract of Y1 Ya) for, if each r a : Y a ^ B a is a retraction, 

a a 

so also is FI r a : P[ Y a —> FI I n particular, X x 0 is a retract of X x I. 

a a a 

Ex. 4 The Hilbert cube /°° is a retract of the Hilbert space / 2 (N 0 )- In fact, for 
each n= 1,2, •••,let r n : E 1 —> [— 1/n, l/n] be a retraction; then the map 
r : / 2 (N 0 ) —> given by {#„} —> (r n (x n )}, is continuous and is a retraction. 

Ex. 5 If Z Y be given the c-topology, then (XII, 1.2) there is an embedding 
h: Z —> Z Y , where h(z) = constant map sending Y to the point z. h(Z) is a 
retract of Z Y : Choosing any y 0 e Y, the evaluation map c% 0 : Z Y —x Z is continuous 
and h ° a> y is clearly a retraction. 


5.2 If X is Hausdorff, and A C X a retract of X , then A is closed in X. 
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Proof: If there were some x e A — A, then because r(x) # x and X 
is Hausdorff, there would exist disjoint nbds U D {#}, and V D {r(x:)} 
such that r(U) C V; however, since x e A, there must be some a e A in 
U, and since a — r(a) e V, this contradicts the disjointness of U and V. 

Ex. 6 If X is not Hausdorff, 5.2 need not be true, as Sierpinski space shows 
(cf. Ex. 1). 

We now show that any continuous map of a retract of a space can 
always be extended over that space; in fact 

5.3 Theorem Let X be any space and A C X. A necessary and 
sufficient condition that A be a retract of X is that for every space 
Z, each continuous /: A Z is extendable over X. 

Proof: If A is a retract of X and r: X —*■ A a retraction, then for 
is an extension of any given / over X. Conversely, if the condition is 
satisfied, A is a retract of X: Choose Z = A and /: A —> A to be the 
identity map. 

Remark: Any given extension question can always be formulated as a re¬ 
traction problem. Let A, X, Z be fixed and /: A -> Z; then / is extendable over 
X if and only if Z is a retract of X \Jf Z. For, if p: X + Z -> X U/ Z is the identi¬ 
fication map and r is a retraction, r ° p \ X is an extension of /. Conversely, if an 
extension F of / is given, define p: X 4- Z —> Z by p(x) = F(x) if x e X and 
p(z) = z if z e Z; then pp ~ 1 : X 'Of Z —► Z is single-valued, so it is continuous and 
is a retraction of X Z onto Z. In particular, A is a retract of X if and only if 
under any attachment to any space Z by any continuous/: A Z, the subspace 
Z is a retract of X U/ Z. 


6. Deformation Retraction and Homotopy 

In this section, wc find conditions on A which assure, for all spaces Z 
and any two continuous F, G: X —»• Z, that F ^ G whenever 

F\ A ~ G\ A. 

Such conditions generally involve Z also. 

Ex. 1 Let X = Z = [0, 1] yj [2, 3] and A = [0,1]. Then the inclusion map 
/: A —> Z extends to the identity map F, and also to the map G, where G(x ) = x 
for re[0, 1] and G(x ) = x — 2 otherwise. Clearly F and G are not homotopic; 
they would be if Z were taken as [0, 3]. 

Again there is an important instance where the homotopy question does 
not involve Z. 
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6.1 Definition Let A, B be any two subsets of X. B is said to be de¬ 
formable into A over X if the identity map 1: B -> B is homotopic 
in X to a map of B into A. 

That is, we require a <P: B x /—x W such that &(b, 0) = h for each 
b 6 B and <P(B x 1) C A. If we have B = X in the definition, we omit 
“over X” and say simply that X is deformable into A \ it is important 
to observe that we do not require that the image of A remain in A during 
the deformation. 

This concept is clearly topologically invariant: if h: X ^ X', then 
h(B) is deformable into h(A) over X' if and only if B is deformable into 
A over X. 

Ex. 2 E n — {0} is deformable into »S n_1 , as &(x y t) = (1 — t)x + *-x/|ac| shows. 
Ex. 3 S’ 1 ” 1 is deformable over V n to {0}, by <P(x, t) — (1 — similarly, 

is deformable into {0}. 

Ex. 4 If each Y a is deformable into B a , then ]j[ Y a is deformable into j { B a 
[see 2.2(3)]. 

Ex. 5 A set A C X may be a retract of X, and yet X may not be deformable into 
A, as any point x 0 of a discrete space (having more than one point) shows. 

Ex. 6 X may be deformable into A, yet A may not be a retract of X. For 
example, I is deformable into Fr (/), say by <p(x, t) = t-x; but Fr (/) is evidently not 
a retract of I. 

That this concept allows reduction of the homotopy question is 

6.2 Theorem Let B be deformable into A over X. Let Z be any space 
and f 0 ,f x :X->Z any two continuous maps. Then / 0 | A ~ f x \ A 
implies f 0 | B — f x \ B. In particular, if X is deformable into A, 
then / 0 ~ f x if and only if / 0 | A ~ f x \ A. 

Proof: We prove only the first statement; because of 2.2(2), the 
second is an immediate consequence. Let 0: B x I —X be the defor¬ 
mation, and define <p: B A by <p{b ) = <P(b, 1). Since f 0 \ A ~ f x \ A, 
it follows from 2.2(1) that f 0 ° <p — fi ° <p> Since Pib, t) = f 0 ° &(b, t) 
shows f 0 | B ~ / 0 ° and, in a similar manner, also, f x | B ^ f x ° 93 , the 
proof is complete. 

In view of 5.3 and 6.2, we obtain subsets for which all maps are 
extendable, with preservation of homotopy relations, by combining the 
concepts of deformation and retraction. 

6.3 Definition Let A C B C X. We call A a deformation retract of 
B over X if the identity map \ B : B B is homotopic in X to a 
retraction r: B A. The set A is called a strong deformation 
retract of B over X if r ^ 1 B rel A, that is, keeping the points of A 
fixed throughout the entire deformation of B into A. 
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Ex. 7 In Ex. 2 and 3, all the deformations are strong deformation retractions. 
Ex. 8 Let X C E 2 be the subspace (0 x 7) u (7 x 0) u {1/n x I\n = 1, 2, • • •}. 
Then 0 x 7 is a deformation retract of X; but it evidently is not a strong defor¬ 
mation retract of X. 

Ex. 9 Let V n be the unit w-ball in E n ; then (V n x 0) u (<S n_1 x 7) is a strong 
deformation retract of F" x 7. A deformation retraction is obtained by projecting 
F" x 7onto(F n x 0) u (S n ~ 1 x 7) from (0, • • •, 0, 2) e E" x E 1 ; in formulas, 

,. . / x „ 2 — A . . 2 — t 

0(X ’ l) ~ \W’ 2 2~ 



For the characterization question in 5, we now have 

6.4 Theorem Let A C X. Then A is a deformation retract of X if 
and only if it has the following two properties: 

(1) . For every space Z, each continuous/: A —>• Z is extendable 

over X, and 

(2) . For every space Z and each F, G: X —> Z, F is homotopic to 

G whenever F | A cz G | A. 

Proof: Necessity is clear, from 6.2 and 5.3. Sufficiency: from (1) 
and 5.3, there is a retraction r : X —> A. Taking Z = X and noting that 
the maps r, \ x : XX satisfy r | A = l x | A, we find from (2) that 
r ~ \ x . 

As remarked, 6.4 implies: If A is a deformation retract of X, then 
i#\ [X, Z] — [A, Z] is bijective for every Z. Thus, for example, 
the homotopy classes of maps of the punctured ball V n — {0} into any 
space are the same as those of *S n_1 into the same space. Observe that 
6.4(1) is much stronger than required to assure that i# is surjective: 
for this purpose, it would suffice to know for each f:A—>Z simply that 
it is homotopic to a map that is extendable. 

We now examine the concept of a deformation retract more closely. 
Definition 6.3 combines both retraction and deformation into one 
condition. That this concept is simply the conjunction of the two properties 
follows from 

6.5 Theorem A i s a deformation retract of B over X if and only if A 
is a retract of B and B is deformable into A over X. 

Proof: Necessity is clear. For sufficiency, let r: B —> A be a retrac¬ 
tion, and 0 : B x I —x X a deformation of B into A over X, where 
0(b, 0) = b. Then 

A(b , t) = 0{b, 21) 0 ^ t < \ 

= r o 0(b , 2 — 2 1) \ ^ t ^ 1 

is continuous because 0{b, 1) = r ° 0(b, 1), and shows 1 : B B 
homotopic to r: B —> A. 
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“Transitivity” takes the form 

6.6 Let A, B, C be subsets of X such that A C B n C. Assume that 
A is a (strong) deformation retract of B over X. If C is deformable 
over X into B (rel A), then A is a (strong) deformation retract of 
C over X. 

Proof: Let 0 be a deformation of C into B, and W a deformation 
retraction of B onto A. The map A: C x I —> X given by 

A(c , t) = 0(c, 21) 0 ^ t ^ \ 

= Vl&ic, 1), 2t - 1] * < * < 1 

is the required deformation retraction and keeps A pointwise fixed 
whenever both 0 and W do so. 

7. Homotopy and Extendability 

Let A C X and Z be given. In general, a given/: A -> Z may be homo¬ 
topic to a map that is extendable over X, and yet / itself may not be 

extendable. 

Ex. 1 Let X and Z be the space of 6 , Ex. 8, and let A be the subset 
{(a, 0) | « = 0, 1, L • • •}. 

Let/: A —*■ Z be the inclusion map, and g: A —> Z the map g(a, 0) — (a, 1). Then 
/ and g are homotopic—even nullhomotopic—and / is extendable over X, but 
clearly g is not extendable. 

We now study a property that implies extendability depends only on the 
homotopy class of the given map. 

7.1 Definition Let A C AT be given. We say that A has the absolute 
homotopy extension property ( AHEP ) in X if for each space Z and 
each continuous F: X —> Z, every homotopy of F | A is extendable 
to a homotopy of F. 

Whenever A has the AHEP in X, then for any space Z, each continuous 
g: A Z homotopic to an extendable /: A —^ Z is itself also extendable 
and, indeed, has an extension homotopic to any preassigned extension 
of /: For, if F: X —> Z is any extension of /, then 7.1 says that the 
homotopy cp: F \ A ~ g is extendable to a cp: X x I -> Z with 
0 j X x 0 = F, so that x —> 0(x, 1) is an extension of g over X homo¬ 
topic to F. The extension found for g clearly depends on the extension 
of 99 , so we have a related question: If F, G: X-=> Z are homotopic, 
and a specified homotopy of F | A to G | A is given, is this homotopy 
extendable to a homotopy of F to G? 
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Ex. 2 In Ex. 1, let F = G = identity map of X, and let the given homotopy 
F | A to G | A be that in which the image of each as A runs up to the top and 
then back down the spike containing it. This homotopy is clearly not extendable to 
one of F to G. 

7.2 Theorem (1). A has the AHEP in A if and only if 

(X x 0) U (A x I) 

is a retract of X x I. 

(2). (X x 0) U {A x I) U (X x 1) is a retract of X x I if and 
only if for each space Z and each pair of maps F, G : X -> Z, any 
given homotopy of F \ A to G | A can be extended to a homotopy 
of F to G. 

Proof: (1). Assume that (X x 0) U (A x I) is a retract of X x I. 
A given F: X —> Z and a given homotopy 0: A x / -> Z of F \ A 
determine a continuous f: ( X x 0) U (A x I) -> Z by setting 

f(x, 0) = F(x), f{a , t) = 0(a, t). 

According to 5.3, f extends to a UL A x /—>-Z and W is thus a 
homotopy of F extending 0. Conversely, assume that A has the AHEP 
in X. Choose 


Z = (X x 0) U (A x I), 

let F: X -> Z be the map x —(#, 0), and let the homotopy of F | A 
be <p(a, t) = (a, t ). This extends to a homotopy 0 of F, and 

0: X x / -> Z 

is the desired retraction. The proof of (2) is similar. 

In the remainder of this section, we are going to characterize those 
subsets A C X for which (X x 0) U (A x I) is a retract of A x /; to 
do this, we will need the idea of a zero-set, so well as that of a halo. 

A set C in a space X is called a zero-set in X if there exists a continuous 
p: X -> I such that /> -1 (0) = A, that is, such that p vanishes on, and 
only on, A. Clearly, such sets are closed G^-sets; and if X is normal, the 
zero-sets in X are exactly the closed G^-sets. Note that in any space Y, 
not necessarily Hausdorff, Y x 0 is a zero-set in Y x /, as the pro¬ 
jection p: Y x II shows. 

The second of the required notions is given in 

7.3 Definition Let A be a space. and let A C A. An open set U 3 A 
is called a halo of A if there exists a continuous h: XI such that 
A C h~ 1 { 0) and {x | h(x) < 1} C U. 

Clearly, A is always a halo of any subset A C A. In normal spaces A, 
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every nbd of a closed A C X is a halo of A ; but in non-normal spaces, a 
closed A C Y may have nbds that are not halos: in VII, 7, Ex. 3, each 
nbd of the point a that excludes the point b is not a halo of a. 

The desired characterization is given in 

7.4 Theorem (D. Puppe) Let X be a (Hausdorff) space, and A C X closed. 

The following four statements are equivalent: 

(1) . (X x 0) U (A x 7) is a retract of X x I. 

(2) . A is a zero-set in X, and also a strong deformation retract 

over X of a halo U D A. 

(3) . There exists a continuous A: X—> E 1 with A C A -1 (0) and 

a continuous A: X x 7 —>X with A(x, 0) = x for each 

x e X, such that A[x, A(jc)] e A whenever A(jc) < 1. 

(4) . (X x 0) U (A x 7) is a zero-set in X x I and a strong 

deformation retract of X x 7. 

Proof: (1) => (2). Let r: X x I — (X x 0) u (A x I) be a retrac¬ 
tion, and let J = ]0, 1], Since A x 7 is open in {X x 0) U (A x I), we 
ha.ver~ 1 (A x J) open in X x 7 and therefore (X x l)nr _1 (^4 x J) = 
U x 1, where Cl C X is an open set that necessarily contains A. Let 
|i x :I x /->! be the projection and define 0: U x I X by 
0(u, t) = p x ° r(w, t ); then is a strong deformation retraction of U 
over X into A. 

We now show that U is a halo of A. Let w{x) — pj o r(x, 1), where 
pi'. X x 7—7 is the projection. For u e U, we have r(w, 1) e ^4 x 7, so 
w(w) > 0; for x e U we must have r(x, 1 ) e X x 0, so w(x) = 0. Since 
w(a) = 1 for all a E A, the function h(x) = 1 — w(x) shows that U is a 
halo of A. 

To show that A is a zero-set, consider the continuous function 
F(x, t) = t — pj o r(x, t ), and define p(x) = sup{7 1 (x, t) | t e 7}. Then 
p: X 1 is also continuous: its lower semi-continuity follows from 
III, 10.4 (a); and to see that p is also upper semi-continuous, observe 
that because 7 is compact, p{x 0 ) ^ b if and only if F(x 0 , i) ^ b for some 
t; thus {v | p(x) ^ b) = p x {(x, t) | F(x, t) ^ b } and, by XI, 2.5, this set 
is closed. We now prove that A = p~ x { 0). If a e A, then r(a, t) = t for 
each t, so p(a ) = 0. Conversely, if p{x) = 0, then p I o r(x, t) ^ t for 
each t > 0 so that, in particular, pj o r(x , £) > 0 for each t > 0; thus 
r{x, t) e A x 7 for each t > 0 and, because A x 7 is closed, we must 
have (x, 0) = r(x, 0) e A x 7 also, therefore x e A. 

(2) => (3). Let h \ X —> 7 show that [/ is a halo of ^4, and let 

0: U x I^X 

be a strong deformation retraction of U onto A. Let p\ X ^ I show that 
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A is a zero-set, and define X(x) = 3 • max[/>(.x), A(x)]. Then A _ 1 (0) = A, 
and {jc | A(v) ^ 2} C U. Define H: X x I —> X by 

H(x , t ) = 0(x, t-mm[2 — A(„v), 1]) if X(x) ^ 2 

= x if X(x) ^ 2 

This is continuous, since if A(v) = 2, then x e U and the two definitions 

of H at (jc, t) coincide. Moreover, H(x, 0) = x for each x e X, H(a, t) = 

0(a, t) = a for each ( a , t) e A x /, and II(x, \) e A whenever A(x) ^ 1. 
Now define A: X x /-> X by 

A(x, t) = H(x , 0) if A(x) = 0 

= H(x, min[l, J/A(x)]) if A(x) ^ 0 

This map is actually continuous on X x I. Indeed, it is clearly con¬ 
tinuous at each (x, t ) with A(a) # 0, so we need only prove its continuity 
at each («, t) e A x /. Let IT be any nbd of A(a, t ) = //(a, 0 ) = a\ 
since H(a , /) = a and II is continuous, there is (XI, 2.6) a nbd V of a 
such that //(T, I) C IT; thus, t) e W whenever simply x e V and 
therefore A is continuous at (a, t). 

It is now immediate that A(x , 0) = x for each x e X, and that 
A(x, X(x)) = II(x, 1 ) e A whenever X(x) ^ 1. 

(3) => (1). Define r:X x / -> (X x 0) u (A x /) by 

r(x, t) — (A(x, t), 0) if t ^ A(v) 

= A(x)), t — A(v)) if t $5 X(x) 

It is clear that r is continuous, and it is trivial to verify that r is a 
retraction. 

(1) => (4). Let r : X x / —(X x 0) U (A x I) be a retraction, and 
define T: (X x I) x / -> (X x I) by 

T[(v, t), s ] - [/) x o r (v, j/), (1 - s)t + sp l o r(*, *)] 

Then T: 1 ~ r is the desired deformation retraction. Moreover, because 
(1) o (2), there is a p: X-> I showing A is a zero-set in X; then 
P(x, t) = t p(x) shows (X x 0) u (A x 1) is a zero-set in X x I. 

(4) => (1) is trivial. 

Ex. 3 The requirement in 7.4(2) that A be a zero-set is essential: even in 
normal spaces (where every nbd of a closed set is a halo) a closed set may be a 
strong nbd deformation retract without being a zero-set. For example, let / c be 
the cartesian product of 2^o unit intervals, and let 0 r be the origin; then 0 C is a 
strong deformation retract of but 0 C is not a G 6 , so it is not a zero-set in / c . In 
particular, (7 C x 0) <J (0 C x I) is not a retract of E x I. 

Ex. 4 Wc call A C X a strong halo deformation retract in X if there is a halo 
U D A and a strong deformation retraction 0: U x I-> X of U onto A. With 
this terminology, it follows from 7.2 that A has the AHEP in X if and only if A is 
a zero set in X and a strong halo deformation retract in X. 
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Ex. 5 Let X be any (Hausdorff) space and let TX be the cone over X. Then 
(TX x 0) U (X x I) is a strong deformation retract of TX x I. For, letting 
V = {<v, t> | t < f} we find that X C TX is a strong deformation retract of V, 
and the continuous function p<x, /> = It shows both that V is a halo and that X 
is a zero-set. Observe that, because TS n_1 = V n (cf. XI, 2, Ex. 5) this result 
contains that of 6, Ex. 9. 

Remark The equivalence of (2) and (3) in 7.4 is frequently useful in showing 
that some set is a nbd deformation retract. We illustrate its use to prove 

7.5 Let A C X and B C T be zero-sets. Assume both are strong halo deforma¬ 
tion retracts. Then (A x Y)v(X x,B) is a zero-set and a strong halo 
deformation retract in X x Y. 

Proof: Let A, A and T, fx be functions satisfying the requirements in 7.4(3) for 
A, B respectively. Define H: X x Y x I- >X x Y by H{x,y,t ) = (A(x, t), 
T(.y> 0) and let a: X x Y -> E 1 be the map o(x, y) = min[A(x), /x(y)]; then H, a 
satisfy the requirements of (3) for (Ax Y) U (X x B), and the proof is complete. 

Whereas the retraction property of X x / onto (X x 0) U (A x I) 
results from a nbd retraction property of A in X, the retraction property 
of (X x 0) U (A x I) U (X x 1) is the same as that of A in X: 

7.6 Theorem Let X be a Hausdorff space. If A C X is a zero-set 
and a strong [halo] deformation retract in X, then 

D = (X x 0) u (A x 7) u (X x 1) 

is a zero-set and a strong [halo] deformation retract in X x /. 

Proof: For “[halo]”: This follows from 7.5, since 
D = (X x {0, 1}) u (A x I) 

and {0, 1} is clearly a zero-set and a strong halo deformation retract in I. 

For the remaining case: We note that D is a strong deformation retract 
of K — (X x I) — (X — A) x \ since we apply 7.4 twice, first to 

X x [0, ■£], then to X x 1], and finally remove the discontinuities, 

[X — A) x According to 6 . 6 , the set D will be a deformation retract 
of X x I if we can deform X x / into K keeping D fixed throughout 
the deformation. Letting &: X x IX be a strong deformation re¬ 
traction onto A , this is accomplished by the deformation 

T: (X x /) x I^X x / 

given by 

r[(x, t ), s] = [0(x , 2^), t ] 0 < t ^ \ 

= [<£>(.*, 2s(l - t )), £] ^ ^ t ^ 1 

It remains to show that Z) is a zero-set: if p: X -> / has ^4 for zero-set, 
then P(x, £) = *(1 — O'PC*) ^ as ^ as zero-set. 
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In this section, we give some immediate applications of the main results, 

7.4 and 7.6. 

As a first application, we obtain a condition under which the concepts 
“deformation retract” and “strong deformation retract” coincide: 

8.1 Let X be a Hausdorff space and A C X a zero-set. The A is a 
strong deformation retract of X if and only if A is both a deforma¬ 
tion retract of X and a strong halo deformation retract in X. 

Proof: “Only if” is trivial, so we need show only that if A is both a 
deformation retract of X and a strong halo deformation retract in X , 
then it is a strong deformation retract of X. Let 0: X x / —> X be a 
deformation such that 0: l x ~ r, where r: X—> A is a retraction. Let 

D = (X x 0) u (A x /) u (X x 1) 

and define Q : D x I X by 

Q k {x, 0) = x 

Q x (a, t) = 0[a, (1 - A )t] 

Q a (x, 1) - 0[r(*), 1 - A] 

Since Q A is consistently defined, it is continuous. The theorem will be 
proved if we can extend Q x : D x 1 —>- X over (X x I) x 1. 

To this end, we observe that Q 0 is extendable to a map D 0 : X x I -> X: 
D 0 (x, t) = 0(x , t) is the required extension, since D 0 clearly coincides 
with Q 0 on (X x 0) U (A x I) and on X x 1 we have Q 0 {x, 1) = 
0(r(x ), 1) = r o r(x) = r(x) = 0(x, 1) = D n (x , 1). By using D 0 , we 
have a map D: [(X x I) x 0] U [D x /] —> X. Now, by 7.6, we find D 
is a zero set and a strong halo deformation retract of X x I so, by 
7.4,we have[(X x I) x 0] U [D x /] is a retract of (X x I) x /.Thus, 
Q extends to an Q' \ (X x I) x / —> X and W(x , t ) = £?'(x, t, 1) is the 
required strong deformation retraction of X onto A. 


This has the curious consequence: 

8.2 Let A C X be a zero-set and a strong halo deformation retract in 
X. Then A is a strong deformation retract of X if and only if X can 
be deformed into A in such a way that the points of A remain in A 
during the entire deformation. 

Proof: Since X is deformable into A, we need show only that A is a 
retract of X; then 6.5 and 8.1 yield the desired conclusion. To this end, 
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let 0: X x I X be the described deformation, where &(x, 1) = x. 
Let D = 0 \ (X x 0) U (A x I ); then Q maps (X x 0) U (A x I) 

into A and is the identity on A x 1. By 5.3 and 7.4, Q extends to 

Q: X x I —x A, and Q{x, 1) is the required retraction of X onto A. 

As another application, we use 7.4 and 7.6 in another way, to obtain 
homotopies behaving in a given way on specified subsets: 

8.3 Let / 0 ,/i: X —> Y be homotopic, and 0:f o — f ± . Let A C X and 

let W: 0 | A x I ~ 0 1 be a given homotopy of 0 | A x I 

rel (A x 0) U (A x 1). If A is a zero-set in X and a strong halo 
deformation retract in X, then there is a homotopy A : / 0 ~ f x such 
that A | A x I = 0 ± . 

Proof: By 7.6, D — ( X x 0) u (A x I) u (X x 1) is a zero-set and 
a strong halo deformation retract of X x /, consequently (7.4) 

T = [(X x I) x 0] u [D x /] 

is a retract of (X x I) x I. Defining A: T —> Y by 

A(x, t, 0) = 0(x, t) 

A(x, t, A) = f 0 (x) 

A(x, 1, A )■ = f x (x) 

A(a, t, A) = ¥^[( a , t ), A], aeA , 

then A is continuous, is extendable over (X x I) x I, and A(x, t, 1) is 
the required homotopy. 


Problems 


Section I 

1. Let {I a | a G x/} be any family of unit intervals. Prove ]7I I a is contractible. 


Section 2 

1. Prove: <p: X -+ Y is nullhomotopic if and only if for every space Z, the induced 
map q>#\ [Y, Z] -> [X, Z] is such that <p#[/] is nullhomotopic for each/. 

2. Let cp: Y be continuous. Prove: <p#: [Y, Z] -+ [X, Z ] is surjective for 

every Z if and only if there is a continuous A: Y —> X such that A ° cp — l x . 

3. Let <p: X-> Y be continuous. Prove: y#\ [Y, Z] [X, Z] is injective for 
every Z if and only if there is a continuous p: Y —>■ X such that cp ° p — l Y . 
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Section 3 

1. Prove the following generalization of 3.1: 

a. If t is a conjoining topology in Z y , then each path component is contained 
in a homotopy class. 

b. If t is a splitting topology in Z Y , each homotopy class is contained in a 
path component of Z Y . 

Section 4 

1. Let sZ C 3P{Y) and 38 e 3P(Z) be families of sets. An inclusion-preserving 
map cp\ stf 38 [that is, <p(A ) C cp(A' ) whenever A C A'] is called a carrier. 
For each carrier <p, let J83 0 = {f e Z Y j f(A) C <p{A) for each A e sY}. Given cp, 
define 0: 38(Y) —>■ 3?{Z) by 0(C) = O {<p(^4) | A D C} if such A exist; other¬ 
wise set 0(C) = y. Prove: 

a. 0 is a carrier. 

b. [Y, Z; Jf„] = [Y, 

2. Let = {f\f: (V n + 1 , S n ) -> (F n + 1 , 5")}. Let f,geJP be such that/|S n = 
g|S n . Prove: / is -homotopic to g. More generally, prove that if f\S n and 

are homotopic as maps of S n —> S n , then / is Jf’-homotopic to 

Section 5 

1 . Let A C B C X. Assume that J3 is a retract of X and A is a retract of B. Prove: 
A is a retract of X. 

2. Let B C Z be a retract of Z. For any space X, show that B x is a retract of Z x 
(c-topology in the function space). 

3. Prove: Any closed convex set of a generalized Hilbert space / 2 (N) is a retract of 

/ 2 (X). 

4. Show: {0} u {1} is not a retract of I. 

5. Let A be a retract of the locally compact X. Prove that A is also locally compact. 

6. Let r: X—> A be a retraction. Show that r is an identification. 

7. Let X be locally compact. Prove: Y is an AR(normal) if and only if Y x is an 
AR(normal). 

8. Let X be compact. Prove: Y is an ANR(normal) if and only if Y x is an 
ANR(normal). 

Section 6 

1. Let A be a strong deformation retract of X. Prove that for each A and each 
/: A —> Z, the subspace Z is a deformation retract of X U/ Z. 

2. Let r: X —> A be such that r \ A ~ 1. Prove that if X is contractible, then A is 
contractible over itself. 
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Section 7 

1. For each n = 1, 2, • • •, let C n C E k be the sphere Fr£(0, 1 /«). Show that 
[( E k — {0}) x 0] u [y C n x /j is a strong deformation retract of (E k — {0}) x I, 

2. Let X, Y be arbitrary spaces and attach X x / to Y by /: X x 0 -> Y . Let 
C = (X x I) Y, and let X = X x 1 C C. Prove: (C x 0) u (X x I) is a 
strong deformation retract of Cxi. 

3. Prove: A x 1 is a retract of (X x 0) U (A x I) if and only if there exists a 
surjective r: X —» A such that r ° i ~ 1, where i: A —> X is the inclusion map. 

4. Let X be normal, Y arbitrary, A C X closed, and XJ C Y open. Let 

h: (X x 0) u (A x I)—> U 

be extendable to a continuous H: X x I—>■ Y. Prove: h has an extension 
G: X x I-> U. [Hint: Observe that B = p x [H~ 1 (Y — U)] is closed and 
that B n A = 0 .] 

Section 8 

1. Let/: S n —> Y be continuous, and let s 0 be any point of S n . Let a: I —>■ Y be 
any path in Y with a(0) — f(s 0 ). Show that there is a homotopy <P of /such that 
<P(s 0 , t) = a(t) for each tel. 

2. Let f,g:S n -> Y be homotopic maps, with &:f ~ g. Let s 0 e S n be any point, 
and let [3(t) = @(s 0 , t ) be the path traced by the image of s 0 during the deforma¬ 
tion. Let a: I —> Y be any other path in Y such that a ~ rel Fr I. Show 
that f ~ g in such a way that the image of s 0 traces the path a during the 
deformation. 

3. Let /, g: V n —> Y be any two maps and a: I Y be a path with cc(0) = /(0), 
a(l) = g(0). Show that f — g in such a way that the origin O traces the path 
a during the deformation. 

4. A space Y is called equiconnected if there exists a continuous 

A: Y x Y x J—* Y 

such that A {a, b, 0) = a, A (a, b, 1) = b, and A(a, a,t) = a for all 

(a, b, t) e Y x Y x I. 

The space Y is called locally equiconnected if there exists a nbd U of the 
diagonal A C Y x Y and a continuous A: U x / —> F satisfying the above 
conditions for (a, b, t) £ U x /. Prove: 

a. y is equiconnected if and only if A is a strong deformation retract of 
F x y. 

b. y is locally equiconnected if and only if J is a strong nbd deformation 
retract in Y x Y. 



Maps into Spheres 

xvi 


Each map of any space into E n+1 is nullhomotopic. We are going to 
show that this is not true for maps into S n C E n + 1 , by proving Brouwer’s 
theorem that the identity map 1: S n -> S n is not nullhomotopic (that is, 
that S n is not contractible over itself). The general fact that different maps 
of a given space into S n may not be homotopic has many important conse¬ 
quences, some of which will be derived in this chapter and in the next one. 

I. Degree of a Map S n -> S n 

There are several elementary proofs of Brouwer’s theorem. The 
approach used here consists in obtaining for each /: S n —> S n an integer 
(positive, negative, or zero) called its degree, showing that the degree is 
a homotopy class invariant, and finally that the identity map and a 
constant map have different degrees. The reader acquainted with 
homology theory will recognize the proof given here as a direct appli¬ 
cation (using the simple geometry of S n ) of standard techniques. 

In the case n = 1, the degree of an/: S 1 —► S 1 is simply the number 
of times, and sense, that the image point f(z) rotates around S 1 when z 
performs one oriented rotation of S 1 . This number can be determined 
as follows: Orient S 1 = {# | |^| = l}so that there is a definite sense of 
rotation, and subdivide S 1 into arcs so small that the image under /of 
each arc does not contain antipodal points (say, has diameter < 1). Let 


335 




336 


Chap. XVI Maps into Spheres 

z lf • • •, ;; n , z n + 1 = z x be the subdivision points in order of positive 
rotation; from now on we work only with the points /(^i), • • -,f{z n ). 
For each i = 1, • • •, n let a, be the unique shortest arc running from 
f(z t ) to f(z i + 1 ), and call a t positive if it runs in the direction of the 
oriented S 1 ; otherwise call it negative. Finally, choose a £ e S 1 not one 
of the points f(z { ) and let p(£) be the number of positive a u w(£) the 
number of negative a if that contain £. The number p(Q — «(£), which 
can be shown to depend only on/(that is, to be independent of £ and of 
the subdivision points z lt •••,z n used) is called the degree of /. In 
particular, for each n = 0, ±1, ± 2, • • •, the map z z n has degree n . 

The definition of the degree of /: S n —> S n for n > 1 is a straight¬ 
forward generalization of the above procedure and requires only some 
preliminary notions from linear algebra. 


A. Let E n + 1 be referred to a fixed coordinate system. If 
{Po> ‘ ' * > pn + 1 } is any set of (n + 2) points in E n + 1 , its convex hull is 
called a geometric (n + l)-simplex (cf . VIII, 5) and is written a = 
(Po> ’ ' ">Pn + 1 )- a is degenerate if and only if its (n + 2) vertices lie on 
an w-hyperplane; a necessary and sufficient condition for nondegeneracy 
is that (p 0 , • • •, Pn + i) have nonzero volume, so that if (xf, • • •, x * + 1 ) are 
the coordinates of p u this condition is 


det(p 0 • • • p n + 1 ) = 


* 0 . 


x 


i 

n +1> 


v n +1 
A n + 1 > 


1 


An ordered (n + l)-simplex is an (n + l)-simplex together with a 
definite total ordering of its vertices; the simplex a — ( p 0 , • • •, _p n + 1 ) 
with the ordering p 0 < ■ • • < p n + i will be written [a] = [ p 0 , • • - ,/ n + 1 ]. 
The sign of the ordered simplex [ Po, • •‘,Pn + 1 ] is that of det(p 0 , • • -,p n + 1 ); 
a degenerate ordered simplex has no sign. An even permutation of the 
vertices of [<r] clearly does not change its sign. 

Lemma I Let [ct] = [p 0 , p u ■ • ■,p n + 1 ] and [ct'] = [po, Pi> • • - ,p n + i] he 
two nondegenerate ordered (n + l)-simplexes having a 
common face (p lf • ■ • f p n + 1 ), and let L be the w-hyperplane 
containing this face. Then p 0 , p' 0 are on the same side of L 
(that is, can be joined by a straight line segment not inter¬ 
secting L ) if and only if [cr] and [a'] have the same sign. 


Proof: Since Xp 0 + (1 — X)p' 0 , 0 ^ A < 1, is the straight line joining 
p 0 and p' 0 , we need only remark that (a) det[Ap 0 + (1 — X)p' Q , p lt • • •, 
P n + i] — ^ det cr + (1 — A) det a', so that the values lie in the interval 
[det cr, det o'] C E 1 , and (b) det (q, p ly • • •, p n + 1 ) = 0 if and only 
if q e L. 
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B. Let S n C E n + 1 . If {p 0 , • • • ,p n } is any set of (re + 1 ) points on 
S 71 having diameter <1, its convex hull does not contain the origin 0, 
and so it can be projected from there into S n to give the spherical re- 
simplex a = ( pQ , • • • ,p n ); s is degenerate if and only if the (re + 1) 
vertices lie on an re-hyperplane passing through the origin, that is, if 
and only if the (re + l)-simplex (/> 0 , ■ • ■, p n , 0 ) in E n + 1 is degenerate. 
As before, an ordered spherical w-simplex is a spherical re-simplex to¬ 
gether with a definite ordering of its vertices; the sign of the ordered 
spherical re-simplex [ p 0 , • ■ •, p^\ is defined to be that of the ordered 
(re 4- 1 ) simplex [ p 0 , • ■ - ,p n , 0 ] in E n+1 . 

By a triangulation of S n is meant a decomposition of S n into finitely 
many nonoverlapping nondegenerate spherical re-simplexes such that 
each (re — l)-face of an re-simplex is the common face of exactly two 
re-simplexes. 

Let S n , E n be two re-spheres (we use different symbols to keep the 
concepts clear) and let T be a triangulation of S n . A proper vertex-map 
<p: T E n is a map defined only on the vertices of T and having the 
following property: Whenever p 0 , • • •, p n are vertices of a simplex of T, 
the set {<p(po), • • •, <p(p n )} C 27 ” has diameter < 1 . It follows at once 
that to each simplex a e T, there corresponds a unique simplex 99(a) 
lying on 27 n ; to the ordered spherical simplex [a] = [ p Q , • • •, pf\ corre¬ 
sponds the ordered spherical re-simplex 99[a] = \fp(pa), • • •, <p{p n )] on £ n - 
Though the ordering of [a] determines that of 99[a], it is obvious that the 
sign of [a] may differ from that of 99[a]. 

Ex. 1 Assume that 99 sends each vertex to its antipode; if [a] = [/> 0 , • • •,/>„], 
then 99[a] = [— p 0 , ■ • — pn\ so that 

-^ 0 , -*o + \ 1 

det 99 [ct] = — xh, ■■■, — Xn + 1 , 1 = ( —l) n + 1 det[a]. 

0, 0, 1 

The family of sets (<p(cr) | a e T] need not form a triangulation of 27 ”, 
may have overlapping simplexes, and may have degenerate simplexes. 
However, this family has the fundamental property 

Lemma 2 Let T be a triangulation of S n , and 99: T —> E n a proper 
vertex map. Order each w-simplex of T positively, and let 
| be any point not on the boundary of any set 99(a). Let 
p(£, T, 99) be the number of positive 99(0] and «(£, T, 99) the 
number of negative 99)0] containing £. Then 

D(i, T, 99) = p(g, T, 99) - re(£, T, 99) 
is the same for all £ e E n not on the boundary of any <p{d). 
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Proof: Case (a). No 95(a) is degenerate. Let (e^be any other point 
not on the boundary of any <p(o). Join £ to £ by a smooth curve on 27 n , 
not passing through any face of dimension < (« — 1) of any 99(a), and 
let £ move to £ along this curve. Clearly, D{£, T, 99) can change only 
when £ crosses an (n — l)-face of some 99(a). We observe that each 
(n — l)-simplex (p ly • • •, p n ) in T corresponding to this face is the 
common face of exactly two w-simplexes, o = (p 0 , p x , • • •, p n ). and 
a = (po, p x , ■ ■ •, p n ) in T and (more important) that [a] and (V] are of 
opposite sign because T is a triangulation and lemma 1 applies. Now let 
L be the hyperplane spanned by 0 and the face {<p{pi), • • •, <p(p n )) being 
crossed by £\ the argument depends on the positions of y{p 0 ) and <p{p' Q ) 
relative to L. 

(i) (p(p 0 ) and y(po) are on the same side of L. Then £ leaves (or enters) 
both 95(a) and <p(o r ) as it crosses L. According to lemma 1 , cp[a] and <p[</] 
have the same sign, but since the sign of each <p[cr] is determined by using 
positive simplexes of T, it follows from our remarks above that, in this 
case, £ loses (or gains) one positive and one negative simplex, con¬ 
sequently D(£, T, 9?) is unchanged. 

(ii) <p(p 0 ) and <p(p' 0 ) are on opposite sides of L. Then £ leaves (say) 
9?(cr) and enters 9 0(0'). Reasoning as in (i), it follows this time that £ 
exchanges a simplex of one sign for another of the same sign, so again 
/)(£, T, 99) does not change. 

We conclude in case (a) that D($, T, 9 0) = Z)(£, T, <p), as required. 

Case (b). There are degenerate 99(a). Fixing £, £, it is clear that we can 
find an « > 0 and a proper vertex map 9 T —> E n such that ( 1 ) no 
9/(<r) is degenerate, and \<p(p) - <p'(p)\ < e for each vertex p in T, 
(2) whenever 99(a) is nondegenerate, 99(0-] and 99'[a] have the same sign; 
and (3) £ (resp. £) lies in the interior of <p'(a) if and only if it lies in the 
interior of 95(a). Thus, using case (a) for 99', we find 

D(£, T, 99) = D(£, T, 99') = DU, T > <P') 

= D(£, T, 95), 

completing the proof of the lemma. 

Note that the statements in the proof of case (b) of the lemma yield 
the more general 

Lemma 3 Given any T, <p, £, there is an e > 0 such that whenever a 
proper vertex map 99': T—>X n satisfies \<p(p) — 9 > (/ > )| < 8 
for every vertex p , then D{£, T, 99) = D(£, T, 99'). 

From now on, the common value D(£, T, <p) will be denoted simply 
by D(T, 99). 
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C. Let /: S n -> Z n be a continuous map. Since S n is compact, 
we can find a triangulation T of S n such that 8f(a) < 1 for each o e T. 
Replacing / by the proper vertex map cp f : T -+Z n , given by setting 
< p f (p ) = f(p) for each vertex p of T, we have 

Lemma 4 The number D(T, <p f ) is independent of the triangulation T 
of .S n (for which the associated <p f is a proper vertex map). 

Proof: Let T , T' be two triangulations, and let <p f , <p' { be the associated 
proper vertex maps. Since T, T' have a common triangulation T ", it 
suffices to show that both D(<p f , T ) and D{cp ' f , T') are equal to D(<p" { , T "). 
This will follow by repetition if it is shown that introducing one new 
vertex to (say) T does not alter the value, and this is trivially true, since 
we may count at a point of E n lying in an unaltered 9 o(o-). 

The common value D(T, y f ), which therefore depends only on /, is 
called the degree of /, and is written D(f). 

Ex. 2 Let 1: S n —> S n be the identity map; it is clear that D(l) = 1. 

Ex. 3 Let /: S n —► S n be a constant map; computing D(g, T, 99 ) at a point 
$ not in the image, we find D(f ) = 0. 

Ex. 4 Let a: S n —> S n be the antipodal map a(x ) = —x. It follows from Ex. 1 
that D(a) = ( —l) n + 1 . 

Ex. 5 For maps S° -> S°, a separate definition of degree is required, since the 
one given above cannot be used. We extend the results in the above three examples 
to this case and define D(\) = 1, D(a) = -1, and the other two maps to have 
degree 0 . 

We now show that D(f) is a homotopy class invariant. 

1.1 Theorem Let n ^ 0. If f,g:S n ^Z n are homotopic, then 
D(f) = D(g). 

Proof: For n = 0, the theorem is evident. We thus assume « > 1. 
Let 0: S n x I S n be a homotopy of / and write 0(x, t) = f t (x). 
Since S n x I is compact, the map 0 is uniformly continuous, and 
therefore there is a 8 > 0 such that d(x, x') < 8 => \f t (x) - f t (x')\ < 1 
for every tel. Thus there is a single triangulation T of S n such that 
8f t (a) < 1 for each <7 e T and t e /; from now on we work with T. Given 
t Q and fixing any | e Z n , lemma 3 gives an e > 0 for which any e- 
variation of the vertices {<Pf tQ (p)} does not change T , <Pf to )- By 

uniform continuity there is a 8(e) > 0 such that 

\t - * 0 | < 8 => |/((*) -/* 0 (*)| < £ 

for every x e S n , and consequently we have D(f t ) = D(f to ) for all 
1 1 - / 0 | < S. This says that the integer-valued function D(f t ) is 
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continuous at each point t Q e /, and therefore D(f t ) is constant on I. 
The theorem has been proved. 

The converse of this theorem will be considered later in 7. 

1.2 Remark A map f:(V n + 1 ;S n )—>(V n + 1 ;S n ) is called a regular map of 
V n + 1 . Since V n + 1 has triangulations T into (n + l)-simplexes such that 
each n-face not on 5" of an (n + l)-simplex of T is the face of exactly two 
(n + l)-simplexes, we can define "degree” for regular maps in a manner 
analogous to that for maps S n —> S n . Indeed, given T, call a vertex map 
9 d: T—> V n + 1 regular if (1) each vertex of S n maps to a point on S n and 
(2) cp | S n is a proper vertex map. Then the degree D r (f) of a regular map/ 
is determined by choosing an associated regular vertex map <p f : T —>■ F n + 1 , 
a f e F n + 1 — S n not on the boundary of any cp f (a ), and letting D r (f) = 
(number of positive <Pf[p\ containing /) — (number of negative 99 /( 0 ] contain¬ 
ing £) the sign of 9 ?[cr] being determined by taking [cr] positive. The arguments 
in lemmas 1-4 and in l.l apply verbatim to show that D r (f) depends only on 
/ and that two regular maps have the same degree whenever they are homo¬ 
topic in such a way that the image of S n remains on S n during the entire 
deformation. A useful consequence is 

1.3 Let g: (F n + 1 ; S n ) —> (F n + 1 ; S n ) be a regular map, and let / = g \ S n : 
S n ->S\ Then D(J) = D r (g). 

Proof: We first extend / to another regular map F of V n + 1 by sending each 

—^ ^ 

radius 0* of V n + 1 linearly onto the radius 0 f(x). It is obvious that £)(/) = D r {F) ) 
by taking a triangulation of V n + 1 using only simplexes of form ( p 0 , • • •, p n , 0). 
Furthermore, F is homotopic to g in such a way that the image of S n remains in 
fact fixed during the entire deformation, as the homotopy 0: V n + 1 x I —> V n + 1 
given by (t>, t ) —> tF(v) + (1 — t)g(v) shows. Thus D r (F) = D r (g), and the proof 
is complete. 

We note that 1.3 holds also for n = 0 if the definitions in Ex. 5 are used. 


2. Brouwer’s Theorem 

Brouwer’s theorem plays a fundamental role in the topology of E n , 
as we shall see in the next chapter. 

2.1 Theorem (L. E. J. Brouwer) The identity map 1: S n — S n is not 
nullhomotopic. 


Proof: We have seen in I, Exs. 2 and 3, that 7)(1) = 1, and Z)(0) = 0; 
by l.l, the identity map cannot be nullhomotopic. 
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2.2 Corollary Brouwer’s theorem is equivalent to each of the following 
two statements: 

(1) . There exists no continuous map F : V n + 1 —> S n keeping 

the boundary points fixed (that is, S n is not a retract of 

V n+1 ). 

(2) . (Brouwer’s fixed-point theorem) Every continuous map 

f: V n+1 V n+1 has a fixed point. 

Proof: (2.1) => (1). Assume a retraction F : F” +1 —>5 n did exist. 
By XV, 1.2, this would imply that the identity map F | S n : S n -*■ S n 
is nullhomotopic, contradicting 2.1. 

(1) => (2). Assume that there were some /: V n + 1 —>• V n + 1 such that 
f(x) # x for each * e V n+1 . The map F: V n+1 S n , defined by 

-> 

F(x) = point of S n that lies on the directed ray f(x)x, 

would evidently be a (continuous) retraction V n +1 -» S n . 

(2) -(2.1). Assume the identity map were nullhomotopic. By XV, 1.2, 
the map would extend to an F: V n + 1 -> S n , and then x —> — F(x) 
would be a map V n + 1 —> V n + 1 with no fixed point. 

Clearly, Brouwer’s fixed-point theorem is valid in any space homeo- 
morphic to V n + 1 ; furthermore, we can extend 2.2(1) by 

2.3 If U C E n + 1 is any bounded open set, then Fr(C7) is not a retract 

of U. 


Proof: Assume that there were a retraction r: U -> Fr (U). We can 
assume that 0 e U, and we can find a ball B( 0, N) D U. Define 


by 


/: 5(0, N) -> 5(0, N) 


f Nr(x)l\r(x)\ 


x g U 

x g 5(0, N) - U. 


According to III, 9.4, /is continuous: the intersection of the two closed 
sets on which / is defined is Fr (U), and the two definitions agree on 
Fr (U). But we now have a contradiction to 2.2(1), since/is a retraction 

of 5(0, N) onto Fr[5(0, N )]. 


3. Further Applications of the Degree of a Hap 

We give here only two of the most immediate applications. 

(a) The following contains the fundamental theorem of algebra: 
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3.1 Let/be a continuous complex-valued function defined on the finite complex 

f( z \ 

plane. Assume that lim —— = c ^ 0 for some nonzero positive or negative 

2-00 z n 

integer n. Then the equation f(z) = 0 has at least one solution. 


Proof: We can evidently assume that c — 1; with this modification, the hy¬ 
pothesis is that/(;&) = s n (l + rj(z)), where r}(z) -> 0 as z oo. We argue by con¬ 
tradiction, so assume that f(z) ^ 0 for all finite z. Let J be a real parameter, 
t > 0, and let £ vary only on the unit circle |sr| = 1. Then, for each t ^ 0, 


Fft) = 


m) 

\/m 


is a continuous map S 1 —> S 1 , and since any two of these maps are obviously 
homotopic, they all have the same degree. Because F 0 is a constant map, we must 
therefore have D(F t ) = 0 for all t ^ 0. We now show that this is impossible. 
For, since rj(£,t) —> 0 as f —► oo, there is a to such that 


1 + t 7(gf 0 ) 

1 + v(tt 0 )\ 


1 < 2 


for all £; 


thus |F fo (£) - 0 n | < 2 for all £; consequently (XV, 1 . 2 ) F 1q is homotopic to the 
map £ -* i n . Since the latter has degree n ^ 0, I. I gives the desired contradiction. 


(b) Given a subset A C E n + 1 and (n + 1 ) continuous real-valued functions 
<p u • • •, cp n + 1 defined on A, this situation can be interpreted in two ways: 

(i) . As a map 9: A -> E n + 1 , where <p(a) = (91(a), • • •, 9„ + i(a)). 

(ii) . As a continuous vector field & on A, where at each a e A we have the 

vector <J?(a) with components (91(a), • • •, 9„ + i(a)). 

These two viewpoints are obviously equivalent; we call 9 the map associated with 
the vector field 

A continuous vector field is nonvanishing if it has no zero vector. With each 
continuous nonvanishing vector field on A, we can construct a map c 0 \ A —> S n 
by a —> <p(a)/\<p(a) | which involves only the directions and not the lengths of the 
vectors in <f>. In case A = S n , the degree of c v is called the characteristic of the 
vector field 3 *. 


Ex. 1 If is a continuous nonvanishing vector field on V n + 1 , then 4> | S n has 
characteristic 0. For, c v> : S n —► S n is extendable to a c: V n + 1 —> S n . 

Ex. 2 The field of outward-drawn normals on ( S' n has characteristic 1; by I, 
Ex. 4, the field of inward-drawn normals on S n has characteristic ( —l) n + 1 , since 
c 0 is the antipodal map. 

Ex. 3 If W are two continuous nonvanishing vector fields on S n such that 
<J>(x) and 'F(x) are not opposed for each xe S n , then * and ¥ have the same 
characteristic. For, c 0 (x) and c^(x) are never antipodal (cf. XV, 1 . 2 ). 


We now derive some of the easier facts about vector fields on balls and spheres. 


3.2 Each nonvanishing continuous vector field on V n + 1 must contain, on S n , 
at least one outward- and one inward-drawn normal. 
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Proof: By Ex. 1, 4> | S n has characteristic 0; by Ex. 2, <I> | S n and the field 
of inward (outward) normals have differing characteristics; by Ex. 3, 4* must 
contain an outward and an inward normal. 

3.3 Theorem (H. Poincare and L. E. J. Brouwer) Every continuous nonvanishing 
vector field on an even-dimensional S 2n must contain at least one normal 
vector. In particular, there can be no continuous nonvanishing vector field of 
tangential 4 directions on any S 2n . 

Proof: If n is even, Ex. 2 shows that the inward and outward normal fields 
have different characteristics. Since any vector field must therefore have charac¬ 
teristics differing from at least one of these two fields, the result follows from 
Ex. 3. 

3.4 Corollary Each/: S 2n — » S 2n either has a fixed point or sends a point to its 
antipode. 

Proof: If/: S 2n —> S 2n has no fixed point, the vectors xf(x) form a continuous 
nonvanishing vector field and must therefore contain a normal vector. 

Ex. 4 Every odd-dimensional sphere has a nonvanishing continuous tangent 
vector field: for each x = (x lt • • •, x 2n ) e S 2 ”" 1 let 4>(x) be the vector with com¬ 
ponents (— x n + 1 , • • •, -x 2n , Xu x n ). Observe that the map associated with 
this vector field is a mapping £ 2n_1 —> 5 2n_1 that has no fixed point and does not 
send any point to its antipode. 


4. Maps of Spheres into S n 

So far we have discussed maps of S n into a sphere S n of the same 
dimension; for n > 1, it is easy to see ( cf . end of 7) that there are in¬ 
finitely many homotopy classes. We now consider [S k , <S n ] for k ^ n. 

In case k > n > 1, the number of homotopy classes of maps S k —»■ S n 
is in general unknown except in relatively few cases; their determinations 
require methods beyond the scope of this book. To cite some examples 
that indicate the complexity of the problem even for n = 2; it is known 
that there are exactly two homotopy classes of maps > S 2 , S 5 -> S 2 , 
and S 7 -» S 2 , but that there are twelve classes of maps S 6 ->■ S 2 and 
infinitely many classes of maps S 3 —> S 2 ; on the other hand, for each 
k > 1, all maps S k S 1 are nullhomotopic. 

The situation for k < n is simple: Each map S k — S n is nullhomo¬ 
topic. To prove this, we will first establish the general fact that a 
continuous /: S k -> S n (k, n arbitrary!) is always homotopic to a 
"piecewise” linear map. 

Let/: S k — S n be given, and let T be a triangulation of S k such that 
S/(<t) < 1 for each A-simplex a e T. Let (p f : T —^ S n be the associated 
proper vertex map; we extend <p f to a map X f : S k -> S n by mapping 
each spherical ^-simplex a e T barycentrically (VIII, 5) onto <p f (<r). 
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X f is continuous, since it is continuous on each a and its definitions agree 
on each ( k — l)-face common to two &-simplexes (cf. Ill, 9.4); \ f is 
called the linear T-approximation off. More generally, any continuous 
map A: S k -> S n that maps each simplex of a triangulation of S k 
barycentrically is called a piecewise linear map. 

4.1 Let/: S k S n be given. Then / — X f for each linear T-approxi- 
mation X f of /. 

Proof: We need show only (XV, 1.2) that A/x) and f{x) are never 
antipodal. Let x e a = ( p Q , ■ • •, p k ), where a e T. Since f{p x ) — A , f (p { ) 
for i — 0, • • •, k and 8f(o) < 1, it follows that each X f (p x ) is contained 
in the ball B(X f (p 0 ), 1). Because the ball is convex, it must contain the 
convex hull of the X f (p x ) and consequently also X f (a). This shows that 
d(X f (x), Xf(p 0 )) < 1, and since 

d{f{x), X f (x)) ^ d(f(x),f( Po )) + d(X f (p 0 ), X f (x)) < 2, 

the points f(x), X f (x) are not antipodal. 

4.2 Theorem If k < n, then each/: S k —> S n is nullhomotopic. 

Proof: Let X f : S k -> S n be a linear T-approximation to /. Since X f 
is piecewise linear and k < n, it follows that X f (S k ) lies on finitely many 
great S n ~ x C S n ; thus A f (S k ) # S n , and so (XV, 1.2) X f — 0. 

Ex. 1 Observe that an arbitrary continuous f:S k ^-S n may be surjective, 
even if k < n, as the existence of Peano curves shows. The role of A/ is to show 
that whenever k < n, the map / can always be deformed to uncover a point of S n . 

Ex. 2 Let n > 1 and a, j 8 : I —> S n be two paths, each starting at p 0 e S n and 
ending at pieS n . Then a ~ /3 rel Fr(/). Indeed, define cp: Fr(/ 2 ) —> S n by 
cp{t , 0 ) = a(t), cp{t, 1 ) = fi{t) (p( 0 , s) — p 0 9 ^( 1 , s) = pi ; the map 9 p is evidently 
continuous. Since S 1 = Fr(/ 2 ) we can regard 9 ? as a map .S ' 1 —>■ S n , so that 
<p ~ 0; <p is therefore extendable to a 0: I 2 —> 5”, which is the required homotopy. 

We have seen (VII, 5.3) that if X is normal and A C X is closed, a 
continuous/: A—>S n can always be extended over a nbd U D A, and 
2.2(1) furnishes an instance in which / is not extendable over X itself. 
We have two important cases where more information about the nature 
of the extension is available. 

4.3 Lemma (1). Let A C S n be closed. Thenany continuous/: A—> S n 

can be extended to a continuous F: S n -» S n . 

(2). Let A C S n+1 be closed and /: A —> S n be continuous. 
Removing exactly one arbitrarily chosen point p { from each 
component U t of ^ A, there is an extension 

F: S n + X - U iPi}-*S n . 
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Proof: (1). Let U D A be a nbd over which /: A -> S n can be 
extended; since A is compact, a = d^A^U) is positive. Triangulate 
S n so that the diameter of each w-simplex is <a/2; because any n- 
simplex intersecting A lies completely in U, letting Q be the union of all 
such w-simplexes, we have an extension f:Q-^S n of /. Map each 
vertex of a simplex not in O arbitrarily into S n , and then map each edge 
of such a simplex to an arc joining the images of its end points. Letting 
T k denote the union of all A-dimensional simplexes of the triangulation, 
we have an extension f 1 : Q U T 1 —► S n of /. We proceed inductively 
and show that whenever k < n, an f k : Q U T k S n can be extended 
to an/ fc + 1 : Q U T k + 1 -> S n . Indeed, given any (k + l)-simplex o k + 1 , 
f k is defined on its boundary and f k | Fr(o- fc + 1 ): Fr(a fc + 1 ) —► S n \ since 
Fr(o fc + 1 ) is homeomorphic to S k , and k < n, it follows from 4.2 and XV, 
1.2, that f k | Fr(cr fc + 1 ) is extendable over o k + 1 > and using such an exten¬ 
sion for each a H1 e gives an f k + 1 : Q U T k + 1 —*• S n . Since 

Q U T n = S n , the map f n is the desired extension of/. 

(2). By using a triangulation of S n + 1 , we arrive as in (1) at an exten¬ 
sion f n : Q u T n S n , where Q D A. In each (n + l)-simplex a not 
belonging to Q, choose a pointy, let Tr a : (a — p a ) -> Fr(cr) be the radial 
projection from p a , and define F(x) = f n ° tt 0 (x) whenever x e a — p a . 
This gives an extension F : ^ n + 1 — (J {p a } -> S n of /, where exactly 

a 

one point has been removed from each (n + l)-simplex not in Q. 

We now show that all the singularities p ly • • •, p m of F that lie in any 
one component U of A can be condensed into any selected point q e U. 
Since (V, 4.2, and V, 4, Ex. 1) U is open, it is (V, 5.6) path-connected, so 
that there is a path a in U running from p x to q and going through all 
the singularities^!, • • •, p m . We move along this path and replace all the 
singularities by one at q as follows: Cover a(I) by finitely many balls 
V 1} • ■ V s such that all V { C U, p x e V lf qe V s , V { n V i + 1 # 0, 

S 

and no singularity p { lies on U Fr(F fc ). Choose an x 1 e7 1 DF 2 ; it suffices 

i 

to show how to replace all the singularities in V x by a single one at x x : 
discard F\{V X — { p t \pi e V x }) and replace it with the map obtained by 
projecting onto F^F/) from x x (that is, if tt is the projection onto F^F/) 
from x lt then F\{V X — {p t \p { e Vf\) is replaced by the map 

[F|Fr(Fj)] o ir: (F, - *,)-«». 

Ex. 3 Observe that a result stronger than that stated in (2) has been obtained: 
even though ^A may have infinitely many components, we need remove points 
from only finitely many to secure the extension F (because the triangulation of 
.S n + 1 has but finitely many (n + l)-simplexes). 

The result 4.3 is the key to the deeper topological properties of E n , as 
will be seen in the next chapter. Its formulation for maps of subsets of 
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Euclidean spaces, rather than of spheres, will be more convenient for our 
later purposes. To obtain the required version, we first observe that, if 
A C E n is compact, then WA has exactly one unbounded component: 
For, A is necessarily bounded, so there is some £(0; r) D A, and 
because 

vmfvj) c <e a 

is connected, it lies in exactly one component of # A. Using this and the 
standard equivalence (under stereographic projection) between compact 
sets in the plane and closed sets on S n that do not contain the north pole, 
we have 

4.4 Theorem (1). Let A C E n be compact. Then any continuous 
f: A —> S n can be extended to an F: E n —> S n . 

(2). Let A C E n + 1 be compact and /: A —> S n be continuous. 
By removing exactly one point p { from each bounded component U t 
of 9?A, there is an extension F: E n + 1 — (J {p t } -> S n . 

i 

Proof: (1). Let pi ( S n — p + ) -> E n (p + = the north pole) be the 
stereographic projection. The map f ° pi p -1 (A) S n has an extension 
F over S n and is the required extension of /. As for (2), we 

place at exactly p + the singularity of the extension F that lies in the 
component of <€p~\A) that contains the north pole/> + . 

5. Maps of Spaces into S n 

Let X be normal and A C A be closed. We have seen in XV, 7.1, 7.3, 
that if A is both a G d and a strong nbd deformation retract in X , then 
for every space Z, whenever one map f:A—>Z is extendable over X, 
so also is each g:A—>Z homotopic to /. In the special case that 
Z = S n [or, more generally, that Z is an ANR for normal spaces (VII, 5)] 
this result is true without such additional restrictions on A. 

5.1 Theorem (K. Borsuk) Let X be a normal space such that X x /is 
also normal. Let A C A be closed and / 0 , f x : A —>• S n be homo¬ 
topic. If / 0 has an extension F 0 :X->S n , then so also does /jj 
in fact, an extension F ± can be chosen so that F 1 — F 0 . 

Proof: Let 9 01 f Q — f x and define <2>: X x 0 U A x I -> S n by 

<P(x, 0) = F 0 (x), 

0(a, t) = cp(a> t). 

0 is continuous, and the problem is to extend 0 over X x I. Since 
X x / is normal, VII, 5.3, assures that 0 has an extension 0 over some 
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nbd U D {X x 0) U (A x /), and because/is compact, there is (XI, 2.6) 
a nbd V D A such that V x / C U. Now find a continuous p: X -> / 
such that p{A) = 1, p(X — V) = 0; then (#, tp(x )) eXxOuVxI 
for all (a;, i)el x /, so W{x , £) = $(x, t-p{x)) is an extension of 0 
over X x I as required. 

This leads to the following addition to 4.4. 

5.2 Corollary Let A C E k be closed ( k arbitrary) and /: A —> S n . 
Then / is extendable over E k if and only if / is nullhomotopic. 

Proof: Assume that / ~ 0; then because 0 is extendable over E k , 
Borsuk’s theorem assures that /is also. Conversely, if/ is extendable to 
an F: E k ^ S n , then (XV, I, Ex. 2) F is nullhomotopic, and conse¬ 
quently (XV, 2 . 2 ), so also is / = F | A. 


6. Borsuk’s Antipodal Theorem 

In this and the next section, we derive some special properties of maps 
S n — > S n . Although we will not use them in our work on the topology 
of E n , they are of fundamental importance for any such deeper study. 

A map/: S n — > S n is called antipodal-preserving (or simply antipodal) 
if f( — x) = — f(x) for each x e S n ) that is,/sends each pair of antipodal 
points to a pair of antipodal points. For example, the identity map and 
the map a: S n S n , where a(x) = — x, are both antipodal-preserving 
maps; in fact, /: S n —> S n is antipodal if and only if/° a = a °/. 

6.1 Theorem (K. Borsuk) Let n ^ 0, and let/: S n —^ S n be an anti¬ 
podal map. Then D(f) is odd; in particular, / is not null¬ 
homotopic. 

We will use repeatedly the trivial observation that if / is a barycentric 
map of the ^-simplex a into E n , and if Int/(cr) 7 ^ 0 , then for each 
y g /(o-) there is exactly one point x e a such that f(x) = y. To prove 
6 . 1 , we need the 

Lemma Let n ^ 1. Let T be a triangulation of V n and letg: V n —>• V n 
be any linear T-map such that 0 does not lie on the boundary 
of any g{o). Let m V n — {0} —> S n ~ 1 be the radial projection, 
and cp = 77 o (g | 5 n_1 ): 5 n_1 -> 5 n_1 . Then, if q is the 
number of points mapped by g to 0, we have q = D(<p) mod 2. 
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Proof of Lemma: Define a regular h: V n —> V n as follows: 

h(tx) = g(2tx) (xeS n ~ x , 0 ^ t ^ 

= (2 - 2 t)g(x) + (21 - 1 )7r° g{%) ( xeS n_1 , \ < t ^ 1) 

According to 1.3, it suffices to show that D r (h ) = q mod 2. 

Let A = V n - B( 0, ^); the compact A(^4) does not contain the origin, 
so letting e = d(h(A), 0) > 0, we can obtain a triangulation T of V n 
such that: 

(1) . 8 h(a) < e/4 for each a e T. 

(2) . T is a refinement of T on 5(0; ^). 

(3) . If h{x) = 0, then x is not on the boundary of any n-simplex 

of T. 

Let A be a linear T approximation of h. Then 

(a) . A(cr) does not contain 0 whenever a C A. 

Indeed, all the vertices of a lie in a ball B of radius e/4 centered at one 
of them. By choice of e, B does not contain the origin and, being convex, 
does contain A (a). 

Furthermore, because g is T-linear, (2) implies that 

(b) . = g > 

and using (3), it follows that the origin does not lie on the boundary of 
any A(o-). We can therefore calculate the parity of D r (h) by counting 
the A(o-) containing 0 and, by (a), (b) this number is exactly q. 

Proof of Theorem: We proceed by induction. For n = 0, the theorem 
is obvious by I, Ex. 5. We now assume the theorem true for n — 1, and 
prove it for n. 

It is easy to find a triangulation T of S n such that: 

(i) T is mapped onto itself by the antipodal map a(x) = — x\ 
that is, a(cr) e T for each a e T. 

(ii) T contains a triangulation of the equatorial 

5 n ~ 1 = {# g S n | x n + 1 = 0}. 

(iii) S/(cr) < 1 for each a e T. 

Let A be a linear T-approximation of /; (i) assures that A is also an 
antipodal-preserving map. We can assume also that: 

(iv) The north pole p+ and the south pole p_ do not lie on the 
boundary of any A(cr); in particular, \{S n ~ x ) does not contain 
either p + or p _. 

Indeed, we can alter A itself by changing slightly its values on anti¬ 
podal vertices to bring about the first requirement; the second state¬ 
ment then follows from (ii). 
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Any small deformation required for (iv) does not change the homotopy 
class of A (XV, 1.2). Since A ^ /, it suffices to calculate D{ A), and because 
A is piecewise linear, (iv) shows that this can be done by counting the 
number of A (a) containing p +. Thus the theorem will be proved if we 
can show that there are an odd number of points mapped by A into p + . 

Let L n be the n-ball bounded by the equatorial S n ~ l , let P : S n -> L n 
be the projection parallel to the x n + 1 -axis, and let S\ be the northern 
hemisphere {A £ S n \ x n + 1 ^ 0}. Considering the piecewise linear map 
g = P o (A | S \): —> L n , note that S\ is homeomorphic to V n , 

and that 0 is not on the boundary of any P ° A(ct) ; because of (iv), we 
conclude that 

cp = 77oPo(A| S n - 1 ):S n ~ 1 ^S n - 1 

is a well-defined continuous map. Since cp is clearly antipodal-preserving, 
the induction hypothesis asserts that cp has odd degree, and by the 
lemma, we find that g maps an odd number of points in S n + to 0. 

We now note g(x) — 0 if and only if X(x) = p + or p_, that is, 

{# £ S\ | g(x) — 0) = {# £ S\ | A(x) = p + ) {x e | A(,x) = p_). 

Since A is antipodal, 

[x £ S n + ] a [A(x) = p_] o [ — x £ aST] A [A( —x) = p + ], 

so because of (iv), the number of points x £ S n such that A(.v) = p + is 
odd, and the inductive step has been completed. 

6.2 Corollary Borsuk’s antipodal theorem implies each of the following 
three equivalent statements: 

(1) . There is no antipodal map/: S n -> 5 n_1 . 

(2) . Each continuous /: S n —> E n (that is, a “flattening”) sends at 

least one pair of antipodal points to the same point. 

(3) . (L. Lusternik and L. Schnirelmann) In each family of (n + 1) 

closed sets covering S n , at least one set must contain a pair 
of antipodal points. 


Proof: ( 6 . 1 ) => (1). Assume that there were an antipodal 

/: S n -» S n ~ 1 ; 

regarding <S' 71-1 as the equator of S n , we would have a nonsurjective 
antipodal-preserving/: S n —> S n ; by XV, 1.2,/would be nullhomotopic, 
contradicting 6 . 1 . 

(1) => (2). Assume that there were a g: S n —> E n such that 

£(-*)# S( x ) 

for each x e S n . Define /: S n —> 5” -1 by 


f( x ) = 


g(~ x ) - g(x) 

k(-^) - ^)l 
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Then/would be an antipodal map, contradicting (1). 

(2) => (3). Let F lt • • •, F n + 1 be (n + 1) closed sets covering S n , let 
a: S n -> S n be the map a(x) = -x, and assume that a(F t ) n F t = 0 
for i = 1, • • - ,n. Since the F t and the a(F t ) are closed G d sets, for each 
i = 1, •. n there is a continuous g t : S n —> / such that £ t -1 (0) = F u 
gr !(1) = a(Fi). Define g: S n -> E n by g(x) = { gl (x), •••,£„(*)}; by (2) 
there is an * 0 6 S n such that g t (x 0 ) = gf-x 0 ) for each i = 1, • • n, so 

that x 0 g U F t and * 0 e U Since U ^ = U «(^i) = Sn > we c °n- 
i i ii 

elude that x 0 e F n + 1 n a^ + i), so that x 0 and its antipode belong to 

F n +i- 

(3) => (1). Let/: S n -► aS 71-1 be any continuous map; we show that 
it cannot be antipodal. Decompose S 71-1 into (w + 1) closed sets 
A x , ■ - - , A n + 1 , each of which has diameter < 2; this is possible by, say, 
projecting the boundary of an w-simplex enclosing the origin onto 
S n -\ Defining F { = /" 1 (A i ), i = 1 ,-••,«+ 1, there is according to 
(3) an x 0 e S n and an index k such that x 0 e F k n a(F k ). Thus/(x 0 ) and 
f( — x 0 ) both belong to A k and so / cannot be antipodal. 

We have seen that an easy connectedness argument was sufficient 
to show that E 1 is not homeomorphic to E 71 for any n 1, and we have 
indicated that the general result is deeper. 

6.3 Theorem E n is not homeomorphic to E m whenever m ^ n. 

Proof: Let n>m and let h: E n -► E m be continuous; since 
n - 1 ^ m, we know that h | S 71-1 : S 71-1 E m C E n ~ l must send an 
antipodal pair of points to the same point, so that h cannot be bijective. 

Another proof based directly on 2.1 will be given in the next chapter. 


7. Degree and Homotopy 

Homotopic maps have the same degree; the purpose of this section is 
to establish the converse. The proof given here is based on special cases 
(7.2, 7.3) of general theorems due to H. Freudenthal. 

In this work the following normalization is convenient: 

7.1 Let A C S n be a closed proper subset. Then there is a homeo- 
morphism /?: S n -> S n such that jS ~ 1 and fi(A) is contained in the 
interior of *S+ = {# e S n | # n + 1 ^ 0). Furthermore, 1 — 1 also. 

Proof: We can clearly assume that the south pole p_ is not in A. 
Let S be a spherical nbd of lying in WA. For each x e F^S), let 
p+xp_ be the arc of great circle from p + to p_ through x, and let s x be 
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its intersection with the equatorial »S n_1 . Define /3 by mapping each^) + x 
linearly onto^+f* and xp_ linearly onto s x p clearly, £ satisfies the 
requirements. 

7.2 Lemma Let n ^ 2, and /: S n —> U n . Then there exists a g — f 
and a 8 e E n such that < § r- 1 (S) is either empty or a single point. 

Proof: We can assume that / is piecewise linear. Choosing a 8 eU n 
not on the boundary of any set /(ct), it follows that/ _1 (8) consists of 
finitely many points p = p lf p 2 , • • - ,p k ; by 7 . 1 , we can assume that all 
pi are in the interior of (otherwise, replace /by /° /3 -1 ). Regarding 
5+ as a ball in E n , let L C 5+ be the set consisting of the (k — 1) line 
segments joining p = p x to each p 2 > • • •, p k . Since n ^ 2, the compact 
set f(L) ^ U n , so there is an e-nbd U D L, U C S\ such that 
f(U) # S n also; replacing/by f3 °/if necessary, we can assume that 

/: (S»; C7)-(r» ; rj). 

We first deform / to a map 9 such that 9 - 1 (S) = L. Let p: S n —>» / 
be the function = e " 1 min[d(AS, L), e] and define 

_ x )f ( x ) T (1 — p{x))8 

n ’ IM*)/(») + (l - M*))8f 

Then 9 is continuous and homotopic to/, since/(x), 9 (x) are never anti¬ 
podal. We note that (x e L) => ( 9 (x) = 8 ); conversely, if cp(x) = 8 , 
then either f(x) — 8 or /x(a:) = 0, and in either case, x e L. Thus 
9 _ 1 ( 8 ) = L as required. 

We now show that there is an h: ( S n , L) -> ( S n , p) that is a homeo- 
morphism of S n — L onto S n — p. Define 

h(v\ = x-p(x) + (1 — p{x))p 
' ' l^c-fx(x) + (1 — ju.(tf))7>| 

Then h is continuous, (iS n , L) ^ (S n , p), and also h ~ 1. Further¬ 
more, because L consists of finitely many “straight” lines, p is evidently 
monotone nondecreasing on each ray from p, so that h | S n — L is 
indeed a homeomorphism as asserted. 

Since h: S n —> S n is surjective, it is an identification; thus cph~ x is 
continuous because it is single-valued. If H:h~ 1, then cph~ x ° H 
shows that <ph~ x ~ 9 . Thus cph~ x ~ /, and since (cph~ x )~ x (8) = 
A 9 _ 1 (S) = p, the proof is complete. 

We have seen in XI, 2, Ex. 5, that the suspension S S n ~ x ~ and 
(VI, 5.4) that zg: S n ~ x S n ~ x can be suspended to give Sg: S n -> S n . 
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7.3 Lemma Let n > 2 and let f: S n —> i7 n . Then there exists a 
continuous £: *S n-1 -> (S '” -1 such that / ~ 6 ^. 

Proof: Let 8 + be the north pole of E n . By 7.2, we can assume that 
/ _1 (3 + ) is either empty or p + , the north pole of S + . The case 

/- 1 (8 + ) = ^ 

being trivial, since then/ ~ 0, we assume that/ _1 (S + ) = p + . By use of 
III, 11.2(1), there are spherical nbds D D p + , A + D S + , A_ D such 
that f(D) C E n — and /(9D) C E n — A + . We now perform two 
deformations in the manner of 7.1. First, let s : S n -> S n be a homeo- 
morphism that pushes Fr(D) down so that Fr(D) = 5 n_1 , and second 
let r\E n ^E n be a deformation that pushes E n — S + — S_ so that 
Fr(J + ) = Fr(J_) = E n ~ l . Then^' = r°fos ~ 1 ~/and also £'(5+) C T", 
C T”. Let £ = | S n ~ x : 5 n_1 -> 5' n_1 ; then for each x e S n , 

we have — ‘%(‘X ; )| < 2, so (XV, 1.2) g' ~ Sg and the proof is 

complete. 

Let /: S 1 —> S 1 be any linear T-map. Regarding S 1 parametrized 
and oriented as the reals mod 1, / is specified by a piecewise linear 
continuous F : E 1 -> E x that satisfies F(x + 1) — F(x) = D for all x , 
where D is an integer (positive, negative, or zero) independent of x. 
It is routine to verify that D = D(f). Now let G: S 1 -> S 1 be defined 
by G(x) = Dx ; then <P(x, t ) = tF(x) + (1 — t)G(x) is a homotopy of 
F to G and since &(x + 1, t) — &(x, t) = D for each t, the map 0 
represents a homotopy of / to g. With this result and with l.l, we 
therefore have: if/, g: S 1 -> S 1 , then D{f) = D(g) if and only if/ ~ g. 

7.4 Theorem (H. Hopf) Let n ^ 1. Two maps of S n into itself are 
homotopic if and only if they have the same degree. 

Proof: Because of l.l, we need show only that D{f) = D(g) 
f ~ g. This is true for n = 1 according to the remarks made above. 
Proceeding by induction, we assume that the theorem is true for n — 1, 
and prove it for n. Let fi,f 2 ‘ S n -+E n have the same degree. By 7.3, 
we can assume that / = Sgi (i = 1, 2) for suitable g { : S n ~ x -> S n ~ l . 
Now f t | S+ : S n + —► E\ is a regular map, and it is trivial to verify that 
D r (f j *5+) = D(f), so from 1.3 we find that D(g i ) = D(f). By the 
induction hypothesis, g x ~ g 2 , and suspending this homotopy gives 
Sgi — Sg 2 , which concludes the proof. 

In particular, the map [/] -> D(f) of [ S n , S n ] into the set Z of positive 
and nonpositive integers is bijective; a map S n — S n of degree k 
can be obtained by suspending (k — 1) times the map /: S 1 —>■ S 1 given 
by z —> z k . 
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Problems 


Section I 

1. Prove: [<S n , *S n ] has infinitely many elements. 

2. Let f )g :S n ^S\ Prove D(gcf) = D(g)-D(f). 

3. Let/: S n —>-S n be a homeomorphism. Show that D(f) = ±1. 

Section 2 

1. Prove Brouwer’s theorem equivalent to the following: Let I n be the unit 
n-cube, and let C t be the (n — l)-face {x e I n | xi — 1}, C' t the opposite face. 
For each i, let Bi be a closed set separating C { and C'i \ (that is, C { and C[ are in 

n 

different components of I n — Bi). Then P) B t ^ 0, 

i 

Hint: For each i — 1, •••,«, let /r t : I —> E 1 be the function /z/x) = 
± d(x, B t ), where the sign is chosen suitably so that for each x, the vector 
f(x) = x + h{x) points into the cube. 

2. Let / be a continuous map of V n into E n . Assume that for each/ 6 S n ~ x ,p does 

not lie on the line 0 f{p). Prove: There exists a q e V n such that/(g) = q. 

3. Prove the case n — 0 of 2.2(2) directly from the intermediate value theorem. 

4. Let A be a retract of V n . Show that each continuous map of A into itself has a 
fixed point. 

Section 3 

1 . Let gi(x i, • • •, x n ), i — 1 , • • •, « be continuous real-valued functions on V n . 
Assume that E gf ^ 0 everywhere in V n . Prove: There exists a A > 0 and a 
H < 0 such that each one of the systems of n equations g/xi, • • •, x n ) — Axj 
and g/xi, • • •, x n ) = fix t has solutions on S n . 

2. Let n be odd, and let n continuous functions g t (xi, • • •, x n ) be defined on S’ 1 " 1 . 
Show that there exists some real A such that the system of equations 

gt(xi, • • •, x n ) = Xxi 

has a solution on 5 ln_1 . 

Section 4 

1. Let/i,/ 2 : V k —> S n be two maps such that / x |5 fc_1 = f 2 \ S k ~ 1 . Prove: If 
k < n — 1, then/i ~ f 2 rel S k ~ 1 . 

2. Let o’" be an w-dimensional simplex and cr n an «-dimensional simplex. Let 
/: < 7 m —> o n be a barycentric map and p e o n be not on any (n — l)-face of o n . 
Show that the dimension of f~ 1 (p) is (m — n). 

Section 5 

1. Let X be a normal space such that X x I is also normal, and let/, g: X -> S n 
be homo topic. Let x 0 e X be any point and a be any path on S n running from 
f(xo) to g(x 0 ). Prove: If n S* 2, then there is a homotopy A :/ ~ g such that 
J(x 0 , t) = a(t), 0 t ^ 1 . 
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2. Let X be a normal space such that X x I is also normal, and let/, g: X —> S n . 
Assume that there is an s e S n and a nbd U(s) such that (a) f~ 1 (s) = g~ 1 (s), 
and (b) g(x) = f(x ) for each x e/ -1 (L7’). Prove: / ~ g rel/ -1 (s). 

Section 6 

1. Prove: There does not exist any continuous/: V n with the property 

that / | .S'" -1 is antipodal-preserving. 

2. Let f:S n ->S n be such that f( — x) ^ f(x) for each x e S n . Prove that / is 
surjective. 

3. Let/: V n S n ~ 1 be continuous. Prove that there exists an xe S n ~ 1 such that 

f(x) = /(-*). 

4. Let 0 be a continuous nonvanishing vector field on V n . Show that there 
exists anreS"" 1 such that the vector 0{x) is parallel to the vector 0( — x). 

5. Let ft,i— 1 ,•••,«, be n continuous real-valued functions on S n such that 
fi( — x) ^ —fi(x) for each i and x e S n . Show that there exists an x 0 6 S n such 
that fi(x 0 ) — 0 for all i = 1 

6. Let F" be covered by n closed sets. Show that at least one of these sets must 
contain a pair of antipodal points of S n ~ 1 . 

7. Prove: If/: S n —> S n has even degree, it carries at least one pair of antipodal 
points to the same point. [Hint: Let h(x) = 2 -1 (f(x) — /( — x)) and consider 
Kx)l\h(x) |J 

8. Prove: If/: S n —> S n has odd degree, it carries at least one pair of antipodal 
points to antipodal points. 

Section 7 

1. Prove that the map S: [<S m , S n ] —> [»S m + 1 , .S n + 1 ] given by 5[/] = [Sf ] is 
surjective whenever m ^ 2n — 1. (It is actually bijective for m < 2n — 2, 
though a proof requires methods beyond the scope of this book.) 

2. Let /, g: S n —> S n . Prove that fog ~ g ° /. 

3. Let/: S n —> S n . Prove: 

a. If D(f) 1, then / sends some point to its antipode. 

b. If D(f) -£ ( —l) n + 1 , then /has a fixed point. 

4. Let f:S n —>S n be antipodal and assume that D(f ) ^ ( —l) n + 1 . Show that 
there exists an x 0 e S n such that both and — x 0 are fixed points of /. 

5. Let /, g: S Zn —> S 2n . Prove that at least one of/, g, g of has a fixed point. 

6. Let /: S 2n —> S 2n . Show that either / has a fixed point, or else there exists an 
3 c 0 gS 2 ” such that f(x 0 ) — yo and f(y 0 ) = x 0 . 

7 . Let S n be covered by (n + 1 ) connected closed sets, F lt • • •, F n + 1 . Show that 
there exists an F k having the following property: for every real number d =$ 2, 
there are points x, y e F k such that |jc — y\ = d. [Hint: Let F k be one of the 
sets containing an antipodal pair, #o and — x 0 ; then consider the real-valued 
function g(x) = jac — x 0 | on ft.] 



Topology of E n 

xvn 


Let X, Y be two given spaces, and assume that X can be embedded in 
Y. Although all embeddings of X in Y give homeomorphic subspaces, 
these subsets of Y may behave differently in some respect; that is, they 
may not all belong to some previously specified subset of Y ). A 
subset sY C 2P(Y) is called a positional bound of X rel Y if either every 
embedding of X into Y belongs to sY or no embedding of X into Y 
belongs to sY. A property P that specifies a positional bound for X rel Y 
is called a positional invariant of X rel Y. 

Ex. 1 For any spaces X, Y, each of the two properties “compact” and “con¬ 
nected” is a positional invariant of X rel Y. 

Ex. 2 Let Y be d-complete. For any space X, the property “is a G 6 - set” is a 
positional invariant of X rel Y ( cf . XIV, 9.3). 

Ex. 3 Let X — E 1 , Y = E 2 . Since under the embedding x -> (#, 0), the 
complement of E 1 is not connected, whereas it is connected under the embedding 

x —» * |^| > the property “separates E 2 ” is not a positional invariant of 

E 1 rel E 2 . 

Ex. 4 Let Y C E 1 be the subspace {0} 'u {1 /«} of E 1 and A be a single point. 
The embeddings x —> 0 and x —* 1 show that the property “open in Y" is not a 
positional invariant of X rel Y. 

Using this terminology, our principal objective in this chapter is to 
prove: 
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(1) . Let X be compact. Then the property "separates E n ” is a 

positional invariant of X rel E n . 

(2) . Let X be arbitrary. Then the property "open in E n ” is a 

positional invariant of X rel E n . 

The main tools are XVI, 2.1, 4.4, and 5.2. 


I. Components of Compact Sets in E n+1 

l.l Definition The set A C E n + 1 separates E n + 1 if E n + 1 — A is not 
connected. 

Ex. 1 S n separates E n + 1 , since 'tfS 11 = (x | |x| < 1} u {x | |x| > 1} is a 
union of two nonempty disjoint open sets. 

Ex. 2 If the compact A separates E n + 1 , then T> A may have infinitely many 

00 

components, as shown by A — {0} U (J Fr[i?(0; !/«)]. 


1.2 Theorem Let A C E n + 1 be compact. Then: 

(1) . Each component of E n + 1 — A is a path-connected open set. 

( 2 ) . <€A has exactly one unbounded component. 

(3) . The boundary of each component of ^A is contained in A. 

(4) . If A separates E n + 1 , but no proper closed subset does so, 

then the boundary of each component of ^A is exactly A. 

Proof: (1) follows from V, 4.2 and 4, Ex. 1; (2) has been proved in 
XVI, 4, Ex. 3 and accompanying text. 

Ad (3). Let U be any component of ft A, and let x e Fr( U) — U — U. 
Since U is open, we have xeU, and we prove x e A by showing that x 
cannot belong to any other component U 1 of ft A. Indeed, if x e U ly 
there would be a ball B(x, e) C U x [see (1)]; since x e U, we would 
then have B(x, e) n U # 0 and, consequently, U n U x ^ 0 , a 
contradiction. Thus Fr(C7) C A, as asserted. 

Ad (4). Let U be any component of ^A ; since A separates, there is 
another component V of ^ A , and because V C E n + 1 — U, we have 
E n + 1 — U 7 ^ 0. The formula 

E n + 1 - Fr (U) = U\J(E n + l - U) 

displays E n + 1 — Fr(U ) as a union of two disjoint nonempty open sets, 
so Fr (U) separates E n + 1 . Since Fr(L) C A and is closed, the hypoth¬ 
esis on A requires that Fr(C7) = A. 
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2. Borsuk’s Separation Theorem 

For any p e E n + 1 , let /3 P : ( E n+1 — p) -» S n be the mapping 

x — p 

X —> |-- T * 

\x - p | 

For any set A C ( E n + 1 — p), we will call \ A : A -> S n a Borsuk map 
of A \ these simple maps play an important role in discussions of the 
separation properties of A. 

2.1 Theorem (K. Borsuk) Let A C E n + 1 be compact. Then A 
separates E n + 1 if and only if there exists an/: A S n that is not 
nullhomotopic. 

Proof: Assume that A separates E n + 1 ; then ^A has at least one 
bounded component U. Selecting any p e U, we will show that the 
Borsuk map /3 P \ A is not nullhomotopic, by proving (XVI, 5.2) that it 
cannot be extended to an F: E n + 1 — S n . Indeed: 

(1) If U is a bounded component of ¥7A and p e U, then jS p | A 
cannot be extended over the closed set Akj U. 

For, if there were an extension F: A U U -> S n , we draw a ball 
B = B(p, R) D A u U and define g: B -> Fr(5) as follows: 

g(x) = p + R-xeB-U 

\ x ~ P I 

= p + R-F(x) x e U. 

Then g would be continuous, since the intersection of the two closed 
sets lies in Fr(£/) C A and both definitions of g agree on A; but, since g 
is a retraction B -> Fr(B), this would contradict Brouwer’s theorem. 

Conversely, assume that A does not separate E n + 1 ; then ^A has 
exactly one component, which is necessarily unbounded. By XVI, 4.4, 
any /: A -> S n is extendable to an F: E n + 1 -» S n , and so (XVI, 5.2) is 
nullhomotopic. 

Ex. 1 The compactness of A is essential: E 1 C E 2 separates E 2 ; yet, every 
f- E 1 —> S 1 is nullhomotopic (XV, Ex. 1). 

Using XV, 3.1, Borsuk’s theorem has the elegant formulation 

2.2 Corollary Let A C E n + X be compact. Then A does not separate 
E n + 1 if and only if the function space (S n ) A is path-connected. 

Since (5 n )^ is a topological invariant of A, 2.2 can also be stated as 

2.3 Corollary Let X be a compact space. Then the property “separates 
E n + 1 ” i s a positional invariant of X rel E n + 1 . 
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An immediate application of 2.3 yields 

2.4 Theorem (Jordan Separation Theorem) Every homeomorphic 
image J n of S n in E n + 1 separates E n + 1 , and no proper closed 
subset of J n does so. In particular, the entire set J n is the complete 
boundary of each component of c €J n . 

Proof: Since S n is compact and separates E n + 1 (I, Ex. 1), it follows 
from 2.3 that so also does each jf n C E n+1 . Any proper subset F of 
S n C E n + 1 does not separate E n + 1 , since E n + X — F is evidently path- 
connected. Whenever F is closed, 2.3 shows that no homeomorph of F 
can separate E n + 1 . 

Remark 1: The general Jordan theorem is 2.4 together with the additional 
statement that E n +1 — jf n has exactly two components. This additional conclusion 
is nontrivial, and does not follow simply from the fact that jf n is the boundary of 
each residual component. There exist compact sets B that separate E n + 1 into 
infinitely many parts, each component oi'&B having the entire set B as its complete 
boundary. In this book, we will prove the general Jordan theorem only for 
embeddings of S 1 in E 2 (5). 

Remark 2: The general Jordan theorem follows in obvious fashion from the 
more specific version of 2.3 due to J. W. Alexander: If A C E' n + 1 is compact, then 
the number of components in C €A is a positional invariant of A rel E n + \ A proof 
of this requires techniques different from those used in this book (either homology 
theory, or cohomotopy groups). 

Remark 3: The general Jordan theorem immediately leads to the Schoenflies 
problem: If U is the bounded component ofC E n + 1 , is U u jf n always homeo¬ 
morphic to V n + 1 ? The answer is “yes” for n = 1, and "no” for each n > 1 (for 
n = 2, Alexander’s “horned sphere” H is the usual counterexample, and the 
in — 2)-fold suspension of H is a counterexample in E n + 1 ). It has recently been 
proved (M. Brown, B. Mazur, M. Morse) that if the embedding h \ S n E n + 1 , 
regarded as an embedding S n x 0— >E n + 1 , can be extended to an embedding 
H: S n x [ — £,£] —> E n + 1 for some e > 0, (that is, if h can be extended to an 
embedding of a “shell” containing S n ) then the Schoenflies problem for h(S n ) has 
an affirmative answer. 


3. Domain Invariance 

3.1 Theorem (Brouwer Domain Invariance Theorem) For any space 
X, the property “open in E n + 1 ” is a positional invariant of 
X rel E n + 1 . 

Proof: Let U C E n+1 be open and h : U -> E n + 1 be a homeo- 
morphism; we are to prove that U x — h(U) is open in E n + 1 . It suffices 
to show that for each x x e TJ X , there is an open (in E n + l !) set W such that 



359 


Sec. 4 Deformation of Subsets of E n + 1 

x x e W C U x . Let x = h~ 1 (x 1 ) and let B = B(x, e ) be a ball such that 
B C U. Then: 

(1) . E n + 1 — h(B) is connected, because B ^ V n + 1 and V n + 1 

does not separate E n + 1 . 

(2) . h(B — Fr[5]) = h(B) — /?(Fr[B]) is connected, since it is 

homeomorphic to B(x , e). 

Because of (1) and (2) the formula 

E n + 1 - A(Fr[fi]) - {E n + 1 - h(B)} u {h(B - Fr[5])} 

expresses E n+1 — A(Fr[5]) as the union of two nonempty disjoint con¬ 
nected sets; these must therefore be the components of E n + 1 — /*(Fr[i?]), 
and since A(Fr[i?]) is compact, each must be an open set (in E n + 1 \). 
Setting W = h(B — Fr[J3]) gives x x e W C U 1 as required. 

3.2 Corollary Let B C E n + 1 be any set and h: B —>• E n + 1 be a 
homeomorphism. Then if # is an interior (boundary) point of B, 
h(x) is also an interior (boundary) point of h(B). 

Proof: For “interior”: By 3.1, A[Int(B)] = Int[A(i?)]. For “bound¬ 
ary”: x e Fr(Z?) => jc e B - Int(B) => h(x) e h(B) - Int[i(5)]. 

By using only a connectedness argument, we were able to show that 
E 1 is not homeomorphic to E n for any n > 1; with 3.1, we can now prove 

3.3 Theorem (Invariance of Dimension Number) E m and E n are not 

homeomorphic whenever m ^ n. 

Proof: Let m > n. If E n were homeomorphic to E m then because of 
3.1, the image of E n under any embedding in E m would be open in E m . 
However, the image is not open under the embedding 

(^i, ', Xn) ^ (^1> *» X'rv ’ > 0) 

and this proves the theorem. 

4. Deformations of Subsets of E n+1 

In this section, we derive some properties of the Borsuk maps and use 
them to express some intuitively evident statements about subsets that 
separate E n + 1 . 

4.1 Let A C E n + 1 be compact. Then: 

(1) . p and q belong to the same component of 9f>A if and only if 

P P \A~p q \A. 

(2) . p belongs to the unbounded component of ^A if and only if 

ft, | A x. 0. 
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Proof: (1). Assume that p, q are in a common component U; then 
[ 1 . 2 ( 1 )] there is a continuous a: I —> U such that a(0) = p, a(l) = q f 

S n given by 0(a. t) = shows that 

| a — ce(2)| 


and the map 0: A x I 


f3 p | A ~ | A. Conversely, assume^), q are not in the same component; 

at least one (say, p) lies in a bounded component U. If f$ p | A were 
homotopic to f3 Q . | A, then because \ A can be extended over E n + l — q , 
XVI, 5.1 would yield an extension of /3 P \ A over E n + 1 — q also; in 
particular, fi p would be extendable over A U U, which, by statement (1) 
in the proof of 2.1, is impossible. 

(2). We need show only that /3 P | A ~ 0 for some p belonging to 
the unbounded component U of ^A. Choose r so large that A C i?(0; r), 
and let p 6 U n^TI(0;r); then f3 p (A) C S n — {p/\p\}, and therefore 

A, I A ~ 0. 


Since E n + 1 is contractible (XV, 
contractible (over E n + 1 ) to a point. 


Ex. 1), any A C E n + 1 is also 


4.2 Let A C E n + 1 be compact, and let p be any point of a bounded 
component of WA. Then, in any contraction of A over E n + 1 to a 
point, A must cross p (that is, A must contain p at some stage of 
the deformation). 


Proof: Let C t>: A x I -> E n + 1 be any contraction of A over E n + 1 to 
a point where <P(a, 0) = a, 0(a, 1) = x 0 eE n+1 for each a e A. If 

p g 0(A x /), then ^ would show (3 P | A ^ 0 which, by 

4.1(2), is impossible. 

4.3 Let A C E n + 1 be compact, and let p, q be in distinct components 
of ( 4> A . If A is deformed over E n + 1 into a set A ly and if A never 
crosses either p or q during this deformation, then p , q are still in 
distinct components of ^ A 1 . 


Proof: This is immediate from 4 . 1 ( 1 ) and XV, 6 . 2 . 


4.4 Let A C E n + X be compact, and B C A be a retract of A. Then 
HE cannot have more components than A. 


Proof: We will show that if U B is any bounded component of WB, 
then there is some component U A of ^A contained in U B . Note first 
that U B — A # 0 : For, if U B C A, then because Fr (U B ) C B, the re¬ 
traction r: A —> B would give a retraction r | U B : U B —> Fr (U B ), which 
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(XVI, 2.3) is impossible. Thus there is a p e U B — A, and we let U A 
be the component of &A containing p. Since it is clear that 

=> (A, | B - A> I B), 

it follows at once that U A C U B , as required. 


5. The Jordan Curve Theorem 

Two maps of an arbitrary space X into S 1 can be combined by multi¬ 
plying their values (regarded as complex numbers of modulus 1 ). 
Taking advantage of this fact [which evidently makes ( S l ) x into a group], 
we prove that a special type of separation theorem (5.2) is valid for sub¬ 
sets of the plane, and this then yields the general Jordan theorem for E 2 . 


5.1 Theorem (S. Eilenberg) (1). Let X be any compact metric space 
and /: X -> S 1 be continuous. Then / ~ 0 if and only if there 
exists a continuous 9 ?: X -> E 1 such that f(x) = e i0(x) for all 
X G X. 

( 2 ). f ^ g if and only if fjg ^ 0 . 


Proof: (1). If / is of the stated form, then <P(x, t) = e it(p{x) shows 
that / ^ 0. For the converse, we first make the following observation: 
If/is of the stated form and if | g(x) — /(x)| < 2 for all x e X, then g is 

p(x') 

also of the stated form. Indeed, # — 1 , since they are never anti- 

/(*) 

podal, so by defining y(x) to be the length of that oriented arc from 
p(x) 

z — 1 to 77—7 which does not contain s = — 1 , it follows that o?(x) is 

/(*) 

continuous and that 77^7 = e i(pU) ’, thus g(x) = f(x)-e i ' p(x) and g has the 
J\ x ) 

stated form also. We now prove the theorem. 

Let 0:0 ~ /, and write 0(x, t) = f t (x). By uniform continuity, there 
is a 8 > 0 such that | f t {x) — / t -(*)| < 2 for all x whenever 1 1 - f\ < *. 
Choose a subdivision 0 = t 0 < t 1 < • • • < t n = 1 of / such that 
Ifi + i ~ *t| < 8 . Then, noting that a constant map has the stated form, 
our observation permits us to conclude successively that each f t has 
the stated form also, and therefore so also does f 1 = /. 

(2). Clearly &:f~g => \/g-0: f/g ~ 0; conversely, if 0 :fjg ~ 0, 
we can assume that 0(x, 1) = 1 for all x e X, and then g(x)-<P(x, t) 
shows f — g. 


We say that ACE 2 separates x, y if x and y lie in distinct components 
of <€A, 



362 Chap. XVII Topology of E n 

5.2 Theorem (S. Janiszewski) Let A, B be compact sets in E 2 and 
let x, y be two points of E 2 . Assume: (1) A does not separate x, y; 
(2) B does not separate x, y\ and (3 ) A n B is connected. Then 
A U B does not separate x, y. 


Proof: Using the Borsuk maps, let 


p x \AKJB 

T I /i . . rk ' 


we are to show that / — 0. The hypotheses give f \ A — e i<p f | B = 
e i0 B for suitable cp^.A—^E 1 , cp B : B -> E 1 , and noting that we have 
(f \ A)(x 0 ) = (/|i?)(x 0 ) for each x q eA(~\B , it follows that 
<p A (x 0 ) — cp B (x 0 ) = 2 m(^ 0 )7 t for some integer w(^ 0 ). Since the formula 


„(*> = 


shows that n(x) is a continuous integer-valued function on the connected 
A C\ B, we conclude that n(x) has a constant value n on A n B, and by 
defining 

ifj(x) — <p A (x) x e A 

= cp B (x) + 2mr x e B, 

we obtain a continuous i/j : AkjB-^E 1 such that /= e**. Thus 
/ ~ 0, as required. 


As a final preliminary we will need 


5.3 Let U C E n be open, and call an xeFr(C/) accessible from U if there 
is a path a: I —> U starting at x and such that a(I — {0}) C U. 
Then the accessible points are dense on Fr(U). 

Proof: Let a£Fr(t/) and let B(a, e) be any nbd of a. Choose any 
p 0 s U n B(a, e ) and consider the function \p 0 — x | on Fr (U) n B{a , e); 
since the latter set is compact, \p 0 — x\ attains its minimum at some x 0 , 
and x 0 is evidently accessible by a straight line from p Q . 

5.4 Theorem (Jordan Curve Theorem) Let J 1 be a Jordan curve (that 
is, a homeomorph of 5 1 ) in E 2 . Then E 2 — J 1 has exactly two 
components, each of which has J 1 as its complete boundary. 

Proof: According to 2 . 4 , E 2 — J 1 has at least two components; we 
need prove only that it has no more than two. Assume that there were 
three: G 0 , G lt G 2 . Select points a, b e jf 1 (a ^ b) accessible from G 2 , 
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and let L be an arc joining these two points, which (except for its end 
points) lies in G 2 . Choose also points q 0i q 1 on each of the two arcs ab 
and ba of J 1 , and let 

A = arc(aq 0 b) U L } 

B = a r^bq^a) U L. 

Then, for any. fixed x e G 0 , y e G ly we find: 

(1) . A does not separate x,y, since G 0 U G 1 U q 1 is a connected 

set in A containing x and y. 

(2) . B does not separate x,y, since G 0 U Gj U q 0 is a connected 

set in <£B containing x and y. 

(3) . A n B = L is connected. 

According to 5.2, it follows that A U B does not separate x and y. 
But this is impossible, since J C A U B and x, y are in distinct com¬ 
ponents of J. This completes the proof. (This argument is due to C. 
Kuratowski.) 

The affirmative solution for the Schoenflies problem follows immedi¬ 
ately from the Riemann mapping theorem of function theory: If U is 
the bounded component of J 1 , then U U J 1 is homeomorphic to V 2 , 
and in fact a homeomorphism can be chosen that is conformal at all 
points of U. 


Problems 


Section I 

1. Prove: For any closed A C E n + 1 , *€A can have at most countably many 
components. 

2. Let A C E n + 1 be closed and U be a component of tfA. Prove that A u U is 
closed in E n + 1 . 

3. Let A be closed, and assume that for each component U of A, we have 
Fr(U) = A. Prove that no proper closed subset of A separates E n + 1 . 

4. Let T = S 1 x S 1 be the torus. Show that “separates T” is not a positional 
invariant of S 1 rel T. 

Section 2 

1. Prove: No embedding of I n in E n , n 5 s 2, can separate E n . 

2. Prove: If X is compact, then “separates ^ n + 1 ” is a positional invariant of 
Arel5 n + 1 . 

3. Let T be the torus S 1 x S 1 . Show that there exists a map/: T —> S 2 that is 
not nullhomotopic, and describe its construction. 
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1. Let h: S n —> E n + 1 be an embedding, and assume that h is extendable to a 
homeomorphism H: V n + 1 —E n + 1 . Prove: E n + 1 — h(S n ) has exactly two 
components, and one of them is H[Int(F n + 1 )]. 

2. Prove: S n is not homeomorphic to any proper subset of itself. 

3. A space M is called locally Euclidean of dimension n if each point has a nbd 
homeomorphic to E n . Prove that for any space X, the property “open in M” 
is a positional invariant of X rel M. 

Section 4 

1. Let A C E n + 1 be homeomorphic to S n . Prove that A has at most finitely 
many components. [Hint: Use 4.4 and the fact that A is an ANR.] 

2. Let A C E n + 1 be compact and B C A be a deformation retract of A. Show 
that and ^A have the same number of components. 


Section 5 


1. Prove directly from Theorem 5.1 that the identity map 1: ,S 1 S 1 is not 

nullhomotopic. [Hint: Argue by contradiction.] 

2. Prove: If A, B are two compact connected sets in E 2 , and if A r\ B is not 
connected, then A B separates E 2 . 

3. Let Y be compact metric, and g: Y > Z a continuous open surjection. Prove 
that if (<S 1 ) y is path-connected, then {S l ) z is also path-connected. [Hint: cf. 
Ill, Problem 11.16.] 

4. A space Y is called unicoherent if for every decomposition Y = A x u A 2 into 
two closed connected sets, the intersection A x n A z is also connected. Let Y 
be a compact metric space. Prove: if (5' 1 ) y is path-connected, then Y in uni¬ 
coherent. [Hint: If Y were not unicoherent, then Y — A x A 2 and A x O A 2 = 
Ci VJ C 2 where Ci O C 2 = 0 and each Cj is closed. Let g be a Urysohn 
function on Y which equals 0 on C x and equals rr on C 2 ; show that the map 


f(x) = 



x e A x 
x e A 2 


is not nullhomotopic.] 

Remark If Y is a locally connected compact metric space, then the converse 
is also true; an elementary proof based on 3.1 can be constructed, but it is fairly 
involved. In particular, a compact locally connected A Q E 2 does not separate 
E 2 if and only if A is unicoherent. 



Homotopy Type 

xvm 


In this chapter, we use homotopy to derive a classification of topological 
spaces different from that obtained by homeomorphism, and we deter¬ 
mine some of the simplest features of this classification. 


I. Homotopy Type 

1.1 Definition Two spaces X, Y are homotopic (written: X ce. Y) if 
there exists an/: X Y and a g: Y -> X such that both^ °f — l x 

and fog ~ \ Y . 

This relation between spaces is clearly reflexive, symmetric, and 
transitive; it therefore decomposes the class of all spaces into mutually 
exclusive subclasses called homotopy types, two spaces belonging to the 
same homotopy type if and only if they are homotopic. 

Ex. 1 X ^ Y implies X ~ Y, since X = Y amounts to the existence of 
maps /: X Y and g: Y -» X such that both fog and g ° / are actually identity 
maps. The converse implication is not true: It is trivial to verify that X is homo¬ 
topic to a space consisting of a single point if and only if X is contractible. Thus, 
for example, E n , /°°, and one-point spaces all belong to the same homotopy type. 

Further examples of homotopic spaces follow from 

1.2 (1). A deformation retract of X belongs to the homotopy type of X. 
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(2) . If a deformation of X contracts a closed A C X over itself to a 

point, then X — X/A. 

(3) . If X a ~ Y a for each a e s/, then ]/[ X a ^ nr- 

a a 

Proof: Ad (1). Let r: X A be a retraction such that r ~ l x and 
let i: A —> X be the inclusion map. Then r o i = l A and i°r = r cz \ x . 
Ad (2). Let p: X —> XJA be the identification map, and 

0:{X x /, A x I)->(X, A) 

the deformation. Writing 0(x, t) = <p t (x), we note that because <p x (A) 
is a single point, the map <p x p~ x : X/A -> X is single-valued, and there¬ 
fore (VI, 3.2) is continuous. Furthermore (XII, 4.1), 

p x 1:X x I -> X/A x I 

is also an identification, and since 0 contracts A over itself, the map 
(p o 0)(p x l) -1 : X/A x I-+X/A is single-valued also, so that 
that (p ° (ptjp- 1 is a (continuous!) homotopy. To prove (2), we now 
need note only that <p x p~ x °P = <Pi — <Po = lx an ^ 

p o <p x p~i = (p o <p x )p~ x ~ (p o <p 0 )p~ 1 = l XIA . 

Ad (3). This is immediate from XV, 2 . 2 . 

In work with homotopy type, the notion “inverse of a map” is replaced 
by “inverse in the sense of homotopy:” 

1.3 Definition A map/: X —> Y is called a homotopy equivalence if 
there exists a g: Y -> X such that both f o g ~ \ Y and g of ~ l x ; 
g is called a homotopy inverse of /. If g: Y -> X satisfies only 
g °f — \ x (resp. f°g— ly), g is called a left (resp. right) homotopy 
inverse of/. 

With this terminology, X — Y if and only if there exists a homotopy 
equivalence f: X Y; we denote “/ is a homotopy equivalence” by 
“/: X ~ Y.” 

The following result, that a given f: X -> Y has a homotopy inverse 
whenever it has both some right homotopy inverse and some left 
homotopy inverse, is very useful in practice. 

1.4 Theorem (M. M. Day, R. H. Fox) Let f:X^Y have a left 
homotopy inverse g L and a right homotopy inverse g R . Then / is a 
homotopy equivalence. 
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Proof: We will show that£ = gL ° f ° Sr is a homotopy inverse of /. 
Indeed, fog = / ° g L ° / ° g R ~ f ° l x o g R = f ° g R ~ l y , and similarly, 

g °f = gL°f° gR°f ~ g L °f ~ lx- 

2. Homotopy-Type Invariants 

Though most topological invariants are not invariants of homotopy type, 
in this section we give some that are and which account for the importance 
of the concept. 

2.1 Path-connectedness is a homotopy-type invariant More generally 
in order that Z ~ Y it is necessary and, if both X, Y are locally 
path-connected, also sufficient that there be a 1 -to-l correspondence 
between their path-components, with corresponding components 
belonging to the same homotopy type. 

Proof: Let f: X ~ Y have homotopy inverse g. To prove the 
proposition, it suffices to show that for two path-components A C X, 
B C y, we have f(A) C B if and only if g(B) C A. Let a e A and 
f(a)eB\ then g(B) is path-connected and contains g°f(a)\ using a 
homotopy <P‘.g°f — l x , the path t&(a, t) joins g°f(a) to a , so 
g(B) C A. The coverse follows by interchanging g and/. The sufficiency 
is clear, because in locally path-connected spaces each path-component 
(V, 5.4) is both open and closed. 

Because of 2.1, we are justified in considering only path-connected 
spaces. For the homotopy classes of maps, 

2.2 Theorem Let/: X ^ Y. Then for any space Z, the induced maps 
/#: [Y, Z] -> [X, Z ] and/#: [ Z , X] —► [Z, F] are always bijective. 

Proof: Let g be a homotopy inverse of/. Since fog ~ l y> we find 
for any [ 99 ] e [Y, Z] that g # ° f # \pp\ = \pp 0 f 0 g\ — [9] and therefore that 
gtt oft = 1 [Y ' Z] ; similarly, f#°g# = 1 [X>Z] , so both/#, g # are bijective 
and, indeed,/# = (£#) _1 . The proof for/#, g# is similar. 

The main significance of homotopy type is that homotopic spaces 
coincide in their classical algebraic invariants (homology, and funda¬ 
mental groups). More generally, assume that to each space X there is 
assigned an algebraic structure (group, ring, or field) G(X) and that: 

1. Each/: X —> Y induces a homomorphism f + : G{X) —>■ G(Y), 
which depends only on the homotopy class of /. 

2. If f:X^ Y and g: Y -► Z, then (g «>/)+ = g + of+. 

3. 1^ is an automorphism of G(X). 

The argument in 2.2 shows that if X ^ Y , then G(X) is isomorphic to 
G(F); that is, G(X) is an invariant of homotopy type. Since any 
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homology theory satisfying the Eilenberg-Steenrod axioms, as well as 
the fundamental group (and higher homotopy groups), fulfills the 
requirements (l)-(3), it follows that these invariants alone are incapable 
of characterizing the homeomorphism type of a given space. A complete 
set of algebraic invariants that determines whether or not two polytopes 
belong to the same homotopy type has been found by M. M. Postnikov; 
however, for a given polytope there is generally no finite algorithm for 
calculating the entire set of these invariants. 


3. Homotopy of Pairs 

Let X , Y be two spaces and A C X, B C Y be arbitrary subsets. 
We say that the pair (X , A) is homotopic to the pair ( Y, B ), 
and write ( X , A) ~ (Y, B) if there are maps /: ( X , A) -> (Y, B) and 
g: (Y, B) (X, A) such that fog ~ \ Yi keeping the image of B in 
B during the entire homotopy, and g °f ~ l x , keeping the image of 
A in A during the entire homotopy. 

With these restrictions on the deformations, the notions of a pair 
homotopy equivalence /: (X, A) ~ (Y, B), and of left and right pair 
homotopy-inverses of a given g: ( X , A) -> ( Y, B ), are defined in obvious 
fashion, and the analogue of 1.4 is evidently valid. 

By taking A = B = 0, the pair concepts reduce to those discussed 
in I; in this sense, the concept of homotopic pairs is more general than 
that of homotopic spaces. 

Observe that if /: (X, A) ~ (Y, B), then both /: X ~ Y and 
f\A: A ~ B ; however, X~Y and A ~ B do not imply that ( X,A ) ~ ( Y,B), 
that is, that there is a map accomplishing both these equivalences 
simultaneously. 

Ex. 1 Let X = Y = S 1 u {0}, and let y 0 = (1, 0) e S 1 . Then X ~ Y and 
{0} ~ (vo); yet there is no pair homotopy-equivalence/: (X, {0}) —> (F, y 0 ), since 
any g: ( Y, y 0 ) —> (X, {0}) must send all S 1 to {0}. 


4. Mapping Cylinder 

The notion of mapping cylinder, due to J. H. C. Whitehead, is particu¬ 
larly important in homotopy considerations because it provides a link 
between the concepts “homotopy of maps" and “homotopy of spaces.” 

4.1 Definition Let /: X Y be continuous. The space (X x I) uy Y 
obtained by attaching X x I to Y by the map (x, 0) is 

called the mapping cylinder of/ and is denoted by C(f). 
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The space C(f) can be regarded as a "cylinder” with X( = X x 1) at 
the top and with its base lying in Y , the "generators” of the cylinder 
being the line segments joining each x e X to f{x) e Y. Indeed, let 
p: (X x 7) + Y->C(f ) be the identification map; from VI, 6.3, 
follows that p | Y embeds Y homeomorphically as a closed subset of 
C(f) and that p \ X x ]0, 1] embeds X x ]0, 1] homeomorphically as 
an open subset of C(f ); in particular the map i: XC(f) given by 
i(x) = p(x, 1) is a homeomorphism of X onto the upper face X x 1 

°f C(f). 

We will use the notation (x, i) for p(x, t ) and <(y) for p(y); observe 
(VI, 6.4) that a pair of continuous maps <p: X x I — > Z, ifr: Y -> Z 
satisfying cp(x, 0) = f{%)) for each x e X, determines a continuous 

(<P,*):C(f)^Z by 

( 99 , i/j)(x, ty = <p(x, t ), 

(<p> «A)<j> = *A(y)> 

and similarly for homotopies (XV, 2.2(4)). 

The "collapsing map” p: C{f) —> Y is defined by 

P (x, ty = f(x), 

p<y> =y> 

and is evidently continuous. Letting j: Y->C(f) be the homeo¬ 
morphism p | Y, then j o p is precisely the collapsing of C(f) onto its 
base. 

Thus, with each mapping cylinder, we have the diagram 



where / = p ° i. 

4.2 The map p: C(f)—> Y is a homotopy equivalence, and has j as 
homotopy inverse. In particular, C(f) belongs to the homotopy 
type of its base, Y. 

Proof: It is evident that p ° j = l y ; to show j ° p ~ 1, let 
<p:(X x 7) x 7 —> C(/) 

be the continuous map <j9[(jc, t), r] = (x,t( 1 — r)) and 1 ft: Y x 7— >C(f) 
the continuous map f(y, t ) = <j). Since for each r e 7 we have 
9 >[(v, 0), r] = 0) = </(*)> = *A[/(^), r], it follows (XV, 2.2) that 

(99, </f) : C(/) x 7— C(/) is continuous and clearly (99, f): 1 ~ j ° p. 

The argument in 4.2 shows that in C(f) itself, the base j(Y) is a 
strong deformation retract of C(f). 
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Remark: From 4.2 and the diagram for mapping cylinders, we observe that 

< p 

any map/: X —► Y can be factored as X -> C(/) —»■ Y, where i is an injection and 
p is a homotopy equivalence; identifying Y with j( Y), we have j of ~ j ° p ° i ~ i, 
so we can conclude that any map/is homotopic to an embedding map into a suitable 
space belonging to the homotopy type of Y. Thus, for work with homotopy, there 
is no loss in generality to assume that all maps are injective. 

The connection between homotopy of maps and of spaces is provided 

b y 

4.3 Theorem Let f 0 , f x : X^Y be homotopic. Then the pair 
[C(/ 0 ), X] is homotopic to the pair [C(/ 1 ), X\. 

Proof: Let 0 :f 0 ~ f x ; for each xeX, the map t -> <P(x, t) (0 < t 1) 
provides an arc in Y joining f 0 (x) to f x (x). We define F: C(/ 0 ) —► C(f x ) 
to be the identity map on the base, and to map each line segment (x, f) 
in C(/ 0 ) linearly on the arc in C(f 1 ) consisting of the segment <#, t) 
plus the above arc in the base joining f x (x) to f 0 (x). Precisely, letting 
p { : (X x I) + Y -> C(/ ( ), i = 0, 1, be the identification maps, 

Fpoiy) = Pxiy) 

Fp 0 (x, t) — p x (x, 2t — 1) 1 > t > % 

= pii^ix, 2*)] \ ^ t ^ 0. 

This is continuous, since 

Fp 0 (x, 0) = p x [<P(x, 0)] = M/o(*)l = F Po[fo( x )\- 
We define a continuous G : C(f x ) -► C(/ 0 ) similarly by 

Gpi(y) = p 0 (y) 

Gp x (x, t) = p 0 {x , 2* - 1) 1 ^ t ^ \ 

— Po\®( x i 1 — 2 *)] \ ^ t ^ 0 . 

Thus G o JF maps /> 0 ( T) identically, and sends each "generator” ’ <*, t > 
semilinearly on the arc consisting of <#, t > plus the arc from / 0 (v) to 
plus the retracing of that arc from f x (x) to f 0 {x). We perform a 
deformation that uniformly shrinks the retraced arcs over themselves and 
simultaneously alters the parametrization to the identity, as follows: 

4[<y>, s ] = <y> 

/ 4 1 - 3 A 

A[(x, t), s] = fx, 4 _ 1 > t > %s 

= (_0(x, 3s — 4i)> \s ^ t ^ \s (0 ^ s < 1) 

= <#(*, 2 t)y \s > t > o. 
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This is continuous, since for each s e I we have 

A[(x, 0>, s] = <$(*, 0)> = </„(*)> = A[<f(x 0 )>, s]. 

Furthermore, A: 1 ~ G ° F, and indeed the points of X(— X x 1) are 
kept fixed throughout the entire homotopy. In similar fashion, we verify 
F ° G ~ 1, and the theorem is proved. 


5. Properties of X in C(f) 

Throughout this section, /: X Y will be a fixed given map. It was 
seen that j(Y) is a deformation retract of C(/); we now determine the 
properties of i(X) in C(f). To cut down on symbolism, i{X) is identified 
with X. 


5.1 [C(/) x 0] U [X x I) is always a strong deformation retract of 
C(f) x I. 

Proof: Note that the map <p: C(/) —>■ / given by cp(x, *> = 1 — t, 
9 = 1 is continuous and shows X is a zero-set in C(f). Since X is a 
strong deformation retract of the halo p(X x ]0, 1]) of x in C(f), the 
proposition follows from XV, 7.4. 

5.2 X is a retract of C(/) if and only if / has a left homotopy inverse. 

Proof: Assume <P: g of ~ l x for some g : Y -> X. Define a map 
r: C( f) —> X by 

r<x, ty = <#(*, !> 

Kj> = i>. 

This is easily verified to be continuous and to be a retraction of C(f) 
onto X. Conversely, if r: C(f) -> X is a retraction, define^ = r \ j(Y); 
then <P(x, t) = r<jc, t} is continuous, and <P:g of ~ l x . 

5.3 C(/) is deformable into X if and only if / has a right homotopy 
inverse. 

Proof: Assume <P:f°g - ly for some g: YX. We first note 
that Y C C(/) is then deformable over C(/) into AT: deform 1: Y —x Y 
to fog: Y -> y and then set 

0 = <£(:y)> 0, 

^«^>, o) = </o^)>. 



372 


Chap. XVIII Homotopy Type 

Thus, preceding this with the deformation retraction of C(f) onto its 
base, we obtain a deformation of C(f) into X. The converse follows 
easily, by reversing this argument. 

5.4 Theorem X is a deformation retract of C(f) if and only if / is a 
homotopy equivalence. 

Proof: Immediate from 1.4, 5.2, 5.3, and XV, 6.4. 

This result can be regarded as reducing the concept of homotopy type 
to that of deformation retraction: For, it states in particular that two 
spaces X, Y belong to the same homotopy type if and only if they can be 
embedded in a single space Z in such a way that each is a deformation 
retract of Z. 


6. Change of Bases in C(/) 

Let /: 7 be given. In this section, we consider the effect that a 

change in X, Y (and so also /) has on the homotopy behavior of the pair 
\C(f), X]. We first change the lower base: 

/ A 

6 .1 Given X — > Y —> Z, there is an induced continuous map 
A + :(C(/), X) —> (C(A of), X). 

If A has a left homotopy inverse, then A + has a pair left homotopy 
inverse; and if A is a homotopy equivalence, then A + is a pair 
homotopy equivalence. 

Proof'. The demonstration is analogous to that in 4.3. The map 
A + is defined by mapping each segment <(#, £> linearly on the seg¬ 
ment <#, t} C C(A o /), and sending each <jy> to <A (j)>. Assume 
0: 1 ~ ft o A; define /X: [C(A °/), X] -> [C(/), X] by mapping each 
segment <X t} linearly on the arc [segment t ) plus arc &(f(x), *)], and 
send each <» to </*(*)>. We have p ° A + ~ 1, keeping I( = I x 1 ) 
pointwise fixed during the entire deformation, as is shown by 

a[(x, <>, j] = /*, 2* _ y y (i > t > 

(0 < * < 1 ) 

= <#(/(*), s - 2 1)> (i s > t > 0) 

J[<*>,s] = (0(x,s)). 
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Assume now that /x is a homotopy inverse of A. We then have the 
diagram 



where F , G are the homotopy equivalences in 4.3 constructed by using 
the homotopy <P(f(x), t) of / to /. It follows directly from the 

definitions that [l = F ° /x + ; consequently, 

(A o G) o fi = A o G ° F o jx + ~ Aop ~ 1. 

Since also fi ° A + ~ 1, Theorem 1.4 shows that jl is a homotopy equiv¬ 
alence, with homotopy inverse Ao Gop A + ~ A + , and the proof 
is complete. 


Replacing the top base of C(/), we find 

H- f ... 

6.2 Given Z —> X —> Y, there is an induced continuous map 

If /x has a right homotopy inverse, then /x + has a pair right homotopy 
inverse; and if /x is a homotopy equivalence, then /x + is a pair 
homotopy equivalence. 

Proof: The map /x + is determined by sending each segment < z , t ) 
linearly onto the segment <^( 2 ), and each <(y> to <(y>; if 1 — ^ 0 A, 
then A: [C(/), X] [C(/° ^), ZJ is defined by mapping each segment 
<A, 0 linearly onto the arc [segment <A(*), f) plus arc / ° &(x, /)]. The 
rest of the proof follows as in 6 . 1 . 

fi f X 

6.3 Theorem (J. H. C. Whitehead) Let P—> X —^ Y —> O be given. 
If [x has a right homotopy inverse and A has a left homotopy 
inverse, then there is a map <p: (C (/), X) —> (C(A ° f o ju), P) that 
has a pair left homotopy inverse; and if A, jx are homotopy equiv¬ 
alences, 99 is a pair homotopy equivalence. 
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Proof: We have p + : (C(/o A t), P) -> (C(/), X) and also 

A + :(C(/o M ), P)-(C(A P). 

If r is a right homotopy inverse of /x, then defining r as in the proof of 
6 . 2 , we find that 95 = A + o r has the required properties. 

Remark: A pair (Y, B) is said to dominate a pair (X, A) if there exists an 
/: ( X , A) —> (Y, B) that has a left homotopy inverse. With this terminology, 6.3 
becomes: If P dominates X and Q dominates Y, then the pair [C(A 0 / 0 /x), P] 
dominates [C(/), X], 

We use 6.1 in another way to derive 

6.4 Theorem (S. Eilenberg, M. Shiftman) Let/: X -> Y be a homotopy 
equivalence, and attach V n to X by a: S '” -1 —> X. Then, by attach¬ 
ing V n to Y with j 8 = fo a: S 11 * 1 Y, we have X U a V n ~ 7 V n . 

Proof: By 6.1 we have that /+ : [C(a), S’ 1-1 ] —>• [C(/° a), .S'" -1 ] is a 
homotopy equivalence. Let g be a homotopy inverse of/; then/ + ° g ~ 1 
and^ °/ + ~ 1 , keeping S 11 ' 1 x 1 pointwise fixed. Thus, attaching V n to 
each mapping cylinder by the identity map S n _1 —x S n _1 x 1, we still have 
the resulting spaces homotopic. Since these new spaces are obtained by 
attaching (V n x l)u(S n-1 x I) to X and Y by alS 71-1 x 0 and 
fo a | 5 n_1 x 0 , respectively, and since [(T n x 1 ) U ( 1 S " -1 x I), 5' n_1 x 0 ] 
is homeomorphic to ( V n , S n_1 ), the proof is complete. 

Ex. 1 Theorem 6.4 has many applications. To indicate only one of them, we 
construct models for the homotopy types of certain spaces (the abstract situation 
we describe occurs in the Morse critical point theory). Assume that a space X is 
decomposed as A 0 C B x C A x C B 2 C • • • C A n = X, where (1) A 0 is contractible, 
and for i > 1, both (2 )B t ~A { -i and (3) (A, - B h Fr(Bj)) = ( V n <, S n ‘~ 1 ) for each i. 
Then, by (1), A 0 is homotopic to a space M 0 consisting of a single point; by (2), 
we have B 1 — M 0 \ by (3), we can attach V n i to M 0 and get a space Mi ~ A lt 
By proceeding in this manner, the space X is seen to belong to the homotopy type 
of n balls of varying dimensions suitably attached to each other. 


Problems 


Section I 

1. Let Y ~ Z and let X be locally compact. Prove Y x ~ Z x . 

2. Let X ~ Y and let X be locally compact. Prove Z Y ~ Z x . 

3. For any space X, show that X~XxI~Xx E n — Ax /". 
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4. Give an example to show that (A C X) A (A ~ X) does not imply that A is a 
deformation retract of X, even though A is closed. 

5. Prove: Being a homotopy equivalence is a homotopy class invariant; that is, if 
f: X ~ Y and g — f, then g: X ~ Y. 

6. Let f:X~Y and g: Y ~ Z have homotopy inverses f',g', respectively. 
Show that g of has f ° g' as homotopy inverse. 

7. A space Y is called weakly locally contractible if each y e Y has a nbd U 
deformable over Y to y. Show that if X ~ Y and if Y is weakly locally con¬ 
tractible, then so also is X. 

Section 5 

1. Let /: X — > y, and h: X -+ Z. Prove: There exists a g: Y — > Z such that 

g of ~ A if and only if h can be extended to a map C(/) -> Z. 

2. Let g: Y —> Z and h: X —> Z. Prove : There exists an /: X —> Y such that 

g °f — h if and only if h is homotopic over C(g) to a map of X into Y. 

3. Let /: X— > Y be extendable to a map F : TX TY. Let Tf : TX-> TY. 
Prove that Tf ~ F rel X. 

Section 6 

1. Let the diagram 


/ 



be commutative. Show that there exists a continuous A:C(/)— >C(g) such 
that the diagram 



z —r^ C( g ) —w 

i p 


is commutative in each square. 

2. Let A be a strong deformation retract of X, and let Y be an arbitrary space. 
Prove: 

a. If X is attached to Y by a continuous f:A—>Y, then Y is a strong 
deformation retract of X U/ Y. 

Using this result, show that 

b. If X x 1 u A x I is attached to Y by (a, 0) ->/(a), then 

[X x 1 u A x I]VfY~Xu f Y. 

(One can use this result to obtain an evident extension of the model construction 
described in 6, Ex. 1.) 



Path Spaces; H-Spaces 

xix 


In this chapter, we consider structures consisting of a space Y together 
with a "multiplication’' F: F x Y Y that has a simple homotopy 
property. Such structures include, as special cases, both topological 
groups and path spaces. 


I. Path Spaces 

Recall that [V, 5] a path in Y is a continuous mapping of the unit interval 
/ into Y, rather than a continuous image of / in Y; that is, a path in Y 
is an element of Y 1 . The path a e Y 1 is said to start at the point a(0) e Y 
and to end at the point a(l) e Y; a closed path, or loop, at y 0 e Y is a 
path starting and ending at y 0 . The constant path rj(I) = y Q is called 
the null path, or loop, at _y 0 . 


1.1 


Definition The inverse of a path a e Y 1 is the path a~ l e Y l 
defined by the rule a _1 (£) = a(l — t), (0 < t ^ 1). The product 
of two paths a, j3, written a * /3, is defined only in case a(l) = j8(0), 
and is the path 


a* (t) 


fa(21) 0 ^ ^ \ 

1)8(2 1 - 1) i ^ 1. 
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Sec. 1 Path Spaces 

We shall always take Y 1 with the c-topology. Given a, h e Y, the 
subspace of Y 1 consisting of all paths starting at a and ending at b is 
denoted by Q( Y ; a, b) ; it is clear that Q(Y\ a, b) is nonempty if and 
only if a, b belong to a common path component of Y. In case a = b, 
Q(Y; a, a) is written simply Q( Y ; a) and is called the loop space of Y 
based at a. 

One advantage of the c-topology in Y 1 is that with no restrictions on 
Y, the path operations of inverse and product are continuous, when 
considered as functions defined on the path spaces; we now establish 
this and several other results. 

1.2 The map a -» a -1 of Q{Y\ «, b) -> Q{Y\ b y a) is ahomeomorphism. 

Proof: The map is clearly bijective. Now let/>: /-> I be the homeo- 
morphism p(t) = T — t\ by XII, 2.1, the induced map p + : Y 1 —> Y 1 is 
continuous and is precisely the map a— >a -1 . Similarly, the map 
a ~ 1 —*• a is continuous. 

The following proposition is very useful. 

1.3 Let />:/->/ be continuous and such that p( 0) = 0, p( 1) = 1 
(p is called a “parameter transformation”). Then the map a a o p 
of Q(Y; a, b) in itself is homotopic to the identity map. 

Proof: Note first that ~ 1 rel Fr(/), as p s (t) = (1 — s)p(t) + st 
(0 ^ s < 1) shows. By XV, 3.2, it follows that the induced map 
p + : Y 1 —> Y 1 is homotopic to the identity map, and since/)/ | Q(Y; a, b) 
maps Q(Y; a, b) in itself, the assertion follows. 

For the product operation, 

1.4 (1). The mapping (a, ft) a * of 

Q{Y ; a, b) x Q(Y ; b , c)-+Q(Y; a, c) 

is continuous. 

(2). If rj e Q(Y ; b) is the null path, the map aa * rj of Q(Y;a,b) 
in itself is homotopic to the identity map, and so also is the map 
jS —> rj * j8 of Q( Y; b, c) in itself. 

Proof: Ad (1). This will follow from XII, 3.1, by showing that 
the associated map D(Y; a, b) x Q(Y; b, c) x I — Y is continuous. 
This latter map decomposes into 

(a, fi, t) —> (a, t) -> (a, 2 1) —> a(2 1) 0 ^ t ^ \ 

- 1) 1. 
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In each case, the first map is a projection and therefore continuous; the 
second maps are clearly continuous, and the last maps, being evaluation 
maps, are also continuous ( cf . XII, 2.4). Since the two maps coincide 
on [Q( Y; a, b) x Q(Y\b, c)] x the result follows. 

Ad (2). Let p be the parameter transformation p(t) = min[l; 2 1]\ 
since a -> a * 17 is the map a —> a o p, the result follows from 1.3. The 
second part is proved similarly. 

For associativity and inversion we have 

1.5 (1). The maps (a, ft, y)^(a*ft)*y and (a, ft, y) — »• a * (/3 * y) of 

Q(Y\ a,b) x Q(Y; b, c) x Q( Y.\ c, d)^> Q(Y\ a, d) are homo- 
topic. 

(2). The map a —> a * a ~ 1 of Q( Y ; a, b) -> Q( Y ; a) is nullhomotopic, 
and so also is the map a —> a, ~ 1 * a. 

Proof: Ad (1). Let R(a, ft, y) = a * (ft * y) and observe that there is a 
parameter transformation p such that (a * ft) * y = [a * (ft * y)] o p for all 
a, ft, y. From 1.3 we find that p + °R — R, and the proof is complete. 
Ad (2). Define a homotopy 

[2t(\ - s) 0 ^ t ^ i 

p s (t) = < 0 < , * 1 , 

[ 2(1 - t)( 1 - s) 1 < t < 1 

showing that /> 0 — 0, and note that a->a*a _1 is the map p£ : Y 1 —> Y 1 . 
By XV, 3.2, p+ shows p£ — 0; since p s (0) = ^> s (l) = 0 for each s, 
it follows that p+ | Q(Y ; a, b ) maps Q(Y\ a, b) into Q(Y; a) for each s, 
so the proof is complete. 


The path space Q(Y;a,b) is in general not path-connected. We call 
two paths a, ft e Q( Y ; a, b) equivalent (written: a ~ ft) if they belong to 
the same path component. Stated directly in terms of the maps a, ft: 

1.6 a ~ ft if and only if a ^ ft rel Fr(7); that is, if and only if a can be 
deformed to ft without ever moving the end points. 


Proof: If 7 —x Q( Y; a, b) is a path joining a to ft, the associated map 
shows a — /3relFr(7); conversely, a homotopy rel Fr(7) gives a path 
joining a to ft (cf. XV 3.1). 


Since homotopic maps must send any given point to a common path 
component of the range space, the results 1.4 and 1.5 imply that 
(a* ft)* y ~ a* (ft *y), that a* a~ 1 ~ rj, that a - 1 * a ~ 77 , that a * rj ~ <x, 
and that rj * <x ~ a ; it is trivial to verify that if a ~ a and ft ~ ft, then 
a * ft ~ a* ft. 


ru 
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Let a g Q(Y ; a, b) be a fixed path. For any given y e Y, the path a 
induces a "transition map” a R : Q( Y\ y, a) -> Q( Y; y, b) by defining 
ce B (y) = y * a. Similarly, a induces a transition map a L : Q(Y; b, y) —> 
Q(Y;a,y) by a L (y) = a * y. According to 1.4, transition maps are 
continuous; they have the following important properties 

1.7 (a). Each a R [resp. a L ] is a homotopy equivalence with homotopy 

inverse (a -1 ) B [resp. (a -1 ) L ]. 

(b). a R ^ fi R [resp. a L — fi L ] if and only if a ~ 

Proof: We prove this for the maps a R ; that for the a L is similar. 

Ad (b). Let &: I Q(Y; a, b) be a path joining a to by 1.4(1), 
the map (y, t) -> y * [<£(*)] is continuous and shows that a R ~ /3 R . 
Conversely, assume a R ~ fi Ri or even less, that there is some y such that 
a K (y) and j8«(y) belong to a common path component. Then y * a ~ y * 
therefore y -1 * (y * a) ~ y -1 * (y * ^3), and consequently a ~ jS. 

Ad (a). Note that (a _1 ) B o a B = (a * a -1 ) K ; since a * a -1 ~ 7^, it fol¬ 
lows from 1.4(2) and from what we have just proved that (cc~ x ) R ° a R ^ 1. 
Similarly, a R ° (a -1 ) fi — 1, which completes the proof. 

In what follows, we are concerned primarily with loop spaces. Each 
path a e Q(Y; a, b) induces a transition map a + : Q(Y ; a) -> Q{Y ; b) 
given by « + (A) = a _1 *(A*a); this is continuous, and noting that 
a+ = (a -1 )^ o a R , it follows from 1.7 that 

1.8 (1). Each a + is a homotopy equivalence with homotopy inverse 

(a -1 ) + . 

(2). a + ~ j8 + if and only if a ~ /3. 


2. //-Structures 

The loop spaces of the preceding section are topological spaces in which 
a continuous multiplication, the composition of two paths into one, is 
defined. A topological group is another example of a space in which a 
continuous composition law is defined. We now consider a class of such 
structures that contains both the loop spaces and the topological groups. 

2.1 Definition An //-structure ("Hopf”, or “Homotopy” structure) is 
a couple ( Y, T) consisting of a space Y and a continuous 
T: Y x y —► y which has the following property: There exists a 
point e e Y such that maps y T(y, e) and y —> T{e, y) are both 
homotopic to the identity map of Y. 
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The map Y is called the composition law of the .//-structure ( Y> T), 
and Y is the carrier of the //-structure; T(a, b ) is written a b. When it 
is not necessary to specify T explicitly, we say simply that “ Y is an 
//-structure”. 

Ex. 1 Every topological group is an //-structure. 

Ex. 2 Given any Y, the loop space Q( Y ; y 0 ), with the composition r(a, ft) = 
a * ft, is an //-structure (cf. 1.4). T is called the natural composition law in 

£KY',y 0 ). 

Ex. 3 Let Y be any contractible space, and T: Y x Y —>■ Y any continuous 
map. Then ( Y, T) is an //-structure, since any two maps of Y in itself are homo¬ 
topic. In particular, the unit interval / with the composition law r(£ x , t 2 ) = 

[f i — t 2 1 is an //-structure. Observe (1) that the composition law is not required 
to be associative, and (2) that a given space may carry many //-structures. 

Ex. 4 Let Y be any discrete space. Selecting any e e Y, and defining T in any 
way compatible with E(e,y) = T(y, e) — y, we have that (Y, F) is an //-structure. 


The point e in the definition is not unique in general: 

2.2 Let P = {e | both of the maps y —x Y(y , e ) and y —> Y(e, y) are 
homotopic to l y }. Then P is a path component of Y, called the 
principal component of the //-structure ( Y, T). 

Proof: Choose any e 0 e P and let C be the path component of e 0 . 
Then (1) C C P: Let eeC; choosing a path a joining e to e 0 , the 
continuous map ( y , t) —> T(y, a(/)) shows that y —x T(y, e) is homotopic 
toy T(y, e 0 ), and therefore also homotopic to l y . A similar argument 
shows y •-> Y(e, y) to be homotopic to l y , and therefore e e P. (2) P C C: 
Let e e P. Then for each y e Y, the two points T(y, e ), y as well as the 
two points y, Y{e 0 ,y) must belong to common path components (the 
homotopy of y -» T(y, e) to the identity provides a path joining T(y, e) 
to y). Thus Y(e 0 , e), e 0 and also e , T(e 0 , e ) belong to common path 
components, and therefore e e C. 

An //-structure ( Y , T) induces //-structures carried by suitable spaces 
related to Y; we consider here three important //-structures that are so 
induced. 

2.3 Let ( Y, T) be an //-structure. Then its principal component P, 
with composition law Y | P x P y is an //-structure, called the 
induced H- structure in P. 

Proof: This is an immediate consequence of 2.2, since the composi¬ 
tion of two elements belonging to the principal component is again 
contained in the principal component. 
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Define Comp Y to be the discrete space of path components of Y. We 
shall denote the path component containing y e Y by [y]. 

2.4 Let (Y, T) be an //-structure. Then Comp Y, with the composi¬ 
tion law ([v], [y]) —► [T(x, 3 ;)] is an //-structure, called the induced 
H- structure in Comp Y. 

Proof: Note first that the composition law is a well-defined function: 
as in ( 1 ) of the proof of 2 . 2 , the path component containing x-y is easily 
seen to depend only on the path component of x and that ofy. Because 
[y]-[y] = [jy] 1 \f\ = [y]> the proposition is proved. 

Ex. 5 For the natural //-structure Q{ Y ; y 0 ), the induced //-structure Comp 
Q( Y ; Vo) is actually a (generally non-Abelian) group called the fundamental 
group of Y at Vo- Although this follows immediately from the work in I, we 
prefer to obtain it as a consequence of general results proved later. 

2.5 Let (Y, F) be an //-structure. Then for each locally compact 
space X, the space Y x with composition law (f,g)->T°{fxg) 
is an //-structure, called the induced H -structure in Y x . 

Proof: We first show the composition map <P: Y x x Y x —> Y x to 
be continuous. Because X is locally compact, the continuity of 0 will 
follow once we show that the associated map 0 is continuous. Observe 
that 0 can be factored so that (/, g, x ) -> (/(•*), g(x)) T(f(x), g(x)). In 

this factorization, the last map is evidently continuous, and the continuity 
of the first one follows by noting that its projection on each factor of 
Y x Y is an evaluation map that, for locally compact X, is continuous. 
Thus 0 is continuous, as required. Now let e be the constant map 
e(x) = e and let T e (y) = T(y, e ); then 0{ /, e) = T e °/, and because 
r e — 17 , it follows from XV, 3.2 that f-^f-e is homotopic to the 
identity map of Y x . Similarly, g -> e-g is homotopic to the identity map, 
and the proof is complete. 


3. //-Homomorphisms 

Let X, Y be two //-structures. A continuous map /: X -> Y is called 
an //-homomorphism whenever the two maps (x, x') f{x)-f(x') and 

(x, x') —> f(x-x’) of X x X into Y are homotopic. It is simple to verify 
that if /: X —> Y and g: Y —> Z are //-homomorphisms, so also is g of 
Whenever X and Y are discrete, an //-homomorphism is evidently a 
homomorphism in the usual sense of algebra, and the prefix “H-” will 
be omitted. 
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An //-homomorphism /: X —> Y is called an //-isomorphism if there 
exists an //-homomorphism g: Y —X such that both g ° f — l x and 
f°g — ly; in this event, the //-structures are called //-isomorphic. 
Note that an //-isomorphism is necessarily a homotopy equivalence; the 
converse need not be true. Observe also that the concepts of //-homo¬ 
morphism (//-isomorphism) are homotopy class invariants: If one map 
in a homotopy class is an //-homomorphism (//-isomorphism) so also 
are all maps in that class. 

Ex. 1 Let a, b e Y , and let a be any path from a to b. The transition map 
a + : Q(Y; a) —> b) is evidently an //-homomorphism, so by 1.8, a + is an 

//-isomorphism. 

Ex. 2 Let /: (X, a) —>(Y, b) be continuous. Then / induces an H- homo¬ 
morphism /+ : Q(X; a) —> Q(Y; b) by setting f+(a) = / ° a; the continuity of / + 
follows from XII, 2.1, and verification that /+ is an //-homomorphism is trivial. If 
/is a homotopy equivalence, then/ + is an //-isomorphism. For, let# be a homotopy 
inverse of /, and let &: g ° f ~ 1. For each s, 0 < s ^ 1, let a s be the path 
t -» 0[a, s + (1 — s)f] and define G: Q(Y; b) Q(X; a) by 

GO*) = [«i] + ° g+G/); 

G is continuous and an //-homomorphism. For each A e Q{X\ a), let 

A.(t) = #(A(t), s) 

and define a homotopy W: Q(X; a) x / —> Q(X; a) by (A, s) —> a s -1 * A s * a s ; then 
¥ is continuous, and ¥(A, 0) = G °/ + (A), so using 1-4(2), we conclude that 
G ° /+ ~ 1. In similar fashion,/+ ° G ~ 1, and the assertion follows. 

Ex. 3 Let Y be an //-structure, let X, Z be locally compact spaces, and/: X-^-Z 
be continuous. The induced continuous / + : Y z —> Y x is an //-homomorphism 
of the induced //-structures in the function spaces. Furthermore, if/is a homotopy 
equivalence, then / + is an //-isomorphism. 

For any two spaces X, Y, a continuous /: X -> Y induces a map 
f c : Comp X —> Comp Y by f c [x\ = [/(*)]• 

3.1 If X, Y are H- structures, and f:X—>Y is an //-homomorphism 
(//-isomorphism), then f c is also a homomorphism (isomorphism) 
of the induced //-structures in Comp X, Comp Y. Furthermore, 
homotopic //-homomorphisms induce the same homomorphism. 

The trivial proof is omitted. 

Let ( Y , T), ( Y, T') be two //-structures on the same space. Note that 
the identity map l y is an //-isomorphism if and only if F — T'; in this 
case we say T, F' are equivalent //-structures on Y. It is obvious that 

3.2 Equivalent //-structures on Y induce the same H -structure in 
Comp y. 



383 


Sec. 4 H-Spaces 

Ex. 4 All H-structures on a contractible space are equivalent. 

Ex. 5 Distinct H-structures on a discrete space (with more than one point) 
are never equivalent. It is true, but much more difficult to prove, that there exist 
path-connected spaces having at least two nonequivalent H-structures. 


4. //-Spaces 

It is not true that every space can carry an //-structure; spaces that do 
admit an //-structure are called //-spaces. 

Ex. 1 Every group space, and every loop space, is an H-space; each contractible 
space is an H-space. 

Ex. 2 S°, S 1 , and S 3 are group spaces (integers mod 2, complex numbers of 

norm 1, and quaternions of norm 1, respectively). S 7 is an H-space (Cayley 
numbers of norm 1), but not a group space. It has been proved by J. F. Adams 
that, among the spheres, S °, S 1 , S 3 , and S 7 are the only ones that are H-spaces. 

Ex. 3 Any space with a non-abelian fundamental group (a figure 8, for example) 
cannot be an H-space, as we shall see in 8.4. 

The notion of //-space is significant only for path-connected spaces, 
because 

4.1 In order that Y be an //-space, it is necessary and, if Y is locally 
path-connected, also sufficient, that one path component of Y be 
an //-space. 

Proof: Necessity follows from 2.2. Sufficiency: If P is a path 
component carrying an //-structure, define a composition in Y by 
preserving that on P, setting y -y' = y' -y = p 0 e P whenever y, y' e P , 
and p-y = y-p — y whenever y & P, p e P. This composition is con¬ 
tinuous, since in locally path-connected spaces each path component is 
both open and closed, and defines an //-structure on Y. 

The concept of //-space is also a homotopy type invariant: 

4.2 Let (F, T) be an //-structure, X any space, and f:X-+Y a 
homotopy equivalence with homotopy inverse g. Define a composi¬ 
tion law in X by r 0 (#, #') = g ° T( f(x), f{x’)). Then (X, T 0 ) is an 
//-structure and both /, g are //-isomorphisms. 

Proof: We first show that T 0 determines an //-structure on X. 
Note first that from f o g ~ l y , it follows that f(X) contains points from 
each path component of Y, so we can choose an e e X such that f(e) 
belongs to the principal component of Y. Define h{y) — y-f(e); then 
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(2.2) we have h ca l y and the map x -> r o (^, e) is precisely the map 
goh°f^g°f — l x . Similarly, x —r o (e, x) is homotopic to l x and 
(X , r 0 ) is an //-structure. That /, g are //-homomorphisms follows at 
once because f°g — 1. 

Note that the //-structure imposed on X depends on the particular 
homotopy equivalences that are used: If/', g' is another pair, and if 
f — f (so that g — g' also), then the //-structures imposed on AT by the 
pairs (/, g) and ( f',g ') are easily seen to be equivalent. 

Observe that to show (X , r o ) is an //-structure, we require only the 
hypotheses (1) g°f an 1, and (2) f{X) contains points of the principal 
component of Y ; in this case, however, it may not be true that / and g are 
//-homomorphisms. Since the hypothesis (2) is always satisfied when¬ 
ever Y is path-connected, we have 

4.3 Every space dominated by a path-connected //-space is also an 
//-space. 

Ex. 4 A retract of a path-connected //-space Y is also an H- space, since Y 
dominates each of its retracts. 

Ex. 5 Q(Y; a, b) is an //-space: for, by using 1.7, we find that Q(Y; a, b) ~ 
Q(Y-,a). 

Ex. 6 A homotopy type containing a group (or H -) space is composed entirely 
of H- spaces. The homotopy type of S 7 consists only of //-spaces and H. Samelson 
has shown that it contains no group space. 


5. Units 

By a unit of an //-structure Y is meant an element e such that e-y = 
y-e=y for all y e Y. There can be no more than one unit, since for 
any two units e , e ', we would have e — e-e' = e'. Not every //-structure 
has a unit: For example, the natural //-structure Q(Y;y 0 ) has no unit. 
However, it is trivial to verify 

5.1 Any //-structure on a discrete space has a unit. In particular, the 
induced //-structure on Comp Y always has a unit. 

The requirement that an //-structure have a unit is not an essential 
restriction. To see this, we need 

5.2 Lemma Let Y be an //-structure, let e be a point in the principal 
component, and let R be a homotopy of the map y -> e-y to the 
identity, R(y, 0) = e •y . Then there exists a homotopy L of the 
map y —> y ■ e to the identity such that the two paths L e (t ) = L(e, t) 
and R e (t ) = R(e, t) from e-e to e are equivalent. 
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Proof: Let l be any homotopy of y^-y-e to l y , where 
l(y, 0) = y-e. We first show that there is a loop a at e such that 

R e ~ (e-a) * l e . 

Let a = Rg*^ 1 . Regarding a as a map a: (S 1 , p 0 ) —>• (F, ee) and 
noting that (.S' 1 x 0) U ( p 0 x /) is a retract of S 1 x /, it follows that we 
can deform a- to a map a: (S 1 , p 0 ) (Y, e) in such a way that the image 

of p 0 traces R e during this deformation. The homotopy R(a(t ), 1 — s), 
0 ^ s ^ 1, transforms a to the path e-a. During these two deforma¬ 
tions, the image of p 0 traces the path R e * Rg 1 , which is equivalent to a 
null path, so that (XV, 8.3) d can be deformed to e-a without ever 
changing the image of p 0 ; that is, d ~ e - a. Thus 

R e ~ R e * l e 1 * 4 ~ « * lg ~ (e-a) * l e . 

Now define 

fy ■ a(2t) 0 ^ f \ 

L{y> t) = < 

[l(y, 2t — 1) i < t< 1. 

For t = we have y-a( 1) = y« = l(y, 0), so that L is continuous. 
L is evidently a homotopy of the map y^-y-e to l y , and 
L e = (e ■ a) * l e ~ R et completing the proof. 

5.3 Theorem Let Y be an //-structure and e any point of the principal 
component. Let Y' be the subspace (Y x 0) U (e x I) C Y x I. 
Then: 

(1) . The //-structure on V(= Y x 0) can be enlarged to an 

//-structure with unit on Y'. 

(2) . The deformation retraction of Y' collapsing / to e is an 

//-isomorphism. 

Proof: Ad (1). Let y e Y, s, tel. To extend the //-structure, we 
need define onlyy-s, t-y, and t-s. Using the homotopies R, L of the 
lemma, define y-s = L(y, s), t-y = R(y,t). It remains to define t-s. 
For this, consider the map <P: Fr(/ 2 )—> Y' given by &(t, 1) = 0(1, t) = t, 
0(0, = L{e, s ), <P(t, 0) = R(e, t ). On Fr(/ 2 ), this map is equivalent to 
L e * Rg 1 , which is nullhomotopic; consequently, 0 is extendable to a 
continuous y 7 :/ 2 —^ Y'. We define t-s = L*{t, s). It is easy to verify 
that this composition determines an //-structure on Y' and has t = 1 as 
unit. 

Ad (2). It is clear that the collapsing map r : Y' -> Y is a homotopy 
equivalence with homotopy inverse the inclusion i: Y Y'. Since i is 
evidently an //-homomorphism, we need prove only that r is one also. 
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A routine calculation shows that the map A : Y' x Y' x I —>- Y\ 
given by 

4(y>y; T ) = y-y, 

A(y, s; t) = L(y, sr), 

4(t y y; r) = /?(>>, /t), 

t) = ro ^(fr, sr), 

is consistently defined and therefore is continuous. It deforms r{y')-r{y") 
to r(y’ •/'). 

Observe that the //-structure on Y' depends on the homotopies L, R 
that are used, and also on X P\ however, 5.3(2) assures that the H- 
structure on Y' is, up to an //-isomorphism, completely determined by 
the given //-structure on Y. 

6. Inversion 

An //-structure Y is said to admit inversion if there exists a continuous 
<p: Y-> Y having the following property: the map y->y-(p(y) is homo¬ 
topic to a constant map that sends Y to a point of the principal component. 
An //-structure together with such a map is called an //-structure with 
inversion, and we write <p(y) = y~ x . 

Ex. 1 If an //-structure on a discrete space admits inversion, then y-cp(y ) = e 
for every y, where e is the unit. It need not be true that cp(y)-y = e, as simple 
examples show. 

Ex. 2 Every //-structure on a contractible space admits inversion. 

Ex. 3 The natural //-structure Q(Y;y 0 ) admits inversion, since a —> a. * cc -1 
is nullhomotopic. 

Ex. 4 If Y is an //-structure with inversion, then for any locally compact X , 
the induced //-structure on Y x also admits inversion: we set 66(f) = 9 oof. 

6.1 If an //-structure Y admits inversion, then the induced //-structure 
on Comp Y also admits inversion. 

Proof: We need only set <P[x] = [</(.v)]. 

The notion of an //-homomorphism / of //-structures is extended to 
//-structures with inversion by including the requirement that the two 
maps y —>f(y ~ x ) and y—>(f(y ))~ 1 be homotopic. 

The possession of //-structures with inversion is a homotopy class 
invariant: 

6.2 Let X, Y be //-structures, and f:X-+ Y an //-isomorphism. If 
the H -structure Y admits inversion, then inversion can be defined 
for the //-structure X so that/is an //-isomorphism in the extended 
sense given above. 



Sec. 7 Associativity 387 

Proof: If g: Y —v X is an //-isomorphism that is a homotopy inverse 
for/, define x~ 1 = the completion of the proof is left for the 

reader. 


7. Associativity 

An //-structure Y is //-associative if the two maps (x, y , z) —> x-(y •#) 
and (x, y, s') -> (x-y)-z of Y x Y x Y into Y are homotopic. 

Ey. 1 All //-structures on a contractible space are //-associative. 

Ex. 2 The natural //-structure Q(Y; y 0 ) is //-associative (cf . 1 . 5 ). 

Ex. 3 If Y is //-associative, the induced //-structure in Y x is also //-associative. 

7.1 (a). If an //-structure Y is //-associative, then the induced 

//-structure on Comp Y is associative. 

(b). If two //-structures are //-isomorphic, and one is //-associative, 
so also is the other. 

The simple proofs are omitted. 

The main result is 

7.2 Theorem If the //-structure Y is //-associative and admits 
inversion, then: 

(1) . All path components of Y belong to the same homotopy type. 

(2) . The induced //-structure on Comp Y is in fact a group 

structure. 

Proof: Ad (1). Let P be the principal component and C any path 
component. Define f:P-+C by choosing a definite c 0 e C and setting 
f(y) = y-c 0 . It is easy to see that because of the //-associativity, / is a 
homotopy equivalence with homotopy inverse y y-c ^ 1 . 

Ad (2). By 5.1, 6.1, and 7.1, Comp Y has a (two-sided) unit E, 
is associative, and each element B has a right inverse B~ x . A purely 
algebraic consequence is that B~ x is also a left inverse of B: in the 
expression D = B' 1 • B-B~ x -(Z? -1 ) -1 , combine the last two terms to 
get D = B~ l ■ B; on the other hand, combining by pairs from the middle 
gives D = E. Thus Comp Y is a group. 

7.3 Corollary If Y is an //-associative //-structure with inversion, then 
for any locally compact space X, all the path components of Y x 
belong to a common homotopy type. Furthermore, with the 
induced //-structure in Y x , Comp Y x is a group. 
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Proof: Immediate from Ex. 3 and 6 , Ex. 4. 

7.4 Corollary Let Y be any path-connected space. Then : 

(a) . For each e Y , all the path components of Q( Y;y 0 ) belong 

to a common homotopy type. 

(b) . Comp Q(Y;y 0 ) is always a group, called the fundamental 

(or: first homotopy) group at y 0 . 

(c) . The fundamental groups at distinct points are isomorphic 

(so we can speak of the fundamental group). 

(d) . The fundamental group is a homotopy type invariant. 

Proof: These are all immediate consequences of 7.2, in view of 6, 
Ex. 2; 3, Ex. 2; and 3.1. 

Let T 0 (Y) denote the homotopy type of the path-connected Y. Let 
Y 1 be any path component of Q{ Y; y 0 ) and let Tf Y) be the homotopy 
type of Y 1 ; T x ( Y) depends only on the homotopy type of Y. Repeating 
this construction, starting now from Y lt gives a path-connected space 
Y 2 belonging to a homotopy type T 2 (Y), which depends only on that 
of Y. In this way, we obtain a sequence 

V V V ... V ... 

L 7 i> ± 2> > x n> 

of path-connected spaces belonging, respectively, to homotopy types 
Tq(Y), 7\(Y), T 2 (Y), • • •, T n (Y), • • •, 


which are uniquely determined by the homotopy type of Y. T n (Y) is 
called the nth derived homotopy type of Y; the fundamental group of 
Y n is called the (n 4- l)st homotopy group of Y. Note that each Y if 
i ^ 1, is an i7-space. 


8. Path Spaces on //-Spaces 

Let (Y, T) be an //-structure. Its conjugate //-structure is (Y, r + ), 
where r + (^, y) = T(y, x). A given //-structure is called //-abelian if 
it is equivalent to its conjugate //-structure. 

8.1 (1). An //-abelian //-structure Y induces an abelian //-structure on 

Comp Y. 

(2). An //-structure //-isomorphic to an //-abelian //-structure is 
itself //-abelian. 
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Proof: (1). is trivial; (2) follows by noting that whenever two 
H -structures are //-isomorphic, so also are their conjugate structures. 

Let Y be an //-structure with unit e ; then the composition law induced 
on the function space Y 1 maps Q( Y ; e) in itself, so we find now that 
Q(Y\e) carries two //-structures: (a) this induced //-structure, and (b) 
the natural //-structure. 

8.2 If Y is an //-structure with unit, the induced //-structure on 
Q( Y ; e) is equivalent to the natural //-structure Q( Y; e). 

Proof: The induced //-structure has composition law (a, j3) -> a-/?, 
where a-j8 is the path <x(t)-p(t). Choose the parameter transformations 
p 0 (t) = max[0, 2 1 - 1] and pft) = min[l, 2 1\. Since each p t ~ 1, and 
since e is a unit, the map (a, /?) —> a • jS is homotopic to the map 
(a, /?) -> (a o pf) • (j8 o p Q ). Noting that (a ° pi) • (£ ° p 0 ) = « * P com¬ 
pletes the proof. 

8.3 Theorem Let Y be a path-connected //-space. Then the natural 
//-structure Q( Y ; y n ) is always //-abelian. 

Proof: There is no loss in generality to assume that Y carries an 
//-structure with unit e 0 . Indeed, given an //-structure on Y, there is 
(5.3) an //-isomorphism of Y with an //-structure Y' having a unit, 1. 
By 3, Ex. 2, £?(F, e) is //-isomorphic to Q{Y'; e), which, by 3, Ex. 1, is 
//-isomorphic to Q(Y', 1); using 8.1(2), it would then suffice to show 
that f2(Y'; 1) is //-abelian. 

Then let e 0 be the unit, let S be the induced //-structure Q{ Y ; e 0 ), and 
let S + be that induced by the conjugate //-structure in Y ; clearly S and 
S + are conjugate //-structures carried by /2( Y; e 0 ). Let N be the natural 
//-structure on Q( Y, e 0 ) and let N + be the conjugate //-structure. 
Using 8.2, we have that N is equivalent to S, and therefore N + is 
equivalent to S + . However, by 8.2 again, N must also be equivalent to 
S + ; thus N is equivalent to N + , and the proof is complete. 

By 8.1(1) we immediately obtain 

8.4 Corollary The fundamental group of any path-connected //-space 
is abelian. 

Note that, since the derived homotopy types of any space are always 
represented by //-spaces, it follows that, for all n ^ 2, the nth homotopy 
group of any space is abelian. 
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Problems 


Section I 

1. Let a, a', b, b' be any four (not necessarily distinct) points lying in a single 
path component of Y. Show that Q(Y; a, a') ~ Q(Y; b, b'). 

2. Prove that any two path components of £?( Y; a, b) belong to the same homotopy 
type. 

3. Let Y, Z be path-connected spaces belonging to the same homotopy type. 
Prove that any path component of Q( Y ; a, b) belongs to the same homotopy 
type of any path component of Q(Z; c, d). 

4. Let y 0 e Y and let p 0 e S 1 be fixed points, and let A e Y sl be the subspace of 
all maps sending p 0 to y 0 . Prove A is homeomorphic to Q{ Y; y 0 ). 

5. For any two subsets of A, B of Y, let 

Q(A, B) = {aeY'| ct(0) e A, a(l) £ B }. 

Assume that A is contractible over Y to a point y 0 . Prove that 
Q(A, B) ~ A x Q(y 0 ; B). 


Section 2 

1. What is the principal component of the natural //-structure £2(Y, y 0 )? 

2. Let Y be a topological group and X a locally compact space. Prove: 

a. The induced //-structure Y x is also a topological group. 

b. The induced //-structure Comp Y x is also a topological group. 

c. Show that the principal component P of Y x is a normal subgroup 
and that Comp Y x is isomorphic to Y x /P. 


Section 5 

1. Let Y be a Hausdorff space, and y 0 e Y. Let A C Y x Y be the closed subset 
(Y x ]) 0 ) u ( y 0 x Y) and let /: A -> Y be the map f(y, y 0 ) = f(yo, y) = y . 
Prove: Y carries an //-structure with unit y 0 if and only if Y is a retract of 
(Y x Y) U/ Y. 

Section 6 

/. In the extension of Y to Y' described in 5.3, show that whenever Y admits 
inversion, the inversion can be chosen in Y' so that 1 1 = 1. 

Section 7 

1. Let Y be any path-connected space. For each integern ^ 1, let I n be the unit 
n-cube and Q n ( Y, y 0 ) the subspace of Y ,n consisting of all 

/: (/", Fr(/ n )) —► ( Y, y 0 ). 
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Let k n (I n ) — y 0 be the constant map. 

a. Prove that Y; y 0 ); k n ) is homeomorphic to Q n + 1 ( Y ; y 0 )> [Represent 

I n + 1 as I n x I and define h: Q n + 1 Q(Q n ) by h[f(x,t)] = [f(x)](t) 
(x, t) e I n x I.] 

b. Prove that any path component of Q n ( Y, y 0 ) belongs to the homotopy type 
T„(Y). 

2. Let Y be an arbitrary space, and let a, b, be two points of Y. Let X be a 
locally compact space, and denote the poles of its suspension SX by p + and p _. 
Let {SX, F} be the space of all maps of SX into Y sending p+ to a and p- to b. 
Show that {SX, Y} ^ [f2( Y; a, 6)]^, and that consequently {SX, Y} has an 
//-structure such that Comp {SX, Y} is a group. Describe a composition 
operation in {SX, Y}. 

3. Show that the fundamental group of S 1 is an infinite cyclic group. [Hint: 
see XVI, 7 . 4 .] 

4. Prove that the fundamental group of S n , n ^ 2, is trivial. 

5. Show that the fundamental group of any contractible space is trivial. 



Fiber Spaces 

xx 


In this chapter, we will consider only the covering homotopy property 
in fiber structures, and some of its more immediate consequences. Our 
aim is to establish that, under fairly general conditions, the local validity 
of the covering homotopy property implies its validity in the large. 


I. Fiber Spaces 

l.l Definition A fiber structure is a triple (E, p, B) consisting of two 
spaces E, B and a continuous surjection p: E -> B. 

The space E is called the total (or fibered) space; p is termed the projec¬ 
tion, and B is the base space. We refer to ( E , p , B) as a fiber structure 
over B , and for each b e B, the set p~ x {b) is called the fiber over b. 

Let (E, p, B) be a fiber structure, let X be an arbitrary space, and let 
g : X -> B be continuous, so that we have the diagram 

E 

P 

T 

X -> B 

g 
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A continuous g: X E such that p o g = g is called a lifting of g into E 
(or, more simply, a covering of g). In particular, a lifting a of the 
identity map 1: B —> B into E is called a cross section; since p ° a = 1, 
every cross section is evidently injective. 

Ex. 1 A map g: XB need not be liftable into E. Let (E 1 , p, S 1 ) be the 
fiber structure with projection p(x) = e ix and let X — S 1 . It is easy to see that 
the identity map g: X —> S 1 cannot be lifted into E 1 [for example, this follows 
directly from XVI, 6.2(2)]. In particular, this fiber structure does not have a 
cross section. 

The general question that we will consider is the following: if^: X—> B 
can in fact be lifted to a g: X -> E, then can every homotopy of g be 
covered by a homotopy of gl Fiber structures in which this can always 
be done are very important in modern topology. 

Ex. 2 If g: X —> B can be lifted to g: X —> E, then a homotopy of g may not 
be liftable to a homotopy of g. Let E = (/ x 0) U (0 x I) and let (E, p, I) be the 
fiber structure with projection p(x, y) = x. Let X be any space, let g: X1 be 
the constant map g(X) — 0, and lift g to the constant map g, where g(X) — (0, 1). 
Then the homotopy <P(X, t) = t of g cannot be covered by a homotopy of g. 

Let <p: X x I —> E be a homotopy covering <p. We say that <p is 
stationary with cp if for each x 0 e X such that (p(a; 0 , t ) is constant as a 
function of Z, the function <p(x 0 , £) is also constant. 

1.2 Definition (1). A fiber structure (E, p, B) is called a fiber space 
(or fibration) for a class s/ of spaces if the following condition 
(called the covering homotopy condition) is satisfied: For each 
X e s/y each continuous /: X x 0 —> E and each homotopy 
(p: X x I-^B of pof, there exists a homotopy <p of / covering y. 
The fibration is regular if <p can always be selected to be stationary 
with 99 . 

(2). A fiber space for the class of all spaces is called a Hurewicz 
fibration. 

Ex. 3 Let p: Y x Z —> Y be the natural projection p{y, z) = y. Then 
(Y x Z,p, Y) is a regular Hurewicz fibration. In fact, let p z : Y x Z Z be 
the projection; then for any continuous f:XxO—> Y x. Z and homotopy 
<p: X x I^ Y of p 0 f, the map y(x, t) = {y{x, t ), p z 0 f(x, 0)) is a covering 
homotopy, and is stationary with 99 . 

Ex. 4 Let B be any space, let Z be a normal locally compact space, and let 
z 0 e Z be a G d and strong nbd deformation retract of Z. Let to: B z —> B be the 
evaluation map 00 (g) = g(z 0 ). Then (B z , 00 , B) is a Hurewicz fibration. Indeed, 
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let /: X x 0 —> B z be continuous, and let cp: X x I —> B be a homotopy of 
a> of. Since Z is locally compact, the associated map f:Xx Ox Z^B is 
continuous. Let L = X x [(0 x Z) (I x { 0 O })]> an d define fx: L —> B by 

/x(x, 0, z) = f(x, 0, 0 ), 
p(x, t, z 0 ) = (p(x, t), 

which is continuous. Because (0 x Z) W (/ x { 00 }) is a retract of I x Z, we find 
that L is a retract of X x / x Z, so that fx is extendable to a ip: X x / x Z —> B; 

the associated map ifj : X x / —> B z is the required covering homotopy. 

Ex. 5 If (£, p, B) is a fibration for the class sZ of spaces, then for each C C B, 
the fiber structure (p - 1 (C), p \ p~ l {C), C) is also a fibration for the class jZ of 
spaces. 

We derive some immediate consequences of the covering homotopy 
condition. 

1.3 Let (E, p, B) be a fibration for the class sZ of spaces, and let 
XejZ. ' 

(1) . If /: X -> B is nullhomotopic, then / can be lifted into E. 

In particular, if B E sZ and if B is contractible, then a cross 
section always exists. 

(2) . A g: X —> E can be deformed into a single fiber if and only 

if* o g is nullhomotopic. 

Proof: (1). Let <p: X x / —► B be a nullhomotopy of f, with 
< p(X , 0) = b 0 . Since the map X —> b 0 can be lifted, so can the homotopy 
cp, and the map x —> <p(x, 1) is a lifting of / into E. The proof of (2) is 
entirely analogous. 

For any two spaces, X, Y, a surjective f:X—>Y is called irreducible 
whenever all maps homotopic to / are also surjective. Obviously, if Y 
has more than one point, an irreducible map is never nullhomotopic; in 
the particular case Y = S n , the irreducible maps are exactly those maps 
that are not nullhomotopic. 

1.4 Let (E, p, B) be a fibration for the class sZ of spaces, and let 
X g sZ . If /: X —> E is irreducible, then so also is p of. In particu¬ 
lar, if E e sZ and if 1: E —>■ E is irreducible, then so also is p: E —> B 
and 1 : B ^ B. 

Proof: A homotopy of p ° f that frees a point of B would be covered 
by a homotopy of / that frees an entire fiber, so the first assertion is 
proved. To establish the remaining ones, we need observe only that 
\ E : E —>• E is a lifting of p: E -> B, so that a homotopy of p (or of 1 B ) 
can be covered by a homotopy of 1 E . 
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1.5 Let (E, p, B) be a regular fibration for the class s/ of spaces, and 
let E e s/. If C C B is a strong deformation retract of B, then 
p~ x {C) is a strong deformation retract of E. 

Proof: Let cp: B x I -> B be a strong deformation retraction; we 
write cp(b, t) = <p t (b), and let <p 0 = \ B . Since 1 £ covers <p 0 ° p, there is a 
homotopy <p t of 1 E covering <p t ° p , and which is stationary with <p t o p. 
Thus, <pi (E) C p \C) and <p t (e) = \ E {e) = e for each eep~ x (C) and 
tel, so <p t is the required deformation retraction. 

Let (E, p, B) be a fiber structure, let X be any space, and let£: X -> B 
be any continuous map into the base B. Let E(g) C E x X be the sub¬ 
space E(g) = {(*?, x) | p(e) = £(x)} of the cartesian product, and let 
q : E(g) —>• X be the projection q(e, x) = x. The fiber structure 
(E(g), q , X) is called the fiber structure over X induced by the map 
g. x B ; intuitively, E(g) is formed by placing over x the fiber found 
over g(x). Letting tt: E(g) -> E be the projection n(e, x) = e, it is 
immediate from the definitions that the diagram 

E(g) E 

P 

Y 

B 


X 


is commutative. 


1.6 Let (E, p, B) be a fibration for the class s/ of spaces, let X be an 
arbitrary space, and let g : X B be any continuous map. Then 
(E(g), q, X) is also a fibration for the class stf of spaces. 

Proof: Let Yes/, let f:Yx 0 ^ E(g) be continuous, and let 
(p: Y x I —^ X be any homotopy of q of. Then g ° <p: Y x I -> B is a 
homotopy o(g°q°f = p°7r°f, so there is a homotopy ( P\ Y x / —> E 
of tt o f covering g ° <p. The continuous map <p: Y x I —> E x X given 
by <p(y, t) = (<£(j, t), <p(y, t )) actually maps Y x I into E(g), since 
p o &(y, t) = g o cp(y, t) for all {y, t) e Y x I, and is evidently a homo¬ 
topy of / covering <p. 


2. Fiber Spaces for the Class of All Spaces 

In this section, we obtain an intrinsic characterization of the Hurewicz 
fibrations, and use this to derive some of their special properties. 

Let (E, p, B) and/: X x 0 —>• E be given, and let <p\ X x I B be a 
homotopy of p ° /. For each x e X, the map t <p(x, t) defines a path 
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cp x in B. The problem of finding a covering homotopy is essentially that 
of lifting each path <p x to a path in E starting at f(x, 0) in such a way that 
the family {<p x | x e X } is lifted “continuously” into E. Thus, we may 
expect to have an intrinsic characterization of the Hurewicz fibrations if 
we require that the family of all paths in B can be “continuously” lifted 
in a similar manner. 

To state this lifting process precisely, we use the c-topology in both B l 
and E 1 , and make the 

2 .1 Definition Let (E, p, B) be a fiber structure, and let A C E x B 1 
be the subspace A = {(e, a) | p(e ) = oc(0)} of the cartesian product. 
A lifting function for (E, p, B) is a continuous map A: A —> E 1 such 
that X(e, a)[0] = e and p ° X(e, «)[£] = a\t\ for each ( e , a) e A and 
tel. We say that A is regular if A(e, a) is a constant path whenever 
a is a constant path. 

A lifting function therefore associates with each e £ E and each path a 
in B starting at p(e), a path X(e, a) in E starting at e and covering a. 
Since the c-topology is used in E 1 , the continuity of A is equivalent to 
that of the associated X: A x 1 — E. 

Ex. 1 In the fiber structure ( Y x Z, p, Y) of I, Ex. 3, the map A[(y, z), a](£) = 
(a(t), z) is a regular lifting function. 

2.2 Theorem (M. L. Curtis; W. Hurewicz) The fiber structure 
( E , p , B) is a (regular) Hurewicz fibration if and only if a (regular) 
lifting function exists. 

Proof: Sufficiency. Assume that (E, p, B ) has a lifting function. Let 
f:X x 0 —> E be given, and let ep : X x / —> B be a homotopy of p ° /. 
For each x e X, let <p x be the path t —> cp(x y t). Then <p(x, t) = 
A[/(x, 0), ^(i) is the required covering homotopy, and is stationary 
with (p whenever A is regular. 

Necessity. Let X = A, and let 9 0 : A x I B be the map <p[(e, a), ?] = 
a(t). Let f: A x 0 —E be given by f\{e y a), 0] = e. Since p{e) = a(0) 
for each (e, a) e A, we have p ° f = cp \ A x 0. Letting <p\ A x / —> E be 
a homotopy covering <p, the associated map A: A —^ E 1 is a lifting func¬ 
tion, which is regular whenever <p is stationary with <p. 

2.3 Corollary. Let ( E , p, B) be a fibration for the class of metric 
spaces. If both E and B are metric spaces, then (E, p, B) is a 
Hurewicz fibration. 

Proof: In this case, A C E x B 1 is a metric space, and the proof of 
the “necessity” in 2.2 shows that a lifting function exists. 
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2.4 Corollary. Let ( E , p , B) be a Hurewicz fibration. If B is a metric 
space, then ( E , p> B) is a regular Hurewicz fibration. 

Proof: Let A: A E 1 be a lifting function for (E, p, B). Choose a 
metric d for B such that 8(B) < 1, and for each a e B 1 let d(a) — S [<*(/)]. 
Define 

a(t) = a[t/d(a)\ t < d( a) 

= a[l] t ^ d(a ), 

and let e, a)\t\ — \(e, a)[t • d( a)]. Then % is a regular lifting function. 

In the remainder of this section, we establish some special properties 
of Hurewicz fibrations that illustrate the use of lifting functions. 

A Hurewicz fibration always has an extended lifting function A which, 
with each e e E, each s e I and each path a in B going through p(e) at 
time t = s y associates a path in E going through e and covering a: 


2.5 Let (E, Py B) be a Hurewicz fibration. Let D C E x B 1 x / be 
the subspace D = {(e y a, s) | p(e) = a(s)}. Then there exists a 
continuous A: D —> E 1 such that A(e, a, s)[s] = e and 

p o A(e, a, $)[£] = a\t\ 

for each ( e, a, s) e D, t e I. If (E, p, B) is regular, then A can be 
selected to send constant paths to constant paths. 


Proof: Let A be a lifting function. Given (e, a, s) e D, define 


«•(*) = 


a s (t) = 


a(s + t) 0 ^ t ^ 1 - s 

a(l) 1 — S ^ t ^ 1 


a(s — t) 0 < t < S 

cc(0) 5 ^ t ^ 1 

to get two paths starting at a(j); lift each of them to start at e and re¬ 
parametrize, by setting 

A(e, a s )[j — t\ 0 ^ t ^ s 

^ A(e, a s )[£ — 5 ] s ^ t ^ 1 

to obtain the desired lifting function. To verify that A is continuous, 
decompose it into 


A(e, a, $)[*] - 


(e, a, Sy t) ^ (e f a s , Sy t) > ( e , cc s , s t) >■ A(e f oc s )[^ t\ 0 ^ ^ 5 , 

(e, a, Sy t) —> ( e, a s , s f t ) -> (e } a s , t — s) —> A(e, a s )[£ — s] s ^ t ^ 1. 

The maps a —> a s and a -> a s of B 1 into itself are each continuous (XII, 
2 . 1 ) so that the first map in each string is continuous; since the remaining 
maps in each string are continuous, and since the resulting maps agree 
for s = t, the continuity of A follows. The second part of the proposition 
is evident from the definition of A. 
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2.6 Let ( E , p, B) be a regular Hurewicz fibration. Let X be any space, 
let A C X be a closed subset, and let <p: (X x 0) U (A x I) E 
be a continuous map such that the image of each a x I lies in a 
single fiber (that is, p ° <p(a, t) = p ° <p(a , 0) for each a e A and 
t e I). If <p can be extended over X x 7, then can also be ex¬ 
tended over X x I in such a way that the image of each x x I lies 
in a single fiber. 

Proof: Let <P: X x IE be an extension of <p. For each 
(.v, t) e X x 7, let a(x, t) be the path s p ° 0\pc, (1 — s)£] which starts 
at p o t) and runs to p ° &(x, 0). Let A be a regular lifting function, 
and define 

<£>(x, t) = A[0 (jc, t), a(x, £)](1). 

The continuous map & is the desired extension of q>: indeed, we have 

P o 0(x, t) = a(x, £)(1) = p o 0(x, 0) 

for all (#, t) e X x I, and if a e A, then a(a, t) is a constant path, so that 
the regularity of A gives 

0(a, t) = A [0(a, t), a(a , ^)](1) = 0(a, t) = p(a, t). 

Given two fiber structures ( E , />, B) and (L, q, B) over the same base 
B, a continuous f:E-^L is called a fiber (or fiber-preserving) map 
whenever q °f = p. Two fiber maps /, h: E —L are fiber-homotopic if 
there is a homotopy such that the homotopy path of each e e E 

lies in a single fiber. The fiber structures (E, p, B) and (L, q, B) are 
fiber-homotopy equivalent if there are fiber maps f:E-+L and^: L^-E 
such that fog is fiber-homotopic to \ L and^ °f is fiber-homotopic to 1 £ . 
For Hurewicz fibrations, L3(l) can be considerably improved: 

2.7 Theorem (E. Fadell; J. Feldbau) Let (E, p, B) be a regular 
Hurewicz fibration. Assume that B is contractible to a point 
b 0 EB, and let F = p~ x {b 0 ). Then (E, p, B) is fiber-homotopy 
equivalent to the fiber structure (B x F , q, B), where q is the 
projection on the first factor. 

Proof: Let p: B x 7^ B be a contraction to b 0 , where <p | B x 0 = 1 B 
and cp(B, 1) = b 0 . For each b e B and s e 7, let a(b, s) be the path 
t —> <p(b , st) and let a*(b, s)(t) = q>[b, y(l — t)]. Define f:E^B x F by 

f(e) = {pe, X[e, cc(pe , 1)](1)}, 

where A is a regular lifting function, and let g: B x F -> E be the map 
g(b, x) = A[a:, a*(b, 1)](1). 
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It is clear that / and g are fiber maps. To show that gof is fiber- 
homotopic to 1 £ , let 0: E x / —> E be the continuous map 

0(e, s) = X{X[e, a(pe , s)](l), a*(pe, $)}(1). 

Then <P(e, 0) = e because A is regular; @(e, 1) = g ° f(e); and for each t 
the map e —> &(e, t) is a fiber map. It is equally simple to see that/© g is 
fiber-homotopic to l BxF and the proof is complete. 

Remark 1: The theorem is true without the requirement of regularity; the 
reader will easily show that in this case the map e —*■ 0 (e, 0) is fiber-homotopic to 
the identity map. 

Remark 2: The proof of 2.7 can be used to obtain the more general result: If 
(E, p, B) is a Hurewicz fibration, and if any point b 0 e B has a nbd U that is 
deformable over B into b 0t then (p~ 1 (U), p |p _ 1 (t/)> U) is fiber-homotopy 
equivalent to (U x p~ 1 (b 0 ), q, U), where q is the natural projection. 

2.8 (E. H. Spanier; J. H. C. Whitehead) Let ( E , p, B) be a Hurewicz 
fibration. If a fiber F = /> _1 (6 0 ) is contractible over E to a point 
e 0 e F , then F is an H- space. 

Proof: Let <P: F x / —x E be the contraction, where &(x, 1) = x 
for each x e F, and <P(F, 0) = e 0 . For each x e F, let a(^) be the path 
t -> p © &(x, t) in B ; the path a(x) is a loop at b 0 . Define a composition 
operation r: F x F -> F by 

E(x,y) = X[e 0 , <x(x) * a(y)](l), 

where A is a lifting function. Then r is continuous (XIX, 1.4) and 
( F , r) is an //-structure. To see that the maps x —> T{x, e 0 ) and 
o, x) are homotopic to the identity, a parameter transformation 
shows it suffices to prove that the map y{x) = A[^ 0 , a(^)](l) is homotopic 
to the identity. To do this, let 

f a(#)[s +^] 5 

a s (x)[i] = / 

[ a(jc)[l] 1 - J < / < 1 

and define 

H(x, = A[^(x, j), a s (x)](l — s). 

Then H ; F x / — > F is continuous, and H: y ~ 1 F . This completes 
the proof. 


3. The Uniformization Theorem of Hurewicz 

In this section we will show that under certain conditions, the property 
of a fiber structure to be a Hurewicz fibration is essentially a local 
matter. To make this statement precise, we first require 
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3.1 Definition Let X be an arbitrary space. An open TJ C X is called 
a cozero set if there is a continuous c: X I such that c _1 (0) = 

X - U. 

With this, the statement of the uniformization theorem becomes 

3.2 Theorem (W. Hurewicz) Let (E, p, B) be a fiber structure, and 
assume that there is a nbd-finite covering {U^ \ ft e 88} of B by 
cozero sets such that each (^) _1 (C/ i8 ), p \p~ 1 {Uf), TJf) is a (regular) 
Hurewicz fibration. Then ( E , p , B) is a (regular) Hurewicz 
fibration. 

To prove this theorem, we will need two lemmas about cozero sets in 
arbitrary spaces. 

3.3 Lemma (1). The intersection of finitely many cozero sets is a 
cozero set. 

(2) . The union of any nbd-finite family of cozero sets is a 

cozero set. 

(3) . Let U be a cozero set in X and let A C I be compact. Then 

the subbasic open set (A, XJ) C X 1 is a cozero set. 

Proof: The proof of (1) is trivial. 

(2) . Let { U 0 | ft e 88} be a nbd-finite family of cozero sets. For each 
ft e 88, choose a continuous c 0 : X 1 such that c^ 1 (0) = X — U, and 
let c(x) = sup {c tf (#) | ft G 88}. Then c: X -* / is continuous, since each 
point has a nbd on which the sup is taken over a finite subset 88' C 88, 
and c shows that IJ {U 0 \ ft e 88} is a cozero set. 

(3) . Let c: X —► / be a continuous function such that c _1 (0) = X — U, 
and let a>: X 1 x /-> X be the evaluation map. Then w is continuous 
and consequently the map b: X 1 x I —> I, given by b(f, t) = c[a>(f, £)] = 
c [/(^)] is also continuous. Let 

M/) = inf W> *) I t g A}; 

since A is compact, we have /*(/) # 0 if and only if f e (A, U ), and it 
remains to show that p is continuous. By III, 10(4), p is upper semi- 
continuous, so we need prove only that {/1 p(f) ^ s) is closed for each 
s e I. To do this, note that because A is compact, we have p(f) < s if 
and only if there is some t 0 e I such that b(f, t 0 ) ^ s; therefore, if we let 
7 t: X 1 x / -> X 1 be the natural projection, it follows that 

{/I Kf) < s ) = H 6_1 ([ 0 » *]))• 

Since b~ 1 ([0, ^]) is closed, and since a projection parallel to a compact 
factor is a closed map, the continuity of p follows. 
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3.4 Lemma. Let X be an arbitrary space, and let u = {U 3 \ (3 e 
be a covering of X by cozero sets. Assume that U can be de¬ 
composed into a countable collection = { U k% 0k | fl k e 3# k ], 
k e Z + , of nbd-finite families. Then U has a nbd-finite refinement 
by cozero sets. 

Proof: Let T k = (J { U kt 0k \ f} k e & k }\ by 3.3, each T k is a cozero 
set. We let c k : X -> / be a characterizing function for T k . For each 
k e Z + , define 

V k = T k n k C) {xeX\c n (x) < 1/k}. 

n -1 

Each V k is a cozero set: indeed, c(*) = max {0, (1/k) — c n (^)} shows 
{x e X \ c n (x ) < 1/k} to be a cozero set, and we apply 3.3(1). 

The family {V k \ k e Z + } is an open covering: given x e X, let k be 
the first index for which x e T k ; then xe T n for all n < k, so c n (#) = 0 
for all n < k, and therefore x e V k . 

The covering {V k \ keZ + } is nbd-finite: Given xeX, we have 
x e V n C T n for some n. Let ke Z + be the smallest integer such that 
c n (x) > 1/k and consider the nbd G = {# | c n (x) > 1/k} of x If r ^ 
max (k, n), then V r C (x | c n (x) < 1 fr} and, since 1/r ^ 1/k, we have 
Gn V r = 0. Thus, G meets at most finitely many sets V t . 

It now follows that {V k n U kt 0k \ kE Z + , p k e & k ] is a nbd-finite 
cozero refinement of U and the lemma is proved. 

Proof of Theorem 3.2: We shall construct a lifting function for ( E , p, B ). 
For each finite set {j3 1? • • •, /9 n } of indices, let W(f3 x , • ■ •, /3 n ) C B 1 be 
the set of all paths a such that 

a(t) E U 0k for ( k — 1 )/n < t ^ k/n. 

Letting I t = [(*' - 1 )/n, i/n\, we have W(P 1} ■ • -, p n ) = f) (I u U fi ), so 

i 

that each W(/3 U • • •, /3 n ) is a cozero set ( cf . 3.3) in B 1 . For each «eZ + , 
let = {JF(01, • • *,^„) | (Pi, • • -,^ n )en then 2B = (J is 

1 n 

evidently an open covering of B 1 and, furthermore, each family 2B n is 
nbd-finite: given a e B 1 , the compact a (I) C B has a nbd V meeting at 
most finitely many U 0 (cf. XI, 1.5), so the nbd (/, V) of a can meet at 
most finitely many sets of 393 n . According to 3.4, 28 has a nbd-finite 
refinement {W u \ /x e Jt} by cozero sets. 

For each W u , let D u C E x W u x I be the subspace 

D u = {(e, a, s) | p(e) = a(s)}. 
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We are first going to construct a continuous X u : D u —> E 1 such that 

X-nip) CL, 

p o \{e, a, *)[*] - «[*], 

for each ( e , a, s) e D u and tel; we will then fit the maps A w together to 
produce a lifting function. 

Given W u , select some W(/3 lf • • •, /?„) D W u and for each i = 1, • • •, n, 
let be an extended lifting function ( cf . 2.5) for 

(p- 1 (u Bi lp\p- 1 (u l ,X u tl ). 

For i = 1, • • •, n let I t be the closed interval [(t — 1 )/n, i/n ], and for 
each a e W u , let be the path that agrees with a{t) for t e I t and is 
constant elsewhere. 

Given ( e , a , s) e D u , we define X u (e , a, $) to be the path o» obtained in 
the following manner: Determine k so that $ e 4> then, because p(e) = 
a(s), so that we set 

<*>[*] = A k (e , a k , *)[*] t e 4 

= A k _ i(oj[(& - 1)/«], a fc _ 1 , ( k - 1 )/n)[t] t e 4-i 

= Alfc + i(<t>[/j/w], a fc + 1 , ^/w)[i] t E 4 + 1 


and radiate outward. The path co = A M (e, a, s) is uniquely and un¬ 
ambiguously defined; by 2.5 and the definition of co it follows that the 
map A m is continuous, and it clearly satisfies the requirements. 

Now, let A = {(e, a) | p(e) = a(0)} C E x B 1 , and select a definite open 
covering {U} of B 1 such that each U meets at most finitely many sets W u . 
For each U, let 

A v = A n (E x U) C E x B 1 ; 

we will match the A w on each set A v . 

Well-order the indexing set Ji and for each fi e Jt choose a definite 
characterizing function c u : W u -^-I for the cozero set W u . Given 
Ue{U}, let ix x < < • • • < fi n be the indices of all the sets W u 

meeting U, and define n continuous real-valued functions on U by 


£ r (cc) — ^ Gj( a )/ 2 Gj(°0 r 2, • • •, it. 


i = 1 


Since we have p(e) = a(0) for each (e , a) e A Uf we define A a : —»■ E 1 by 

Ay(«, a)[£] = A Wi (e, a, 0)[f] 0 ^ t ^ 4(a) 

= «)[4(«)]> «, *i( a ))M 4(«) < * < 4(«) 


Due to the continuity of the X u . and the t r , each X v is continuous. 
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Now observe that t^fa) = tfa) whenever ae W u .. It follows that 
the value of A^ at (e, a) gA u really depends only on the sets W u that con¬ 
tain a. In fact, if < | 2 < • • • < £ s are the indices of the sets W u that 
contain a, then letting 

r is 

?r(a) = 2 2 c «•(“) r = 2 > ' ■ '» s > 

1=1 / 1=1 

we find from the definition of A^ that 

A v (e, «)[*] = cc, 0)W 0 ^ t ^ qfcc) 

= \ 2 ( A u («. «)[0i(«)]» «. 9i(«))M 9i(«) < t < ?2( a ) 

We conclude from this observation that, if (e, a) e n zl v , then 
A[/( e > °0 = A v (e, a). Thus, since | £/e{£/}} is an open covering 
of J, and since A^ | A v n A v = A v | A v n A v for all U, V e {t/}, we can 
apply III, 9.4: the mapping A: A E 1 given by 

^ | = A u 

is continuous. A is clearly a lifting function. 

If each (/> _1 (t/^), p | p~ 1 (U Bl ), U Bt ) is regular, then the A w can all be 
selected to lift constant paths to constant paths ( cf . 2.5) and the lifting 
function A that we have constructed will be regular. The proof of 3.2 is 
complete. 

3.5 Definition A fiber structure ( E , p, B ) is called a local (regular) 
Hurewicz fibration if each b e B has a nbd U such that 
(p~ 1 (U), p | p~\U\ U) is a (regular) Hurewicz fibration. 

The uniformization theorem allows us to conclude that a fiber structure 
is a fibration for a suitable class of spaces by simply verifying that it is a 
local Hurewicz fibration: 

3.6 Corollary Let the base B be paracompact. Then a fiber structure 
(E, p, B) is a (regular) Hurewicz fibration if and only if it is a local 
(regular) Hurewicz fibration. 

Proof: It is clear that every (regular) Hurewicz fibration (E, p , B) is 
a local (regular) Hurewicz fibration, so only the converse requires proof. 
Since B is paracompact, the covering of B by the nbds U of the defini¬ 
tion has a nbd-finite refinement { V B } which we shrink to get {W B }. For 
each index /3, let c p : X —> / be a Urysohn function such that c B (W B ) = 1 
and c B (^Vp) = 0. The covering of B by the open sets U B = *[/ — {0}] 

satisfies the requirements of the theorem. 
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3.7 Corollary Let the base B be arbitrary. Then a local (regular) 
Hurewicz fibration is always a (regular) fiber space for the class of 
paracompact spaces. 

Proof: Let X be paracompact, let /: X x 0 —E be continuous, and 
let <p: X x I -> B be a homotopy of p of. Let ( E(<p ), q, X x I) be the 
fiber structure over X x I induced by 9 ?; it follows from 1.6 that 
( E((p ), q, X x I) is also a local (regular) Hurewicz fibration and, since 
X x I is paracompact (XI, 5.4), it is therefore a (regular) Hurewicz 
fibration. Now let F: X x 0 —>• E(cp) C E x X x /be the map F(x, 0) = 
( f{x , 0 ), x , 0); then < 7 °F=l|ATx 0 , so that F extends to a continuous 
F':X x I-+E(<p) covering 1: X x l^X x /. Letting 7 r:E(<p)~^-E 
be the natural projection, we find that 7 r ° F’ is a homotopy of /covering 
<p, and the proof is complete. 

4. Locally Trivial Fiber Structures 

The fiber structures ( E , p, B) that occur most frequently in many 
important contexts are those in which each point of B has a nbd over 
which the projection behaves roughly as the projection of a cartesian 
product on one of its factors. We will call such structures locally trivial, 
although this is not the most commonly used terminology. Precisely, 

4.1 Definition A fiber structure ( E , />, B) is called locally trivial if for 
each b e B there is a nbd U containing b and a continuous map 
o v : U x p~ l {U) -> E such that 

(1) . p o ojj(b, e) = b for all ( b , e) e U x p~ l {U), 

(2) . o v (p(e), e) — e for each e ep~ x (U). 

The maps a u are called "slicing maps" and the nbds U are termed 
"slicing nbds”; for each eep _ 1 (t/), the map b o v (b, e) provides a 
“slice” in p~ 1 (U) going through e. Note that no consistency condition 
is imposed on the slicing maps: the maps b -> 0 ^( 6 , e 0 ) and b —>■ o v {b , e 0 ) 
are not required to agree on U O V. 

Ex. 1 Let E be the triangle {(x, yjlOsSysSx^llC-E' 2 and let p: E —>■ I 
be given by p(x, y) = x. Then (E, p, I) is a locally trivial fiber structure; a 
slicing function can be defined on all I by 

o[x', O, y)] = (V, x') if x' ^ y 
= (x', y) if x' ^ y. 

Ex. 2 Let R be the equivalence relation in I x I generated by (0, y) ~ 
(1,1 — y) and let »S be the equivalence relation in I generated by 0 ~ 1. The 
projection p: I x I—> I given by p(x,y) = x is relation-preserving; passing to the 
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quotient gives a continuous />*:(/ x I)/R —> I/S, and it is easy to verify that 
[(/ x I)jR, p*, I/S ] is a locally trivial fiber structure. The total space is the Mobius 
band, and the base space is S 1 . 

We now consider the covering homotopy property in locally trivial 
fiber structures. It is evident that a locally trivial fiber structure is a 
local regular Hurewicz fibration: if U is a slicing nbd, the function 
X(e, a)[£] = <y v \a{t), e ] is a regular lifting function for 

(p-\V),p\p-\U), U). 

As an immediate consequence of 3.6 and 3.7 we therefore have 

4.2 Theorem Let ( E , p , B) be a locally trivial fiber structure. Then 

(1) . (E, p, B) is always a regular fiber space for the class of 

paracompact spaces. 

(2) . If B is paracompact, then ( E , p, B) is a regular Hurewicz 

fibration. 

Under certain conditions on the base, a local regular Hurewicz fibra¬ 
tion is necessarily locally trivial. Call a space B locally equiconnected if 
for each b e B there is a nbd U of b and a continuous/lyTx U x I-^B 
satisfying 

/x a (a, c, 0) = a and /%(«, c, 1) = c 
for all (a,c)eU x U and 

a, t) = a 

for all a e U, t e I. The map provides a continuous family of paths in 
B joining pairs of points of U ; the nbd U is called an equiconnected nbd 
and fi[,a connecting function. We remark that the class of locally equi¬ 
connected spaces includes the class of metric ANR spaces. 

Let B be locally equiconnected, let b e B, and let U be any equi¬ 
connected nbd of b. Then for each nbd V of b there is a nbd W of b such 
that ti v (W x W x I) C V: indeed, since b x b x I C and / is 

compact, XI, 2.6 shows there is a G open in U x U and containing 
b x b such that G x I C /li^ 1 (U); since G is therefore also open in 
B x B, the desired conclusion follows. 

4.3 Theorem Let B be a locally equiconnected space. Then a fiber 
structure {E, p, B) is a regular local Hurewicz fibration if and only 
if it is locally trivial. 

Proof: We need prove only that if ( E , p, B) is a regular local Hure¬ 
wicz fibration, then (E } p , B) is locally trivial. Let b e B be given, let V 
be a nbd of b such that {p~ x {V),p | p~ 1 (V), V) is a regular Hurewicz 
fibration, and let X v be a regular lifting function. By our remarks above, 
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we can find a nbd U of b and a connecting function [x such that 
fx(U x U x I) C V. For ( b , e) e U x p~ l {U) let a(pe , b) be the path 
t —> p(pe, b , t) and let (j v {b , e) = X v [e, a(pe, 6)](1). It is trivial to verify 
that a v is a slicing map, and the proof is complete. 

4.4 Corollary Let B be paracompact and locally equiconnected. 
Then a fiber structure ( E, p, B ) is a regular Hurewicz fibration if 
and only if it is locally trivial. 

Proof: This is immediate from 4.2 and 4.3. 

Ex. 3 (Stiefel fiber structures). Let F n m be the family of all ordered sets 
(zci, • • •, zu m ) of m < n mutually orthogonal unit vectors at the origin of E n . 
Using a fixed orthogonal coordinate system, each zv e V„, m is represented by a 
matrix [zc] of m rows and n columns such that \w]-\w\ T = I m (where [zv\ T is the 
transpose of [zc] and I m is the unit m x m matrix). The set V n , m topologized as 
a subset of E nm is called a Stiefel manifold; in particular, it is a compact metric 
space. 

For given 0 < k < m < n, define p: V n , m —»■ V nik by 

Pi zoi, • • •» sv k , •••, w m ) = (h>i, • • •, w k ). 

The map p is a continuous surjection, and each fiber is evidently homeomorphic 
tO V n -k,m-k- 

We now show that p, V n _ k ) is a regular Hurewicz fibration, by proving 

that it is a locally trivial fiber structure ( cf . 4.2(2)). First working in V n ,/c, observe 
that because H(u, v ) = det ([u][z;] T ) is a continuous real-valued function on the 
compact V n ,)c x V n .k, and because H(u, u) = 1, there is an e > 0 such that 
H(u, v) ^ 0 whenever d{u, v) < e. It follows from this that if d(u, pzv) < e , 
then the vectors u u • ■ •, u k , zv k + 1 , '•■,zv m are linearly independent: for if 

km k 

2 u t + 2 bjZVj — 0, then 2 «((«<• w s ) = 0 for each s = 1, ■ • •, k, and since 

i fc + i i 

H(u, pzv ) 7 ^ 0, we conclude first that all a* = 0, then that all bj = 0. With this 
established, let u e V n , kt let U = B(u, e ), and define a v : U x p~ 1 (U) —> F n , m by 

vv[(u l, ' • Uk), (wi, • • - , zc m )] = (u u • • •, M fc , Wfc + i, • • te m ) 

where u±, • • •, u k , zu k + 1 , • • •, zc m are the vectors • • •, u k , zo k + 1 , • • •, zv m orthog- 
onalized by the Gram-Schmidt process in the order that they are written. It is 
simple to verify that a v is a slicing map; since u is arbitrary, (F n>m , p, V „ ik ) is 
locally trivial and is therefore a regular Hurewicz fibration. 

Note that F n ,i is homeomorphic to »S n_1 and that V n ,2 can be regarded as the 
space of all unit tangent vectors to <S' n _ 1 (by translating the second vector to the end 
point of the first); with these interpretations, the projection p\ F„, 2 —> S n ~ 1 sends 
each tangent vector to the point at which it acts, and (V ni2 , p, *S n-1 ) has a cross 
section if and only if n is even (XVI, 3.3, Ex. 4). Similarly, V n , k can be regarded 
as the space \of all orthogonal tangent (k — l)-frames on »S n-1 . Furthermore, 
V nin _ i can also be identified with the group SO(n) of all orthogonal n x n matrices 
having determinant +1, since for each v e V n%n _ i there is a unique «th row that 
can be added to \v] to obtain such a matrix. 
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Sec. 4 Locally Trivial Fiber Structures 

As the above interpretations suggest, Stiefel fiber structures are important in 
homotopy theory. We illustrate only one of their many other uses by providing 
the following theorem of T. Wazeski: 

Let X be a contractible space, and let M be a k x n matrix of continuous real¬ 
valued functions on X that has rank k at each xe X. Then M can be enlarged 

to an n x n matrix M of continuous real-valued functions on X that is non¬ 
singular at each x e X. 

Proof: Due to the properties of the orthogonalization process, there is no loss 
in generality to assume that M • M T = I k . In an evident manner, the matrix M 
then determines a continuous map fj,: X—> V n ,k- Since (SO(n), p, V n ,k) is a 
Hurewicz fibration, and since X is contractible, it follows from 1.3(1) that /x can 
be lifted to a continuous fi: X —SO(n); the matrix M corresponding to the map 
/I is the required enlargement. This proof is due to B. Eckmann. 

Ex. 4 We will describe the locally trivial fiber structures S 3 —> S 2 , S 7 —> S* 
and S 15 —> S a due to H. Hopf. 

For q = 1, 2, 4, 8 , let be the algebra of, respectively, the real numbers, 
complex numbers, quaternions, and Cayley numbers. These are all division 
algebras; but the multiplication in 9£ a is not associative. (J. F. Adams has shown 
that these are the only real division algebras.) 

For each fixed q, let «i, •••,“« be units for and regard E 2q as a two-dimensional 
9^-space, by associating with each (xi, • • •, x q , y 1} • • ■ , y Q ) e E Zq the ordered pair 

( X , F)e3J, x where X = 2 T = 2 W*i- The 9^-lines, Y = AX and 

j=i i=i 

X = 0, correspond to (^-dimensional hyperplanes in E 2q through the origin. No 
two of these lines have points in common other than the origin: This is clear for a 
line Y = AX and the line X = 0, so we need verify it only for two lines Y = AX, 
Y = A'X, where A -£ A'. If Y = AX = A'X, then (A — A')X = 0 and, since 
9^ is a division algebra, we conclude first that X = 0 and then that Y = 0. 

Now let S 2q ~ 1 be the unit sphere in E 2q . Each 91,-line through the origin inter¬ 
sects S 2q ~ 1 in a great S q ~ 1 and it follows from the above remark that these S q ~ 1 
form a pairwise disjoint closed covering of S 2q ~ 1 . Let R be the equivalence rela¬ 
tion generated by this covering, and let p: S 2(1-1 —> S 2q ~ 1 /R be the projection on 
the quotient space. It is easy to see that is homeomorphic to S Q : indeed, 

regarding S q as the one-point compactification of E 9 , the map S 2q ~ 1 /R —> S q 
that associates with the equivalence class determined by Y = AX the point 
A e E q , and with that determined by X = 0 the point oo, can be verified to be a 
homeomorphism. 

For q = 1, 2, 4, 8 , we therefore have a fiber structure (S 2q ~ 1 , p, S 9 ) in which 
the fibers are great S 9 ~ 1 ; these are the Hopf fiber structures, and we now show 
them to be locally trivial. 

For each beS 9 , let L(b) be the 91,-plane of the great S 9-1 that maps to b. For 
e e S 2q ~ l , let 7 r( 6 , e) be the orthogonal projection of e into L{b), and denote its 
distance from the origin by \ir{b, e)\. Then \n{b, e)\ is uniformly continuous on 
S 9 x S 29-1 and because | 7 r (pe, e) \ = 1 , there is an e > 0 such that \ir(b, e) | > 0 
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whenever | b — p(e) | < e. For the ball U of radius e centered at b, define 
a v : U x p-'iU)^ S 2 *- 1 by 

o v (b, e) = 7 r(b, e)/ | ir{b t e) |. 

It is easy to verify that a v is a slicing function. 

We give one simple application of Ex. 4. The projections 
p: S 2q-1 -> S q in the Hopf fiber structures are called Hopf maps. 

4.5 Theorem (H. Hopf) For q = 1, 2, 4, 8, the Hopf maps/): S 2q ~ x -+S q 
are not nullhomotopic. 

Proof: The Hopf fiber structures (S 2q ~ 1 i p y S q ) are locally trivial 
so, by 4.2, they are Hurewicz fibrations. Since the identity map 
1 : S 2q ~ x —> S 2q ~ x is irreducible, it follows from 1.4 that p: S 211-1 —► S q 
is also irreducible, and therefore is not nullhomotopic. 


Problems 


Section I 

1. Let B be a path-connected space, and let P(B, b 0 ) C B' be the space of all 
paths in B starting at b 0 . Let p: P(B, b 0 ) —> B be the map p(a) = a(l). Show 
that ( P(B , b 0 ), p, B ) is a Hurewicz fibration. [Note that/> -1 (6 0 ) = f2(J3, 6 0 ).] 

2. Let ( E, p, B) and (L, q, C) be Hurewicz fibrations. Show that (E x L, p x q, 
B x C) is also a Hurewicz fibration. 

3. Let ( E, p, B) be a Hurewicz fibration, and assume that some fiber p -1 (b) is 
path-connected. Prove: E is path-connected if and only if B is path-connected. 

4. Let (E, p, B ) be a fiber structure, and let g : X —* B. Prove: 

a. g is liftable into E if and only if the induced fiber structure ( E(g ), q, X) has 
a cross section. 

b. There is a one-to-one correspondence between the liftings of g into E and 
the cross sections in E(g). 

5. Let (E, p, B ) and q: X—*■ B be given. Show that (E(g), q, X) has the following 
property: For any fiber structure (L, s, X) over X, and any commutative 
diagram 


7J-' 

L - > E 


s l 


l p 

> B 


X 


8 
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there exists a (unique) continuous tp : L —> E(g) such that tt' = tt ° <p and such 
that the diagram 

<p 7 T 

L -> E(g ) -> E 


s 



commutes in each square. 


9 


X 


P 

Y 


-► B 

8 


Section 2 

1. Let (E , p , B) be a fiber structure, and let A C B. Let i: A —> B be the inclu¬ 
sion map, and let ( E{i ), q, A) be the induced structure. The projection 
tt: E(i) —>■ E is a fiber map. Prove: tt: E(i) = p~ 1 (A). 

2. Let (E, p, B ) be a fiber structure, let g: X— > B be continuous, and let (E(g), q, X) 
be the induced structure. Given a continuous h: Y —> X, let (E(g ° h), q lt Y) 
be the fiber structure induced by g ° h: Y —> B and let ( E(g)(h ), q 2> Y) be that 
induced by h. Prove that the map ( y , e) —> (y, [/*(>»), e]) is a fiber-preserving 
homeomorphism of E(g ° h) onto E(g)(h). [This is called the “canonical homeo- 
morphism”.] 

3. Let (E, p, B) be a Hurewicz fibration, and let f,g:X—>B be homotopic. 
Prove that the induced structure ( E(g ), q, X) is fiber-homotopy equivalent to 
(E(f), <7i, X). 

4. Let (E, p, B) be a fibration for the class s/ of spaces. Prove that if A belongs to 

, then (E, p, B) is a Hurewicz fibration. 

5. Let (E , p, B) be a Hurewicz fibration. Let A be a lifting function, and define 
/jl: E l —> E l by fi (a) = A[a(0), p o a]. Prove: p ~ 1 and a homotopy 0 can be 
selected so that p ° 0(a, s)[t] = p ° a[t] for all a, s, t. 

6. Let (E, p, B x I) be a Hurewicz fibration. Show that (E, p, B x I) is fiber- 
homotopy equivalent to (X x /, q, B x I ) where X = p~ 1 {B x 0) and 
q{x, t ) = (p(x), t ). 

7. Let ( E, p, B) be a Hurewicz fibration, and assume that B is path-connected. 
Prove that all the fibers belong to the same homotopy type. 

S. Let Z be a locally compact normal space, and let z 0 e Z be a G { and strong 
deformation retract of Z. Let b 0 e B be fixed, and let F — {/ £ B z \ f(z 0 ) = £> 0 }- 
Prove that F is an H-space. 


Section 3 

1. Let ( E , p, B) be a Hurewicz fibration, where B is paracompact and E is metric. 
Assume that each b e B has a nbd U deformable over B into b. Prove that 
(E, p, B ) is a regular Hurewicz fibration. [Use Remark 2 of 2.7 to see that, if 
U is deformable over B into b, U is metrizable.] 

Section 4 

1, Let (E, p, B) be a locally trivial fiber structure. Show that p: E—> B is an open 
mapping (and that therefore p is an identification). 

2. Let ( E , p, B) be a locally trivial fiber structure, and let g: X —> B be continuous. 
Show that the induced structure (E(g), q, X) is also locally trivial. 
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Vector Spaces; Polytopes 


A. Vector Spaces 

I. A set L together with a map a: L x L —> L (we write a(a, b) = a + b) 
is called an abelian group whenever: 

1. a 4- (b 4- c) = (a + b) + c for all a, b, c. 

2. a + b = b + a for all a, b. 

3. There exists an element 0 e L such that a 4- 0 = a for every a. 

4. For each a there is an element a such that a 4- a = 0. 

It is simple to verify that 0 is unique, as also is the inverse a of each 
a e L ; a is written — a, and a 4- (— b) is written a — b. 

Let A be the set of real numbers with the usual addition and multipli¬ 
cation. An abelian group L together with a map m: A x L —> L [we 
write m(A, a) = Aa] is called a real vector space whenever, for all A , a, b: 

(1) . A (a + b) = Xa + A b. 

(2) . (A -f V) a = Xa 4- \xa. 

(3) . X(fxa) = (A [x)a. 

(4) . 1 a = a. 

Ex. 1 The elements of E n , and also of any Hilbert space / 2 (X), with the opera¬ 
tions {*„} + {y a } = {x a + y a }, A{x a } = {A*„}, become real vector spaces. More 
generally, let {u a | a e ssX} be any family of objects, and let L{stf) be the set of all 
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formal sums 2 A a a a in which all but at most finitely many X a = 0. With the 

a 

conventions 0 • u a = 0 and 1 -u a = u a for each u a , and with the operations 

A 2 A a « a = 2 (AA a )w a , 

a a 

2 A«« a + 2 A 1 ""® = 2 (A a + p a )u a , 

a a a 

the set L{s&) is a real vector space, called the real vector space spanned by the u a . 

Two vector spaces are isomorphic if there is a bijection <p:L->L' 
such that <p(\a 4- pb) = A<p(a) + p<p(b) for all A, p, a and b; that is, <p 
preserves the two operations. 

Let a, b e L\ the set {c \ c = Xb + (1 — A)a; 0 ^ A ^ 1} is called 
the segment (or line) joining a to b. A subset C C L is convex if for 
each pair a, b e C, the segment joining them also lies in C. Clearly, L is 
convex, and so also is the intersection of any family of convex sets; thus, 

we have justified existence, uniqueness, and convexity in the 

1.1 Definition Let A C L be any set. The convex hull H(A) of A is 
the intersection of all convex sets containing A. 

We now express H(A) directly in terms of A. For each finite set 
3P — (dq, • • •, a n } C A t let 

o{&) = \y e L | y = 2 V,; A i > 2 A < = 1 

l i i 

is called the open simplex spanned by a lt • • •, a n , and is also 
denoted simply by (a x , • • •, a n ). We have 

1.2 Let ACL. Then H(A) = \J {o{3r) \ 3? C A is finite). 

Proof: Let E = (J {<r(^ r ) | ^ C A is finite). We remark first that 
ACE, since (a) = a for each a e A. 

(1) . H(A) C E. We need observe only that E is convex: Indeed, if 
x e (a lf • • • , a n ) and y e (ai, • • •, a' s ), the line joining x to y lies in 

(aj, *, ^1> " > « S ) ^ 

(2) . E C H(A). We will show that each o{^) C H(A); this is done 
by induction on the number n of elements in jF. For n — 1, the 
assertion is true, as has been remarked. Assuming its truth for n, we 
prove it for n + 1. Let 

n + 1 

yo = 2 

i 

be any point in (a lf • • •, a n+1 ); since 

P = 2 A < ^ 

i 
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we let 

n ^ 

y i = 2 •'••>«»)• 

i r 

Because a n + 1 eA C f/(^4) and, by the induction hypothesis, also 
y x g H(A), it follows that all points on the line segment joining y 1 and 
a n + 1 must lie in H(A). Noting that y 0 = py ± + (1 — p)a n + \ is suc h a 
point completes the inductive step. 

A finite set of points a Xy • • ■, a n in L is called linearly independent if 
the condition A^ 4- • • • + A n a n = 0 is satisfied only by X x = • • • = A n = 
0; an arbitrary family is linearly independent if each finite subfamily is 
linearly independent. A maximal linearly independent set {a a \ a e stfj 
in L is called a basis for L ; each element of L can then be written in one 
and only one way as a finite sum ^ K a cr I n H, 2.5, we proved that every 

a 

vector space has a basis; it is not difficult to show (also using Zorn’s 
lemma) that all bases for a given L have the same cardinal number; if 
this is a finite cardinal n, then L is called w-dimensional. 

Any two real vector spaces having equipotent bases are isomorphic; 
since the vector space L(stf) in Ex. 1 has the set {u a \ a e stf) as a basis, it 
follows that any vector space is, up to an isomorphism, simply L{jrf) 
for an srf of suitable cardinal, and that the w-dimensional ones are 
isomorphic to E n . 

A linear subspace (or linear manifold) M in L is a subset with the 
property: If a, b e M , then A a 4- pb e M for all A, p. A linear subspace 
is itself a vector space. If a x , • ■ •, a n are any n elements of L, then the 
smallest linear manifold (that is, intersection of all linear subspaces) 
containing a u • • •, a n is 

{| Vi 

it is called the linear subspace spanned by a ly • • - , a n , and is n-dimensional 
if and only if the points a lt • • •, a n are linearly independent. 

A A-flat (or linear ^-variety) is a set a + M, where M is a A-dimensional 
linear manifold in L ; it corresponds to a &-plane not necessarily through 
the origin. The smallest flat containing (k + 1) points a 0i • • •, a k is 

{i v. || a, = i}, 

called the flat spanned by a 0 , • • •, a k \ it is a &-flat if and only if the 
k vectors a x — a 0 , • ■ •, a k — a 0 are linearly independent. 

A set of points {a a \ a e -_c/} in an n-dimensional vector space is in 
general position if, for each k < n, no k + 2 of them lie on a &-flat. For 
the vector space E n , we have used the following result in the text: 
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1.3 Given any sequence | i e Z + } of points in E n , and any sequence 
{gj | i e Z + ] of positive numbers, there exists a sequence of points 
{pi | i e Z + } in general position such that d(a u p 4 ) < e { for each i. 

Proof: We proceed by induction. Choose p x = a x , and assume that 
p s have been selected to be in general position. Consider all 
A-flats, k < n, spanned by families of the p t . Since there are only 
finitely many such flats, there is a point p s + x e B(a s + 1 , e s + 1 ) not on any 
of them; then p x > • • •, p s + x are in general position and the inductive 
step is complete. 

2. Definition A linear topological space is a vector space L equipped 
with a Hausdorff topology such that the two maps a : L x L —>• L 
and m: A x L —> L (Euclidean topology on A) are continuous. 

In this definition, we have assumed that the topology is Hausdorff; it 
is not difficult to show that even if it is assumed to be only T x {cf. VII, I, 
Ex. 3), then it is necessarily regular. With their metric topologies, E n 
and all / 2 (N) are linear topological spaces. 

Since both x x + a and its inverse x -> x — a are continuous, each 
is a homeomorphism of L on itself, and therefore the translation U + a 
of any open U is also open; similarly, for any A ^ 0 and open F, the set 
XV is also open. 

2.1 Theorem (A. Tychonoff) Every n-dimensional linear subspace M 
of a linear topological space L is topologically isomorphic to the 
Euclidean w-space E n (that is, there is a cp: E n M that is simul¬ 
taneously an algebraic isomorphism and a topological homeo¬ 
morphism). 

Proof: Let a x , • • •, a n be a basis for M and define <p: E n ->■ M by 

n 

i» • • K) = 2 
1 

This is an isomorphism of E n onto M , and it is continuous, since the 
algebraic operations are continuous in L. It remains only to prove that 
<p is an open map, and since open sets are invariant under translation, we 
need show only that the image of each ball B = 5(0; e ) is open. To 
this end, note that Fr(5) is compact and does not contain 0; thus the 
compact set <p[Fr(5)] does not contain the origin a> of L, so there is a nbd 
W D a> such that <p[Fr(5)] n W = 0 . By continuity of the multiplica¬ 
tion, there is a 8 > 0 and a nbd V of a> such that XV e W for ail |A| < §; 
we now show that SV C <p(B). Indeed, if some u = 8v 0 were not in 
<p(B), then 9 -1 (m) e B, so we could find a p ^ 1 such that p-cp~ x {u) = 

< p~ 1 (pu) e Fr(5). Then pu = p 8v 0 e <p[Fr(5)], and since \p8\ < 8, also 
p 8v o g W, which is impossible. 
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A linear topological space L is locally convex if for each a e L and nbd 
U(a) there is a convex nbd V such that a e V C U(a). To prepare for 
TychonofF’s fixed-point theorem, we make the trivial general observation: 

Lemma. Let X be Hausdorff and f: X — X be continuous. Then / 
has a fixed point if and only if for each open covering {W a } 
of X there is at least one x e X such that both x and f(x ) 
belong to a common W a . 

Proof: “Only if” is trivial. “If”: assume that / has no fixed point. 
For each x e X find nbds W(x), U(f(x)) such that W D U = 0, and 
/( W) C U ; then { W (*)} does not have the stated property. 

2.2 Theorem (A. Tychonoff) Let L be a locally convex linear topological 
space and let C be a compact convex subset of L. Then each con¬ 
tinuous /: C —^ C has a fixed point. 

Proof: Let {W a } be any open covering of C; we show that the 
property of the lemma is satisfied. It is clearly no restriction to assume 
that each W a is convex. Let {U e } be a star refinement (cf. VIII, 3.2), 
which we reduce to a finite covering U lt • • •, U n , and let V k = / -1 (t4), 
k = 1 ,•••,«. For each k, choose an x k e U k n C, and let H be the 
convex hull of • • •, x n }; by 2.1, H is homeomorphic to the unit 
5-ball V s for some s ^ n — 1. Subdivide H into 5-dimensional simplexes 
{cr} so small that each 5 is contained in some set V k , and let y 1} • • •, y q be 
the vertices. Define F on the vertices by 

F(yd — x k f 

where x k is the selected point in any U k containing f(y t ). Extend F 
linearly over each simplex to get a continuous F: H -> H. 

For each x e H, f(x) and F(x) lie in a common W a . Indeed, if 
x G 5 C V ig , then/(x) e /(<?) C U io ; furthermore, since the images 

f(yo)> • --J(ys) 

of the vertices of a are all in f/ t , it follows that /(y 0 )> • • • > f(y s ) li e in 
St U io C W a . Then f(x) e W a , and since W a is convex, also F(x) e W a . 

This established, we observe that by Brouwer’s fixed point theorem, 
F has a fixed point; thus / satisfies the condition of the lemma, and the 
theorem is proved. 

3. A vector space L is normed if there exists a p: L A such that: 

(1) . p(a) ^ 0 for all a e L. 

(2) . p{a) = 0 if and only if a = 0. 

(3) . p{a + b) p(a) + p(b) for all a, b. 

(4) . P{^ a ) = |^|^( a ) f° r a ii \ a • 
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We write p{a) = ||«||, and call |ja|| the norm of a. 

3.1 If a vector space L is normed, then: 

(a) . d(a, b) = |ja — Z>|| is a metric in L. 

(b) . With the metric topology, L becomes a locally convex linear 

topological space. 

Proof: Verification that d(a, b) is a metric is trivial. To see that L 
with the metric topology is a linear topological space, note that 

d(a + b,a 0 + b 0 ) = ||(« + b) - ( a 0 + 6 0 )|| 

^ j|<z - fl 0 || + ||Z> - 6 0 || 

= d(a, a 0 ) + d(b, b 0 ) 
d{\a, A 0 a 0 ) = ||Aa - A a 0 + A a 0 - A 0 a 0 || 

^ |A| d(a, a 0 ) + |A - A 0 | ||a 0 ||. 

The maps a: L x L —> L and m: A x L —> L are therefore continuous. 
Each ball B{c \ r ) is convex, since if a, b e B(c, r), then for all 0 ^ A ^ 1, 
we find 

d(c, Xa + (1 — X)b) = ||A(c — a) + (1 — X)(c — Z>)|| < r. 

Consequently, the linear topological space is locally convex. 

A complete normed linear topological space is called a Banach space. 
Thus, with the evident norms, E n and all / 2 (N) are Banach spaces. 

Tychonoff’s fixed-point theorem is not immediately applicable in 
analysis because the domain is required to be compact, a situation rarely 
met in practice. It assumes a more practical form in Banach spaces. The 

convex closure B of a set B is the intersection of all closed convex sets 

containing B; in Banach spaces, it is not hard to show that B is compact 
whenever B is compact. 

3.2 Theorem (J. Schauder) Let A be a closed convex set in a Banach 
space and/: A —> A be continuous. If/(^) is compact, then /has 
a fixed point. 


Proof: Since f{A) is compact, we have that/(^4) is compact; since A 
is closed and convex, we find from f{A) C A = A that f(A) C A = A. 
Thus / | f(A):f(A) ->f{A), and so, Tychonoff’s theorem applies. 


4. By taking Tychonoff’s theorem, 2.1, as the basic requirement that 
a topology in a real vector space must satisfy, we are led to a class of 
spaces broader than the linear topological spaces. 
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4.1 Definition An affine space is a real vector space with any topology 
that induces the Euclidean topology on its finite-dimensional flats. 


Clearly, every linear topological space is an affine space. In the text, 
we are primarily concerned with vector spaces topologized as affine 
spaces rather than as linear topological spaces, and more particularly, 
with the largest topology that does this: 


4.2 Definition The finite topology in a real vector space is the weak 
topology determined by the Euclidean topology on each finite¬ 
dimensional linear subspace. 

Equivalently, the finite topology is the weak topology determined by 
the Euclidean topology on each finite-dimensional flat. 

We remark that all vector spaces with the finite topology are com¬ 
pletely and perfectly normal; furthermore, they are always paracompact, 
and every subset (not only the closed subsets) is also paracompact. 

We next consider the continuity of the algebraic operations in affine 
spaces. Addition and multiplication are evidently continuous when 
confined to points varying on finite dimensional flats. However, 


4.3 An affine space need not be a linear topological space. In fact, if a 
vector space has a basis of cardinal ^ 2 R o, then with the finite 
topology it is neither a linear topological space nor a locally convex 
space. 


Proof: The following proof is simply an immediate adaptation 
of C. H. Dowker’s example (VI, 8 , Ex. 5). Let L be a vector space 
having a basis & such that X(^) ^ 2 R o. Let { u n } be a set of basis vectors 
in fixed 1-to-l correspondence with the positive integers, and let 
{Uf] C 34 — {u n | n g Z + ) be a subset in a fixed 1-to-l correspondence 
with the set ^ of all maps / of the positive integers into themselves. 
Since N({%}) = 2 R o and N({w n }) = N 0 > two such subsets of £% certainly 
exist. 

For each n and/, let 


l n,f ~ 


f ( n ) 


+ r, \ U f 

fin) 


Clearly, each a n f # 0. Let 


A = { a nJ | ( nj) e Z + x Jt\, 


since each a n f lies in the linear subspace spanned by the linearly 
independent u n , u f , a finite-dimensional linear subspace can contain at 
most finitely many members of A. Thus the intersection of A with each 
finite-dimensional linear subspace is closed in the Euclidean topology of 
the linear subspace, and therefore A is a closed set in the finite topology 
ofL. 
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Consider now the nbd U = A of the origin. We will prove that 
addition is not continuous at 0 by showing that there is no nbd W of 0 
such that W + W C U. Indeed, given any W , then for each u a g 
we can determine a real number \ a > 0 such that A u a e W for all 
0 ^ A < X a . Define now a map <p: Z + —>■ Z + by <p(n) = max[w, (1 /A n )] + 1; 
then cp g Jt , so it corresponds to some u ^ and we choose n such that 
<p(n) > 1[X 0 . It follows that both 

1 4 1 

—t-7 u n and — u (B 

<p(n) <p(n ) • 


are in W ; yet, their sum a n>(P is not in U. 

Neither is the space L locally convex: If F = \ A, then V — WF is 
a nbd of 0 containing no convex nbd of 0. For, as we have seen, any nbd 


W of the origin contains some u n and -— 

the segment containing them is not in V. 


v> 


but the mid-point of 


Though vector spaces with the finite topology need not be locally 
convex, they exhibit a behavior analogous to local convexity in certain 
instances: 


4.4 Let X be either locally compact, or first countable, and let L be 
any vector space with the finite topology. If/: X -> L is continuous, 
then each x e X has a nbd U ( x) mapped into some finite¬ 
dimensional flat. 


Proof: Assume that X is first countable and that the assertion is false 
at x 0 . Let { V n | n g Z + } be a nbd basis at x 0 (where V 1 D V 2 3 • • •); 
by induction we construct a sequence {#„}, with x n e V n , as follows: 
Choose x x e V x such that f{xf) ^ f(x 0 ), and having selected %,•••, # n -i> 
let x n g V n be such that f(x n ) is not in the linear subspace spanned by 
f( x i)> 1 ' Then 

A = U/(*n) 

1 

is closed in L (in fact, it is discrete), since each finite-dimensional linear 
subspace contains at most finitely many points of A. Since x n x 0 , 
each nbd of x 0 has points with images not in the nbd L — A of f(x 0 ), 
which contradicts the assumed continuity of / at x 0 and completes the 
proof. The demonstration is similar for locally compact X: Each nbd 
with compact closure maps into a finite dimensional linear subspace. 

This leads to the class of spaces described in the text (IX, 6 ): 

4.5 Definition An aftine space is of type m if for each first countable 
space X and every continuous/: X —^ L, the following is true: For 
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each x e X and nbd W D f(x), there exists a nbd U D x and a 
convex set C C L such that /( U) C C C W. 

Thus all locally convex linear topological spaces (and also all vector 
spaces with the finite topology) are of type m. 

B. Polytopes 

5. By a triangulation of a set X is meant a family u — {d a \ a e s/} of 
closed geometric simplexes such that: 

( 1 ). = *• 

(2) . Each face of a 5 a e u also belongs to u. 

(3) . For each (a, /3) e stf x sV, 5 a n 5 e is either empty or a face of 

both d a and a j8 . 

We do not require the dimensions of the simplexes to have a finite 
upper bound, and we allow the set of simplexes incident with any given 
one to have any finite or transfinite cardinal number. A set X together 
with a definite triangulation u is called a geometric complex, and is 
denoted by ( u , X). 

If (zz, X) is any geometric complex, the topological space consisting of 
the set X together with the weak topology in X, determined by the 
Euclidean topology on each closed 5 e u, is called a polytope and is 
denoted by X{u). The ra-simplexes of u are called the w-cells of X(u). 

As in VIII, 5.2 et seq., every polytope X(u) possesses a (homeomorphic) 
model that has its vertices at the unit points in a vector space with finite 
topology. X(u) and each of its models are homeomorphic in such a way 
that cells are mapped linearly onto cells. 

By a subdivision of a given geometric complex ( u , X) is meant a 
geometric complex (w l5 X) such that: 

(a) . Each closed simplex of u x is contained in a closed simplex of u. 

(b) . Each closed simplex of u is the union of at most finitely many 

closed simplexes of u x . 

It is trivial to verify that the polytope X{u i) is then homeomorphic to 
the poly tope X{u). 

The barycentric subdivision ( u ', X) of (&, X) is defined as follows: 

(i) . Vertices: the barycenter p g of each open simplex a. 

(ii) . Simplexes: ( p ax , • • • t p a ) is a simplex of u if and only if in 

the finite sequence oq, • • •, o n , each simplex is a proper face 
of its successor. 

A generalization is the barycentric subdivision mod Q, where Q is a 
subcomplex of (&, X); here, the vertices are those of the a 6 u and the 
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barycenters of all open simplexes not in Q (so that Q is not subdivided). 

Let X{u) be a polytope. With each subdivision ( v , X ) of ( u, X) is 
associated a covering of the space X(u) by the (open) stars of the vertices 
of X{v). We now show that “arbitrarily fine” coverings can be obtained 
in this way. 

5.1 Theorem (j. H. C. Whitehead) Let X(u) be a polytope. Given any 
open covering of X(u), there exists a subdivision (■ v , X) of (w, X) 
such that each closed vertex star of X(v) is contained in some set 
of the given covering. 

Proof: Denote by X (fc) the union of all closed &-cells of X(u) [that 
is, the A-skeleton of X(w)]. Assume that there is a subdivision XJ 1-1 of 
X (n-1) that satisfies the requirements of the theorem. With each vertex 
p' of Xj _1 , associate a definite open set U(p') of the given open covering 
such that the closed star of p' in X” -1 is contained in U(p'). Let 5 n 
be a closed w-cell of X{u) and select an e > 0 such that (1) each subset of 
5 n having diameter < 2e is contained in some set of the given covering 
of X(u); and (2) for each vertex p' on Q = X” -1 n Fr(cr n ), the e-nbd of 
the closed star of p' in Q is contained in the selected U(p') (cf. XI, 4.5). 

Draw the cone having apex at the barycenter of a n over each (w — 1)- 
cell on Q to obtain a subdivision of 5 n . Perform repeated barycentric 
subdivisions mod Q until each cell of the subdivision satisfies either that 
(a) its diameter is < e, or (b) that it lies completely in an e-nbd of a cell 
on the boundary. Repeating for each w-cell of X(u) clearly yields a 
subdivision of X (n) that does not alter the given subdivision of X (n-1) 
and which is easily seen to verify the requirements of the theorem. The 
subdivision as required of the one-skeleton of X(u) being trivial, the 
theorem follows by induction. 

5.2 Theorem (J. Dugundji) Every polytope is paracompact. 

Proof: Let {U} be an open covering of X(u); since there is a sub¬ 
division such that each open vertex star lies in a member of {£/}, the 
problem reduces to showing that the open covering of a polytope by its 
vertex stars has a nbd-finite refinement. 

Analogously as in VIII, 5.2, we embed the geometric complex ( u , X) 
in a suitable generalized Hilbert space / 2 (X) so that its vertices are at the 
unit points of / 2 (X). X, with the topology as a subspace of / 2 (K) is a 
metric space, denoted by X m . The “identity map” i:X(u)-^X m is 
continuous, since it is so on each closed cell of X(w); i is bijective and 
carries vertex stars to vertex stars. Since the vertex stars in X m are easily 
seen to be open sets, and since metric spaces are paracompact, the open 
covering of X m by its vertex stars has a nbd-finite refinement {V}. But 
then {i _1 (L)} is a nbd-finite refinement of the covering of X(u ) by its 
vertex stars, completing the proof. 



Appendix Two 

Direct and Inverse Limits 


Direct and inverse limits of spaces are frequently used in modern 
topology. In this Appendix, we shall define these two “limiting” 
processes and derive some of their simpler properties. 

I. Direct Limits 

l.l Definition Let . 9 / be a directed set ( cf . X, 1.2) and let {Y a | a e , 9 /} 
be a family of spaces indexed by , 9 /. For each pair of indices a, fi 
satisfying a -< ft, assume that there is given a continuous map 
<PaB : Y a -^ Y g, and that these maps satisfy the condition: if 
a < p < y» then cp ay = <p By o <p aB . Then this family { Y a ; <p aB } of 
spaces and maps is called a direct (or inductive) spectrum over jd, 
with spaces Y a and connecting maps (p aB . 

The image of a y a E Y a under any connecting map is termed a successor 
of y a . Each direct spectrum { Y a ; 9 o aB ) yields a limit space in the following 
way: Let D = Z {Y a | a e sY) be the free union of the spaces, and call 
two elements y a e Y a , y B e Y B in D equivalent whenever they have a 
common successor in the spectrum. This relation, R, is in fact an 
equivalence relation in D; that it is reflexive and symmetric is obvious. 
To see that R is transitive, assume that y a , y* B have a common successor 
in Y p and thaty^, y y have one in Y a ; then, because sd is directed, there 
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is an index r such that p -< r, <r -< r, and the successor of y^ in Y t is 
evidently a successor of both y a and y Y . 

1.2 Definition Let (Y a , be a direct spectrum. The quotient space 
^ Y a /R is called the direct (or inductive) limit space of the spectrum, 

a 

and is denoted by Y®. (Other notations commonly used are 

Lim Y u and Lim Dir^ Y a .) 

—>• 

Let p: ^ Y a —> Y 00 be the projection; its restriction p\ Y a is denoted 

a 

by <p a and is called the canonical map of Y a into Y®. Note that each cp a 
is continuous and that G C Y 00 is open (closed) if and only if cp~ x {G) is 
open (closed) in Y a for each a e sY. Clearly, Y 00 = (J (<p a ( Y a ) \ a e s/}, 
so that Y® is not empty whenever at least one Y a # 0 . For the relations 
between the (p a and the <p aBi we have 

1.3 (1). Whenever a -< the diagram 

Y* 



is commutative. 

(2). For any a, fl we have <p a (y a ) = 9 o e {y B ) if and only if there is some 
y such that «, ft -< y and <p aY {y a ) = (p 0Y (y 0 ). 

Proof : (1). For each y a e Y a C D, we have y a equivalent to <p a6 (y a ), 

so <p a (y a ) = p(y a ) = p 0 Vaeiya) = <Pe ° <p a e{y a )- 

(2). My a) = <Pe{yts )] o ba is equivalent toy^ in D] o [y a ,y B have 
a common successor]. 

We cally a e Y a C D a representative ofy e Y® whenever ^(yj = y; 
it is clear that a given y e Y® need not have a representative in each Y a . 
However, if finitely many y lt ■ ■ - ,y n e Y® are given, it is always possible 
to find at least one Y a that contains representatives for all the given y,: 
this follows by induction, once it has been proved for n = 2 and in this 
case, choose representatives y a e Y a , y B e Y e of y lf y 2 , respectively, find 
a y such that a, jS -< y, and note that <p ay (y a ), <P0 Y (y B ) are the desired 
representatives in Y y . 

Ex. 1 Let sY be any directed set and Y be any space. The direct spectrum 
{ Y a ; faii) in which each Y a = Y and each cp aB — 1 is called the trivial direct 
spectrum over sY with space Y. It is clear that Y" = Y. In particular, any 
given space is the direct limit space of a suitable direct spectrum over any pre¬ 
assigned stf. 
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Ex. 2 Let sY be the directed set of positive integers in their natural order. 
Define a spectrum {F n ; <p nk } over sY by taking each F„ = S 1 and cp n ,k( z ) = z 2k ~ n 
when n ^ k. Then Lim Dir Y n is not a Hausdorff space. Indeed, for the point 
y — 93 1 (1) G F 00 , we find that <pf x (y) — {all 2 s roots of unity, all s > 0}, which is 
a countable dense set in Y\. Since <pf 1 (y) is not closed in Y u the point y is not 
closed in F 00 so F" is not Hausdorff. It is not difficult to verify that in fact F 00 
carries the indiscrete topology. 

Ex. 3 Let X be any space and fix an v 0 e X. Let sY be the set of all nbds of 
x 0 , directed by U ~< V o U D V. For each U e <sY , let Cv(Z ) be the discrete set 
of all continuous maps of U into a fixed space Z, and for U -< V, define cpuv(f) = 
/ | V. Then {C V (Z) ; <puv} is a direct spectrum, and the set Lim Dir C V {Z) is 
called the set of germs of continuous maps of a nbd of # 0 into Z. By 1 . 3 ( 2 ), two 
maps defined on nbds U, V of x 0 represent the same germ at x 0 if and only if they 
coincide on some nbd W C U n V of x 0 . 

We now introduce the concept “mapping of direct spectra." 

1.4 Definition Let { Y a ; <p a p], {Z a ; ip a0 } be two direct spectra over the 
same directed set sY. Assume that for each a e sY, there is given a 
map h a : Y a — Z a and that whenever a < jS, the diagram 

ha 

Y a -> Z a 



is commutative. Then the family { h a ( a e ,s/} is called a map of 
the direct spectrum {Y a \cp aB } into {Z a ; i/j ae }. The map is called 
continuous whenever each h a is continuous. 

The notion of a map of a space Y into a direct spectrum {Z a ; t// a0 } over 
sY is obtained from 1.4 by regarding Y as the trivial direct spectrum 
over sY ; similarly, we obtain the meaning of "map of a direct spectrum 
into a space." Each map of spectra leads to a unique map of the limit 
spaces: 

1.5 Theorem Let {/* K }: {Y a , <p a0 ] {Z a \ t/t a0 } be a continuous map. 
Then there exists one, and only one, continuous map h 00 : Y°° -> Z 00 
having the property that for each a e sY, the diagram 

h a 

Y a -> Z* 

$<* 

ya> -> 7oo 

is commutative. Furthermore: 
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(1) . If each h a is injective, so also is h3 °. 

(2) . If each h a is surjective, so also is h 00 . 

(3) . If each h a is an identification, so also is h™. 

(4) . If each h a is a homeomorphism, so also is h 00 . 


Proof: Define h: EY a UZ a by h \ Y a = h a \ this is clearly con¬ 
tinuous, and because the h a commute with the connecting maps, h is 
also relation preserving. Passing to the quotient (VI, 4.3) yields a 
unique, continuous h°°: Y 00 —Z 00 such that the diagram 


h 

EY a -> ZZ a 


1 

Y °o 


Q 

Y 


- > 

h m 


Z 00 


commutes, and the asserted property of A 00 , as well as unicity, follows 
at once (I, 7.7). 

Ad (1). Let h co (y ) = h°°(y'). Choose representatives^ e Y,y' 0 e Y 0 
for y, y', respectively; since 

h<»(y) = h°° o <p a (y) = l /j a o h a {y a ) = h m (y') = f 0 o h 0 (y 0 ), 
we find from 1.3(2) that there is a y, such that a, /J -< y and f ay ° h a (y a ) — 
ip 0 y ° h 0 (y 0 ). By commutativity, h y o <p ay (y a ) ~ h y o <p 0 y (y 0 ) so because 
h y is injective, we get <p ay {y a ) = <p 0y {y 0 ), and by 1.3(2), that y = /. 

Ad (2). If each h a is surjective, then 

z* = U UZ a ) = U ° K{Y a ) = U A- o cp a (F a ) = A«(y»). 

a a a 

Ad (3). Since the map h:EY a -+EZ a is an identification, the 
result follows from VI, 4.3. 

Ad (4). This is an obvious consequence of (l)-(3). 


The map h 00 is called the direct limit map induced by the map 
{h a | a e stf}\ it is also denoted by Lim h af and Lim Dir h a . 

1.6 Corollary (Transitivity) Let {£„}: { X a ; oj a0 } -> { Y a ; <p a0 } and 
{h a ):{Y a \ <p tt0 ) -+{Z a ; f a0 ) be maps. Then 

{fa ° 8a}’ > {Z a > ’Aa/?} 

is also a map, and 

Lim Dir ( h a ° g a ) = Lim Dir h a ° Lim Dir < § r a . 


Proof: It is trivial to verify that { h a ° is indeed a map. Now note 
that f a o ( h a o g a ) = h * 3 o cp a o g a = h™ o g™ o oj a for each a esf; by the 
unicity statement in 1.5, we must therefore have A 00 ° g™ = Lim {h a ° g a }. 
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Let { Y a ; <p aB } be a direct spectrum over stf ; we now consider how to 
cut down sY without affecting Y 00 . It is clear that if 08 C sY is a directed 
subset, then { Y a ; <p aB | a, ft e 08} is a direct spectrum over 3d, and 
obvious examples show that with different choices of 08, we generally 
get different spaces Lim Dir# Y 0 . Nevertheless, there is a certain type 
of subset 08 to which we can always restrict without affecting Y 00 . 

Call 0$ C sY cofinal in jY if 3 ft e 08: a ^ ft. A cofinal 

08 C sY is also a directed subset of sY: given ft, i8' e 08, find y e sY 
such that ft, ft' -< y, and use cofinality to obtain ft" e 08 such that y -< ft". 

1.7 Theorem Let 08 be cofinal in sY. Then 

Lim Dir<# Y 0 = Lim Dir^ Y a , 
for any direct spectrum { Y a ; cp a f} over j/. 

Proof: Let B m = Lim Dir# Y^ and let Y 0 —> jB°° be the 
canonical map. Let Y^ -> Y 00 be the canonical map of the sY- 
spectrum. It is evident that {<p B \ ft e 08} is a continuous map of the 
^-spectrum into Y 00 so 1.5 gives a continuous h: B™ Y 00 such that 
the diagram 



commutes for each ft e 08. 

(1) . h is injective. Let h(b ) = h(b'); as previously remarked, we can 
always find representatives b B , b’ B , for b, b', lying in some one Y 0 , ft e 08. 
Since <p B {b B ) = h ° q 0 (b e ) = h(b ) = h{b’) = <p 0 (b 0 ), 1.3(2) shows that 
b 0 , b B , have a common successor in some Y a , a e sY\ since 08 is cofinal, 
b B , b'p, have a common successor in some Y y , yE 08, so they represent 
the same element in B™ and therefore b — b'. 

(2) . h is surjective. We first note that 

U { 9 JY.)\aest) = UK(y e )l(3e«}, 

since given any <p a ( Y a ), the cofinality gives some ft e 08, a -< ft, and then 
<p a (Y a ) = cp 0 o cp a0 (Y a ) C (p 0 (Y e ). The required surjectivity now follows 
from Y* = U <P«(Y a ) = U <Pe(Y p ) = U h ° q 0 { Y 0 ) = h[\J q B (Y 0 )] = 

a 0 0 P 

h(B *). 

(3) . h is an open map. Let U C B°° be open; we are to show that 
<p~ 1 [/t( U)] is open in Y a for each a e sY . First, this is true for each ft e 08, 
since the bijectivity of h gives cp^i^U)] = qJ 1 h~ l \h{U)} = qf l (U), 
and q 0 is continuous. It now follows for each a e sY , since by choosing 



Sec. 1 Direct Limits 


425 


jS e 38 such that a < j 8 , we have 9 “ X [A( U)] = 9 “/ ° cp 0 X [A( £/)], and 9 ^ is 
continuous. 

The theorem therefore is proved. 

This theorem frequently permits comparison of direct limit spaces 
when the direct spectra are over different directed sets. As an example: 
Let {Y a ; {Z a ;ip at \ be direct spectra over s8, 38, respectively. 
Assume there is a cofinal 38 C and a relation-preserving map r of 38 
into 38 such that y{38) is cofinal in 38. Then a continuous map 

{h 0 | p e 38): {Y e ; { Z a ; Y„ | < 7 , r e r(38)) 

induces a continuous h : Y 00 —> Z 00 , which is a homeomorphism when¬ 
ever each h 0 is. The simple proof of this result is left for the reader. 

Direct limits behave poorly for subspaces and for cartesian products, 
in a sense that will be made precise for each case. 

1.8 (Subspaces) Let { Y a ; <p a0 } be a direct spectrum over s8. For each 
a € s3, let A a C Y a and assume that cp a0 (A a ) C A 0 whenever 
a «< jS. Then {A a ; <p aB | A a } is a direct spectrum over s/, and there 
is a continuous injection h: A™ Y°°. 

Proof: Let i a : A a -> Y a be the inclusion. Since {4} is obviously a 
map {A a ; <p a0 | A a } {Y a ; cp a0 ), 1.5 yields a continuous h: A m -> Y°°, 
which is injective because each i a is. 

By the “poor behavior” of subspaces we mean that, in general, A 00 
is not homeomorphic to the subspace h(A m ) C Y 00 . 

Ex. 4 Let Y be the set {0} {x | |x| > 1} of real numbers taken with the order 
topology (cf . Ill, 7 , Problem 10). Let * 2 / be the directed set of positive integers, 
and take { Y n ; cp nk } to be the trivial spectrum over - 2 / with space Y. For each n, let 
A n C Y n be the subspace {0} v {x | |jc| > 1 + 1/m}; then h: A™ —> Y°° is in fact 
bijective and satisfies h{ 0} = {0}; however, {0} is open in A ”, whereas it is not 
open in Y°°. 

1.9 (Cartesian Products) Let (Y a ; cp a0 ) and {Z a ; be direct spectra 
over directed sets , 38, respectively. 

(1) . Preorder x 38 by (a, 0 ) -< (j 8 , t) if both a -< and 0 «< r. 

With this preordering, s8 x 38 is a directed set. 

(2) . For each ( 0 c, 0 ) -8. (f$, t), let Ya ^ ^ Y 0 x Z z 

be the continuous map <p a0 x ip az . Then the family of spaces 
{ Y a x Z a | («, a) e s8 x 38 ), together with the maps jtt (a(ff)>WtT ), 
form a direct spectrum. 

(3) . There is a continuous bijection 

/*:LimDir^ x je{Y a x Z a )-> LimDir^ Y a x LimDh>Z ff . 
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Proof: Since (1) and (2) are trivial, we prove only (3). For each 
(a, a), let h^ <0) : Y a x Z a —>■ T 00 x Z°° be the continuous map cp a x 
The family {h (a a) | (a, a) e srf x Sf) is readily verified to be a map of the 
spectrum into Y m x Z 00 , so with the continuous h = Lim Dir h (aa)y 
we obtain for each (a, a) the commutative diagram 



To show that h is bijective, it suffices (I, 6.9) to construct a map 
g : Y°° x Z°° —> Lim Dir( Y a x Z a ) 

(g is not asserted to be continuous!) such that both h o g = 1 and 
g o h — 1. We define g as follows: 

Given (y, z) e Y ^ x Z 00 , choose any representative y a of y, z a of z, 
and set g(y, z) = ju ( , ai<T) (y a , z a ). g is uniquely defined: if the selected 
representatives were y p , z T , then y a , y B (resp. z a , z t ) have a common 
successor y y (resp. z p )\ since y Y x z p is clearly a successor of both 
y a x z a and y 0 x ^,we have [1.3(2)] that p (a _ a) {y a , z a ) = n l0M (y 0 , z T ). 

It is now evident that both h o g = 1 and g ° h = 1, so the proof is 
complete. 

By the "poor behavior” of cartesian products we mean that in general 
h is not a homeomorphism. Indeed, it may fail to be a homeomorphism 
even though srf = Sf = positive integers, each Y t is a topological group, 
and each Y t = Z t . This is one reason that, when direct spectra of 
topological groups are considered, each group is usually taken with the 
discrete topology. 

1. 10 Remark The notions of direct spectrum and of direct limit can be extended 
to include the case where more than one connecting map between pairs of 
spaces is allowed. This extension is as follows: 

Let sY be a directed set, and [ Y a | a e sY) a family of spaces indexed by 
stf. For each pair of elements a, 0 such that a -< /3, let {(pa B | fi e M(a, fi)} 
be a given nonempty family of continuous maps <p%p: Y a —> Yp, which 
we call connecting maps [the cardinal of each M(a, ft) need not be finite, 
and may vary with (a, j8)]. Assume that the family of all connecting maps 
satisfies the following two conditions: 

(1) . If a -< /? -Ky, then each q> By ° (p„ 0 is also a connecting map. 

(2) . Given a -< j8, any two (fap , (p£p , and any y a e Y a , there exists a y 

such that fi <y, and a cp% Y , such that <p By ° cp^ B {y a ) = <p a 0y ° (pi B (y a ). 
Then { Y a ; cpue) is called a generalized direct spectrum. 
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The construction of Lim Dir Y a proceeds formally as before (successor of y a 
means image under any connecting map), and with evident modifications in the 
definitions, all the results 1 . 5 - 1.9 are valid. 


2. Inverse Limits 

2. 1 Definition Let $0 be a preordered set and {Y a | a e stf) be a family 
of spaces indexed by s/. For each pair of indices a, ft satisfying 
a -< jS, assume that there is given a continuous map fx 0a : Y e ->- Y a 
and that these maps satisfy the following condition: If a ■</?-< y, 
then /jl vcc = ° Hyp . Then the family { Y a \ fi ea \ is called an inverse 

(or projective) spectrum over sY with spaces Y a and connecting 
maps 


Observe that, in contrast with 1.1, we do not here require that the 
indexing set be directed. The fact that the maps “go in the direction 
opposite to the order” is obviously irrelevant unless further restrictions 
are imposed on the ordering of j/, and is done simply for later 
convenience. 

Each inverse spectrum yields a limit space: 

2.2 Definition Let {Y a ; fx 0a } be an inverse spectrum over j/. Form 
O {Y a | a e stf}, and for each a, let p a be its projection onto the 
ath factor. The subspace 

{y e E[ Y * I v «> 0: [« ■< => [Pa(y) = t*ea°Pit(y)]} 

a 

is called the inverse (or projective) limit space of the spectrum and 
is denoted by Y (other notations: Lim Y a ; Lim Inv^ Y a ). 


According to this definition, a point y = {y a } e\~[Y a belongs to Y x 

a 

whenever its coordinates “match” in the sense that if a -< jS, then 
ya = Ppaiyp)‘ Since a -< a for each a e «£/, it follows that each coordinate 
y a must actually belong to the subspace A a = {x e Y a \ /jl aa (x ) = of 
Y a . In fact, {A a ; fx Sa \ A e ] is itself an inverse spectrum over s/, since if 
a e e A p, then for each pair a «< the formula fi aa ° ii ea (a B ) = ii ea (a e ) 
shows fx t3ce (a e ) e A a , and it is easy to see that the two subspaces A m and 
Y a, of ]^[ Y a are the same. 

a 

The space F* is certainly empty whenever at least one n aa has no 
fixed points; however, it can also be empty even though each Y a # 0 , 
each fx 0C( is surjective, and each yi aa is the identity map. Clearly, Y x need 
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not be a discrete space, even though each Y a is discrete ( cf . IV, I, Ex. 3). 
Since Y «, is a subspace of J~] Y a , we find at once that Y » is resp. 

a 

Hausdorff, regular, completely regular whenever each Y a is resp. 
Hausdorff, regular, completely regular. 

The elements of are called threads; note that each thread has a 
unique representative in each Y a , but that an element of Y a may 
represent many threads. The restriction p a \ Y ^: Y «, -> Y a is denoted 
by p a and is called the canonical map of F* into Y a . It is evidently 
continuous, and two threads x, y are the same if and only if p a (x) = p a {y) 
for every a e srf. 

2.3 (1). Whenever a -< j8, the diagram 


y« -> Y b 



is commutative 

(2). If s/ is a directed set, then the sets {/x~ 1 (C7) | all a, all open 
U C F a } form a basis for Y 

Proof: (1) is obvious. 

(2). Let x e V, where V is open in Y^. Since Y x is a subspace of 
T a , there are finitely many open U„ t C Y at , i — 1, • • •, n such that 

x e <C/ ttl , • • •, Uaf) n Yoo C T. We are to show (III, 2.2) that for 
some suitable a and open U C Y„xef.-\U) C <{/.„•••, V„> n y„. 
Because <£/ is directed, we first choose a so that cq, • • •, a n < a, and then 

define E/ = p which is open in Y a . Now, according to (1), 

we have 

P'a = Pi Pa 1 = P 

1 1 

so that a y e Y m belongs to Pa X {U) if and only if its cqth coordinate lies 
in U Ul for each i = 1 ,•••,»; consequently, 

yep-\U) C <I7 ai ,..., E/ an >n 

as required. 

Ex. 1 Let tG/ be any preordered set and Y any space; {Y a \ fMp a } is called the 
trivial inverse spectrum over s/ with space Y if each Y a = Y and each iig a is the 
identity map. Clearly, Y x = Y for this spectrum. 
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Ex. 2 Let sY be the directed set of positive integers, Y n = Z for each n, and 
pnkiz) = 2 n ~ k z for k n. Then Y » has exactly one element, the thread {0,0,0, • • •}. 

Ex. 3 Let {y n |«eZ + }bea descending family of subspaces of a given space 
Y. For k ^ n, let fx nk be the inclusion map. The reader can verify that 

Foe £ n Yl 

i 

Note in particular that Y «, can be empty even though each Y n ^ 0 and each 
/ i nn is the identity map. 

We now consider the position of Y x in ]~J Y a . 

a 


2.4 Let {Y a \ fM Ba } be an inverse spectrum over j/. 

(1) . If each Y a is Hausdorff, then Y x is closed in J^[ Y a . 

a 

(2) . If each Y a is compact, then Y «, is compact (but possibly 

empty!). 

(3) . If (a) stf is a directed set, 

(b) each Y a is compact and nonempty, 

(c) V a e j/: (*ey a | iL aa {x) = x} ^ 0 , 

then Y is not empty. 

Proof: Ad (1). Let y = {;y a } e (fl Y a ) - 7®. Then p 8 Jy B ) # y a 

a 

for some pair a -< /?. Because F a is Hausdorff and [m 0cc is continuous, we 
can find nbds U a (y a ), U 0 {y 0 ) such that U a n fi 0a (U 0 ) = 0 , and then 
(U a , TJf) is a nbd of y not meeting Y^. 

(2) is an immediate consequence, since ]~J Y a is compact (XI, 1.4). 

a 

Ad (3). For each fixed fi e stf, let 

= {y e n y « I v («-< P) =>Pa(y) = Ha ° PM)- 

a 

S 0 is not empty: Choose any y 0 such that \x 00 {y 0 ) = y 0 ; then for each 
a satisfying a ■< j8 let = f^ 0a (y 0 ), and finally use I, 9 . 3 , to obtain an 
element of S 0 . As in (1), each S 0 is verified to be closed in J^[ Y a . 

a 

Observe that if -< y, then S Y C S 0 : Given y e S Y , then for each a 
such that «-<^,we have n 0a -p 0 (y) = Ha'HePyiy) = HaPy(y) = p a {y), 
which shows that y e S 0 . It follows from this observation that the family 
{S a | a e s/} has the finite intersection property: Given S a , • • •, S Un , 
then because is directed, there is some /3, such that oq, • • •, a n -< j8, so 

0^,cn 
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Now, since J~[ Y a is compact, we can conclude that Q {5 a | a e sYj # 0 

a 

(XI, 1.3), and since each element of this intersection is evidently a 
member of Y^, the proof is complete. 


Mappings of inverse spectra are defined in analogy to 1.4. If {X tt ; A^} 
and { Y a ; jjL 0ce } are two inverse spectra over the same preordered set s/, a 
continuous map {h a }: {X a ; A^} —{ Y a ; p 0a } is by definition simply a 
collection of continuous maps h a : X a —> Y a , one for each a, having the 
property that whenever a -< j8, the diagram 


hp 

Xp -* Y e 



Y 



Y a 


is commutative. By specializing one or the other of the spectra to be a 
trivial spectrum, we obtain the definition of maps of spaces into spectra, 
and conversely. 


2.5 Theorem Let {h a }: { X a ; A^ a } -» (F a ; fjL 0ce } be a continuous map of 
inverse spectra. Then there exists one, and only one, continuous 
k S} \ r® having the property that for each aei, the diagram 


x a 


K 


x a 


a 1 

h a 

is commutative. Furthermore 


Pa 

* Ya 


(1) . If each h a is injective, then so also is h^. 

(2) . If sY is directed, and if each h a ° A a is surjective, then h^XJ) 

is dense in Y 


Proof: Define h : J~] X a -> Y a by h = Y~[ K ; the map h is con- 

a a a 

tinuous (IV, 2.5) and we set = h | X M . Then actually maps AT W 
into Y a 0 ; that is, if (xj is a thread, so also is {h a (x a )}: For, whenever 
a < jS, we have x K = A^x^,), and so p 0a -h 0 {x 0 ) = h a ° X 0a (x 0 ) = h a (x a ), 
showing that (A a (x a )} is indeed a thread. It is trivial to show that the 
asserted diagram commutes and that h is unique. 

Ad (1). Let x = (x a ), x' = {x«}. The condition h^(x) = h x {x') 
means that h a {x a ) = h a (x' a ) for each a; since each h a is injective, this says 
that x a — x' a for each a; that is, x = x '. 
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Ad (2). Let [i a \U) be any nonempty basic open set in Y 00 . 
Since h a o A a is surjective, A" 1 ° h~\U a ) # 0 ; consequently, 

h^ 1 ° ^(Ua) # 0 . 

Each open set in Y a therefore contains points of A 00 (A’ 00 ), and the 
assertion is proved. 

The following example shows that in contrast to the case for direct 
limits, h op may not inherit surjectivity from that of all the h a , even if all 
the A a are surjective. 

Ex. 4 Let sY be the directed set of integers, and let {X k \ A„ te } be the trivial 

spectrum over sY with space E 1 . The spaces Y n = { 3 / | 0 y ^ n) together 

with the connecting maps /x nk (y) = min[y, k ] for k n, form an inverse 

spectrum { Y k , fi nk }. Defining h k (x ) = minfv, k\ gives a continuous map 

{X k \ A nfc } —> { Y k ; fJ. nk }. All the hypotheses of (2) are satisfied, yet the point 
00 

{ 1 , 2 , •••,«•••} e Yn belongs to Y^ and is not in h x (X *). 

1 

The map h x of 2.5 is called the inverse limit map induced by {/? a }, 

and is also denoted by Lim h a or Lim Inv^ h a . It is easy to prove the 

^- 

transitivity of the limit maps, as in 1.6. This leads to 

2.6 Corollary With the notations in 2.5, if each h a : X a ^ Y a , then 

h * If /v' V 

00 • 00 = - 1 00 • 

Proof: {h' 1 } is evidently a continuous map {y a ; fx Ba } -> {X a ; A M }; 
letting £ = Lim InvjA” 1 }, we find from the transitivity that g ° = 1 

and A 00 0 g = 1, so A*, is a homeomorphism (III, 12.3). 

Given an inverse spectrum over sY, restriction of the indices to a 
preordered subset i C gives an inverse spectrum over As with 
direct spectra, we have 

2.7 Theorem Let sY be a directed set, and & C sY cofinal. Then for 
every inverse spectrum { Y a ; /jl 0cc } over sY, 

Lim Inv^ Y a = Lim Inv^ Y B . 

Proof: Let = Lim Inv^ Y e and let q B : B K Y s be the 
canonical map. Let fx p : — > Y 0 be the canonical map of the sY- 

spectrum. Clearly, {/x^ | e £%} is a continuous map of Y „ into the 
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3d- spectrum, so we obtain a continuous h: such that the 

diagram 


h 

Foe -> B a 0 



commutes for each jS e 3d. 

(1) . h is injective. If h(y) = h(y'), then p B {y) = q B ° h(y) = p B (y') 

for each /? e 3d. To show y = y', we must prove that p a (y) = p a (y') 
for each a e sY. We do this by noting that for each a e sY ’, cofinality 
gives a with a < 0, so p a (y) = p Ba o p B (y) = p Ba ° /^(/) = 

/*«(/)• 

(2) . h is surjective. Let {b B } = b be any thread in B m . We use this 
to define a thread in Y x as follows: 

For each a g sY, choose a /8 g ^ such that a -< jS, and let _y a = p Ba (b B ). 

y a is independent of the /8 & & that is used: For, if f3, y e 3d satisfy 
a «< j8, a •< y, we can find aAe J 1 with /$, y < A, and since {6^} is a thread 
in £,0, = p Ba o = /* Aa (ft*) = p Xa ° = H , vci(Py)‘ 

The set | a e sY] is a thread in F B : Given any a,yei with a < y> 
cofinality gives a /3 with y -< [3, and 

ya = t x 0a{^e) = f^vee ° = ^yaC^y)' 

If g 3d, then y B = b B : For, since {b B } is a thread, /x BB (b B ) = 6^; that is, 

ye = V 

Now, for the element jy = (y> a ) e Y ro , we clearly have h(y) = b, and 
so h is surjective. 

(3) . h is open. We first show that | all j8 g 3d, all U open in 

Y B } is a basis for Y OT . In view of 2.3(2), it is enough to show that for any 
a g sY and open U C Y a , there is a /3 g 3d and U B C Y B such that 
HaKU) = p B 1 (U B ); this follows from /u," 1 (L r ) = fx^ 1 ° pYa(U) and 
continuity of p Ba . A proof that h is open is now immediate: For each 
member of this basis, and because h is bijective, 

h[^\Ue)\ = h[h-'oqy\U B )] = q B \U B ). 

The theorem is proved. 

For subspaces, the behavior of inverse limits is more satisfactory than 
that of direct limits: 

2.8 Let sY be a preordered set and {Y a ; n Bce } be an inverse spectrum 
over sY. For each a g sY, let A a C Y a and assume that <p Ba (A B ) C A a 
whenever a -< /3. Then {A a ‘, fx Ba \ A B j is an inverse spectrum, and 
A oo is homeomorphic to the subspace 7^ n O | a G of Y*,. 
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Proof: Let i a = A a —> Y a be the inclusion; since { i a } is a continuous 
map of {A a ; ix 0a j A 0 j into {Y a ; fj, 0a \, we obtain by 2.5 an injective 
i x : A x —> Y oo. The remainder of the proof is left for the reader. 

This result implies that in any inverse spectrum (F a ; fi 0a }, there is no 
loss of generality to assume that each connecting map and each canonical 
map is surjective: For, we replace each Y a by /x^y*) = A a> note that 
{A a ; jx 0cc | A 0 j is also an inverse spectrum in which the connecting and 
canonical maps are surjective, and finally that A x ~ F 

There is a duality between inverse and direct limits that involves 
function spaces, and which we now consider. Let $0 be a directed set, 
and {Y a ; <p a0 ) a direct spectrum over stf ’. For any space Z, each con¬ 
necting map <p a0 : Y a Y 0 induces a map cp 0a Z Y e —> Z r «, where 
<P 0a (f) = f ° <Pcc0- The cp 0a will certainly be continuous if the function 
spaces carry the topology of pointwise convergence (XII, 9) and it is 
immediate that {Z Y «; <p 0c f is then an inverse spectrum over . The 
duality principle is formalized in 

2.9 Theorem Let stf be a directed set. Then for any direct spectrum 
{ T a ; 93 a/3 } over $0 and any space Z, 

Lim Inv{Z y «; (p 0a } £ Z LlmDir{Y « :c> «-» } , 
all function spaces carrying the topology of pointwise convergence. 

Proof: Let cp a : Y a —> F 00 be the canonical map. Since 

Z r ' ^{Z?. 

is evidently a continuous map, we have for each a e s/ a commutative 
diagram 

h 

Z yc ° - - > Lim Inv Z Y « 



Z Y « 


where h = Lim Inv 99 ^, q a is the canonical map, and all maps are 
continuous. Since q a °h(f ) = <p£( f), the map h can be described as 
sending each/e Z yco to the thread {/° cp a }. 

Conversely, given any thread t = {f a } e Lim Inv Z Y «, we define a map 
/ ( : F 00 —> Z as follows: 

For each y e F 00 , choose any representative y a e Y a and set f t (y) = 
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f t is uniquely defined: If y B were any other representative of y , then 
<PaXy«) = <PBv(yn) for a suitable y so f a (y a ) = <p? a (f Y ){y a ) = f y ° <p ay {y a ) = 
/y ° Teviyp) = ftsiyp)' Furthermore,/ t is continuous on Y°°: For, if C7 is 
open in Z, to show/ f ~ 1 (C/)openin Y 00 requires that we prove 1 [/f 1 (t/)] 
open in each Y a , and this is evident, since f t ° <p a = f a - 

The correspondence t—>f t thus defines a map G: Lim Inv Z Y « -> Z y °°. 
Evidently, both G oh — 1 and h ° G = 1, so both h and G are bi- 
jective. To show that h is a homeomorphism, we need prove only that 
G is continuous, and for this we simply verify that if (y 0 , V) is any sub- 
basic open set in Z y °°, and if y a e Y a is any representative ofy 0 , then G 
maps the open set q~ 1 [(y«, V)] onto exactly (y 0 » Y). The proof is 
complete. 

We remark that if { Y a ; p Ba } is an inverse spectrum over the directed set 
then it is not in general true that Lim Dir{Z y « ; ^ Z UmIny{Y « ;tl iia\ 

2.10 Remark Again the notion of an inverse spectrum can be extended to cover 
the case where more than one map between pairs of spaces is allowed. This 
extension is as follows: 

Let sY be a preordered set and { Y a | a e srf) be a family of spaces indexed 
by stf. For each pair of elements a, [3 such that a -< let {q>p a \ /jl e M(a, /3)} 
be a given nonempty family of continuous maps (p Ba : Y 0 —> Y a , which we 
will call connecting maps. The cardinality of M(a, fi) need not be finite 
and may vary with (a, fi). Assume that whenever a «< j8 -< y, then each 
<Pp a 0 <Pv0 is a l so a connecting map. Then { Y a ; <pp a } is called a generalized 
inverse spectrum over sY. 

The limit space is that subspace of Y a defined by the condition 

a 

V a ,fiesY:{a -<£)=► p a {y) = <p u Ba ° Pp{y ) for all fi e M(a, f$). 

With evident modifications, all the results 2.4 2.8 are valid for generalized 
inverse spectra; and with the generalized direct spectra of 1. 10, the duality 
theorem is also true. 


Problems 


1 . Let { Y a ; <p aB } be a direct spectrum over sY. Prove: 

a. If each <p aS is injective, so also is each canonical cp a . 

b. If each 9 o aB is surjective, so also is each canonical cp a . 

c. For each a let Y' a = <p aa (Y a ) and = <p ae \ Y' a . Show that {Y' a ; ifj aP } 
is a direct spectrum and that there is a continuous bijection Y°° —> (Y') 00 . 

d. For each a let Y' a — Y tt /K(<p a ) (cf. VI, 7). Show that each <p a/3 is relation¬ 
preserving, and let 9 o' aB be the maps obtained by passing to the quotient. 
Show that { Y „; 9 o' aP } is a direct spectrum and that there is a continuous 
bijection G: Y® (Y') 00 . 
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e, Let {h a }: { V a ; <p aP } -» {Z a ; ift aP } be continuous and G„ C Y a x Z a be the 
graph of h a . Let X aP = <p aP x tp aP | G a . Show that {G a ; A a/3 } is a direct 
spectrum and that there is a continuous bijection G 00 —> the graph of Lim h a . 

2. For each neZ + , let Y n = [—1, +1]. If k n, define 9 o nk : Y n -> Y k by 
Vnkiy) — 2 n ~ k y. Show that Lim Dir {I 7 ,,, <p nlc } is homeomorphic to E 1 . 

3. Let Y, Z be two spaces, and for each y e Y, let G(y) = Lim C uiy ^(Z) be the 

set of germs of continuous maps of a nbd of y into Z ( cf . I, Ex. 3). For each 
f e Cu(Z) and each y 0 e U, lety 0 (/) be the canonical image of/in G(y 0 ) and let 
(/, Cu(Z)) = { y 0 (f ) | y 0 e U}. Topologize G = 2 (G(y) | y e Y) by using all 
sets (/, Cu{Z)) as subbasis, and let p: G —> Y be the map sending each G(y) 
to y. Prove: p is continuous, open, and each geG has a nbd U such that 
p | U: U ~ />(£/). 

4. Let {Y a -,p Pa } be an inverse spectrum over the directed set sY. Assume that 
each Y a is compact and that each p aa = identity map. Prove: 

a. If U is an open set in Y a , and if p a ( Y «>) C U, then there exists a jS, such 
that a •< ft and p Pa ( Y p ) C U. 

b. For each a, p a (Y «>) = fl {ppa(Y 0 ) | a -< /3}. 

e 

c. If each Y a is connected, then Y x is connected. 

5. Let {h a }: {F„; p Pa } —> {Z a ; A^ a } be a continuous map of inverse spectra. Let 
G a C Y a x Z a be the graph of h a and g pa = p pa x X Pa j G p . Prove that 
{G a \ gna) is an inverse spectrum and that G TO is homeomorphic to the graph of 
Lim Inv h a . 

6. Let { Y a | a e ,sY} be any family of spaces, and partially order the family of all 
finite subsets 4F C sY by inclusion. 

a. For 4F C F', let | a e F'} —>Y1 {Y a \ a gF} be the pro- 

a a 

jection. Show Lim Invjr [TT { Y a | a e F}\ £ j/J Y a . 

a 

b. Choose a fixed point {b°} € { Y a | a e sY}, and for F C F' let 

OC 

<pwiU{Y a \aeF}^U{Y a \aeF'j 
be the homeomorphism onto the slice in { Y a | a e F'j through 
{b% | a e F'} 

parallel to Tf { Y a j a e F). Prove Lim Dir p [IT { Y a J a e F }] £ PY a 
(see VI, 8 , Prob. 5). 
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Continuous map, 79 
Continuous map into euclidean line, 
84 

Continuous uniformly, 234 
Continuum hypothesis, 49 
Contractible space, 316 
Convergence, in compact-open topol¬ 
ogy, 267 

Convergence,, pointwise, 272 
Convergence, uniform, 271 
Convergence, uniform on compact 
sets, 267 

Convergent filterbase, 212 
Convergent net, 210 
Convergent sequence, 209 
Convex closure, 415 
Convex hull, 411 
Convex set, 411 

Coordinate function, in cartesian 
products, 101 
Coordinates of point, 22 
Countability, first axiom of, 186 
Countability, second axiom of, 173 
Countable basis at a point, 186 


Countable compactness, 228 
Countable connected Hausdorff 
space, 157 
Countable set, 47 
Countably paracompact, 178 
Covering, 13 
Covering, closed, 162 
Covering homotopy, 393 
Covering homotopy, stationary, 393 
Covering, irreducible, 160 
Covering map, 393 
Covering, neighborhood-finite, 81 
Covering, open, 162 
Covering, point-finite, 152 
Covering, star-finite, 177 
Cozero-set, 400 
Cube, Hilbert, 192 
Curtis, M. L., 396 
Curve, 105 

Curve, spacefilling, 105 

D 

Decomposition space, of map, 129 
Deformation, of one set into another, 
324 

Deformation retract, 324, 325, 330 
Degree of map (of sphere in itself), 
339 

De Morgan rules, 5, 9 
Dense, 72 

Dense, nowhere, 92, 250 
Derived homotopy type, 388 
Derived set, 70 
Derived set operator, 73 
Diagonal, 14 

Diagonal enumeration, 60 

Diagonal process of Cantor, 231 

Diameter, 185 

Dieudonne, J., 131 

Difference of sets, 5 

Direct limit map, 423 

Direct limit space, 421 

Direct limit space, generalized, 426 

Direct spectrum, 420 

Direct spectrum, generalized, 426 

Directed set, 210 

Discrete subspace, 78 
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Discrete topology, 63 
Disjoint, 3 

Dispersion point, 156 
Distance, 181 

Distance between sets, 185 
Distance, Hausdorff, 205, 253 
Domain invariance, 358 
Domination, 374 

Dowker, C. H., 132, 136, 170, 416 

Dual ideal, 213 

Dugundji, J., 188, 229, 419 

E 

Ecart, 182, 198 
Eckmann, B., 407 
Eilenberg, S., 361, 374 
Embedding map, 89 
Equiconnected, 334 
Equiconnected, locally, 334, 405 
Equicontinuous, 266 
Equipotence class, 45 
Equipotent, 45 
Equivalence class, 15 
Equivalence, homotopy, 366 
Equivalence, pair homotopy, 368 
Equivalence relation, 15, 16 
Equivalent basis, 68 
Equivalent metric, 184 
Equivalent uniformity, 201 
Euclidean line, 63 
Euclidean n-space, 64 
Evaluation map, 260 
Evaluation map, continuity of, 274 
Extended lifting function, 397 
Extended real line, 77, 85 
Extension by continuity, 216, 218 
Extension of function, 13 
Extension of uniformly continuous 
maps, 302 

Extension, Tietze Theorem, 149 
Exterior, 92 

F 

F„- set, 74 
Fadell, E., 398 
Family of sets, 8 


Index 

Family of sets, lim inf and lim sup of, 
27 

Family of sets, neighborhood-finite, 
81 

Feldbau, J., 398' 

Fiber, 392 

Fiber-homotopic maps, 398 
Fiber-homotopy equivalence, 398 
Fiber-preserving map, 398 
Fiber space, 393 
Fiber structure, 392 
Fiber structure, cross section, 393 
Fiber structure, induced, 395 
Fibration, 393 
Fibration, Hurewicz, 393 
Fibration, local Hurewicz, 403 
Fibration, regular, 393 
Filter, 213 
Filterbase, 211 
Filterbase, Cauchy, 296 
Filterbase, determined by a net, 211 
Filterbase, maximal, 218 
Filterbase, neighborhood, 211 
Filterbase, subordinate, 212 
Finer topology, 64 
Finite character, property of, 58 
Finite intersection property, 23 
Finite set, 2 

Finite topology in vector space, 131, 
133, 416 

Finitely additive measure, 36 
First axiom of countability, 186 
First category, 250 
First countable space, 186 
First uncountable ordinal, 54 
Fixed point, 305 

Fixed-point theorem, Brouwer’s, 341, 
353 

Fixed-point theorem in complete 
metric spaces, 305 

Fixed-point theorem, Tychonoff, 414 
Flat, 412 

Foundation, axiom of, 20, 42 
Fox, R. H., 275 
Free union, 127, 132 
Freudenthal, H., 314, 350 
Function, 10 

Function, equality of two, 11 



Index 


441 


Function, range and domain of, 10 
Function space, 257 
Function space, admissible topology, 
274 

Function space, c-topology, 257 
Function space, conjoining topology, 
274 

Function space, metric topology, 269 
Function space, />-topology, 272 
Function space, proper topology, 274 
Function space, splitting topology, 
274 

Fundamental group, 381, 388, 389 
Fundamental theorem of algebra, 
342 

G 

(7-hereditary property, 206 
G^-set, 74 
Gauge, 198 

Gauge derived from a map, 198 
Gauge induced in cartesian product, 
198, 200 

Gauge, separating family of, 198 
Gauge space, 199 
Gelfand, I., 287 

Gelfand-Kolmogoroff theorem, 287, 
289 

General extension theorem, 149 
General position, 412 
Generalized continuum hypothesis, 49 
Generalized convergence, 235 
Geodesic distance, 206 
Geometric complex, 418 
Geometric nerve, 172 
Geometric realization, 172 
Germs of continuous maps, 422 
Godel, K., 21, 49 
Grating, 177 
Group, 410 

H 

.//-equivalent /7-structures, 382 
//-homomorphism, 381 
//-isomorphism, 382 


/7-space, 383 
//-structure, 379 
//-structure, 77-abelian, 388 
//-structure, H- associative, 387 
//-structure, induced on components, 
381 

//-structure, induced on function 
space, 381, 391 

//-structure, principal component of, 
380 

//-structure with inversion, 386 
//-structure with unit, 384 
Halo, 327 
Hamel basis, 35 
Hanai, S., 235 
Hausdorff, F., 286 
Hausdorff metric, 205, 253 
Hausdorff space, 137 
Hilbert cube, 192 
Hilbert space, 192 
Holladay, J. C., 284 
Homeomorphism, 87 
Homeomorphism type, 88 
Homotopic spaces, 365 
Homotopy, 315 
Homotopy class, 317 
Homotopy equivalence, 366 
Homotopy equivalence (pair), 368 
Homotopy extension property, 326 
Homotopy groups, 388, 389 
Homotopy inverse, 366 
Homotopy rel A, 321 
Homotopy type, 365 
Hopf fiber structures, 407 
Hopf, H„ 352, 407, 408 
Hopf map, 408 

Hurewicz fibration, 393, 395 ff. 
Hurewicz, W., 314, 396, 400 

I 

Ideal, dual, 213 
Ideal, in ring, 288 
Ideal, in well-ordered set, 36 
Ideal, maximal, 288 
Identification, 121 
Identification map, 121, 123 
Identification of subset to point, 
125 
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Identification topology, 120, 262 
Identification topology in cartesian 
products, 262 ff. 

Identity map, 11 
Identity relation, 14 
Implicit function theorem, 306, 313 
Inclusion map, 11 
Indexing set, 8 
Indiscrete topology, 63 
Induced fiber structure, 395 
Induced gauge structure in cartesian 
products, 198, 200 

Induced map of function spaces, 259 

Induced set map, 11 

Induction, transfinite, 40 

Inductive limit space, 421 

Inductive property, 180 

Inductive spectrum, 420 

Infinity, axiom of, 20 

Initial interval, 36 

Interior, 71 

Interior, operator, 74 

Intersection, 3, 8 

Invariance of dimension number, 
350, 359 

Invariant, algebraic, 367 
Invariant, positional, 355 
Inverse image, 11 
Inverse limit map, 431 
Inverse limit space, 427 
Inverse spectrum, 427 
Inverse spectrum, generalized, 434 
Irreducible covering, 160 
Irreducible map, 394 
Isolated point, 92 
Isometry, 285, 314 
Isomorphism of metric spaces, 285 
Isomorphism of well-ordered sets, 
37 

J 

Janiszewski, S., 362 
Join, 128, 135 

Joint topological invariant, 257 
Jones, F. B., 144 
Jordan curve theorem, 362 
Jordan separation theorem, 358 


K 

k-space, 248, 263 
Kneser, H., 58 
Kolmogoroff, A., 287 
Krull’s theorem, 36 
Kuratowski, C., 112, 286, 363 

L 

/ 2 (0, 191 
Larger topology, 64 
Lattice, 57 
Lattice, complete, 91 
Lavrentieff, M., 314 
Lebesgue non-measurable set, 36 
Lebesgue number, 234 (196) 
Lexicographic order, 57 
Lifting function, 396 
Lifting function, extended, 397 
Lifting function, regular, 396 
Lifting of map, 393 
Limit of filterbase, 212 
Limit of net, 210 
Limit ordinal, 44 
Limit space, direct, 421 
Limit space, inverse, 427 
Lindelof space, 174 
Linear F-approximation, 344 
Linear topological space, 413 ff. 
Linear topological space, locally con¬ 
vex, 414 

Linear topological space, normed, 414 
Linearly independent, 412 
Load, 122 

Local Hurewicz fibration, 403 
Locally compact, 237 
Locally connected, 113, 125 
Locally convex linear topological 
space, 414 

Locally equiconnected space, 334, 405 
Locally euclidean space, 364 
Locally starring sequence, 169 
Locally trivial fiber structure, 404 ff. 
Loop, 376 

Loop space, 377, 382 

Lower semi-continuous, 84, 170 

Lusternik- Schnirelmann theorem, 349 
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M 

Map, 10, 14 

Map, closed, 86 

Map, composition of, 12 

Map, constant, 11 

Map, continuous, 79 

Map, embedding, 89 

Map, extension of, 13 

Map, identity, 11 

Map, inclusion, 11 

Map, injective, 13 

Map, lower semi-continuous, 84 

Map, open, 79, 86 

Map, perfect, 235 

Map, relation-preserving, 16 

Map, restriction of, 12 

Map, surjective, 13 

Map, upper semi-continuous, 84 

Mapping cylinder, 368 

Mapping of direct spectra, 422 

Mapping of inverse spectra, 430 

Maximal element, 30 

Maximal filterbase, 218 

Maximum modulus theorem, 96 

Mazur, B., 358 

Mazurkiewicz, S., 308 

Meager set, 250 

Metacompact, 229 

Method of complements, 6 

Metric, 181 

Metric space, 183 

Metric topology in function spaces, 
269 

Metrizable space, 183 
Metrization of topological spaces, 


194-196, 200, 
253 

207, 

233, 

235, 

Michael, E. A., 

163, 

165, 

191, 

206 





Minkowski’s inequality, 182 
Monomorphism of well-ordered sets, 
37 


Montgomery, D., 207 
Morgenstern, D., 301 
Morita, K., 174, 196, 255 
Morse, M., 358, 374 
Mrowka, J., 244 
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N 

Nagata-Smirnov theorem, 194 
Nbd (neighborhood), 63 
Nbd filterbase, 211 
Nbd-finite family, 81 
Nbd-finite subcovering, 223 
Nbd of equicontinuity, 266 
Nbds, complete system of, 67 
Nerve, 172 

Nerve, geometric, 172 
Net, 210 

Non-meager, 250 
Non-vanishing vector field, 342 
Norm, 414 

Normal, completely, 146 
Normal, perfectly, 148 
Normal space, 144 
Normed linear space, 414 
Novak, J., 244, 245 
Nowhere analytic functions, 301 
Nowhere dense, 92, 250 
Nowhere differentiable functions, 300 
Null set, 2, 19 

Nullhomotopic, 315, 317, 318 
Number, cardinal, 46 
Number, ordinal, 42 

o 

One-to-one map, 13 
Onto map, 13 
Open map, 86 
Open relation, 126 
Open set, 63 
Ordered pair, 7 
Ordered simplex, 336 
Ordering, lexicographic, 57 
Ordering, partial, 30 
Ordering, pre-, 29 
Ordering, total, 30 
Ordering, well, 31 
Ordinal, 31 

Ordinal, comparability of, 38 
Ordinal, first uncountable, 54 
Ordinal, limit, 44 
Ordinal number, 42 
Ordinal space, 66 



Index 


444 

P 

p- load, 122 
/>-topology, 272 
Paracompact, countably, 178 
Paracompact space, 162 
Parallelotope, 155 
Parameter transformation, 377 
Parametric representation of curves, 
101 

Pair homotopic spaces, 368 
Pair homotopy equivalence, 368 
Pair homotopy inverse, 366 
Pair homotopy type, 368 
Pairing, axiom of, 19 
Partial ordering, 30 
Partial ordering by inclusion, 30 
Partition of set, 13 
Partition of unity, 169 
Partition of unity subordinated to a 
covering, 170, 173 
Passage to quotient, 17 
Path, 114, 376 ff. 

Path-connected, 114 
Path, inverse of a, 376 
Path, rectifiable, 206 
Path space, 377 
Paths, equivalent, 378 
Paths, product of, 376 
Peano curve, 105 
Perfect map, 235 
Perfect set, 92 
Perfectly normal, 148 
Picard successive approximations, 305 
Piecewise definition of map, 83 
Poincare, H., 343 
Point-finite covering, 152 
Pointwise convergence, metrizability 
of, 273 

Pointwise convergence, topology of, 
272 

Polytope, 172, 418 

Poly tope, triangulation of, 418 

Popisil, B., 244 

Positional bound, 355 

Positional invariant, 355 

Postnikov, M. M., 368 

Power set, 10, 19 


Power set, axiom of, 19 
Precise refinement, 161 
Precompact, 298 
Preordering, 29 
Preordering by inclusion, 30 
Preordering, cofinal subset in, 58 
Preordering, maximal element in, 30 
Preordering, of type co, 58 
Preordering, upper bound in, 30 
Product, cartesian, 22, 98 
Product of paths, 376 
Projection onto a factor, 11, 22, 23 
Projection onto quotient set, 16 
Projection parallel to compact factor, 
227 

Projective limit topology, 134 
Projective plane, 135 
Proper subset, 2 
Proper topology, 274 
Proper vertex map, 337 
Pseudo-compact, 231 
Pseudo-metric, 198 

Q 

Quasi-component, 118 
Quotient set, 16 
Quotient space, 125, 134, 135 

R 

Range, 10 

Real vector space, 410 
Real vector space, spanned by ele¬ 
ments, 411 
Rectifiable path, 206 
Refinement, barycentric, 167, 173 
Refinement of covering, 161 
Refinement, precise, 161 
Refinement, star, 167 
Refinement, star-finite, 177, 242, 255 
Regular closed set, 92 
Regular fibration, 393 
Regular lifting function, 396 
Regular map, 340 
Regular map, degree of, 340 
Regular open set, 92 
Regular space, 141 
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Relation, binary, 14 
Relation, closed, 126 
Relation, composition of, 28, 201 
Relation, equivalence, 15, 16 
Relation, induced, on subset, 14 
Relation, open, 126 
Relation, quotient of, 28 
Relation, reflexive, 15 
Relation, symmetric, 15 
Relation, transitive, 15 
Relation-preserving map, 16 
Relative homotopy, 321 
Relative topology, 77, 79 
Relatively compact, 237 
Replacement, axiom of, 19 
Residual set, 92 
Retract, 133, 322 
Retract, deformation, 324 
Retraction, 322, 333 
Ring, 287 
Ring, Boolean, 6 
Ring, a-, 76 
Russell, B., 18, 21 

s 

<7-compact space, 240 

a-ring, 76 

Salzmann, H., 302 

Samelson, H., 384 

Saturated set, 122 

Schauder, J., 415 

Schmidt, J., 213 

Schoenflies problem, 358, 363 

Second axiom of countability, 173 

Second category, 250 

Second countable space, 173 

Self-indexing, 8 

Separable space, 175 

Separating family of functions, 282 

Separating family of gauges, 198 

Separating set, 356 

Sequence, 209 

Sequence, Cauchy, 292 

Sequence, convergent, 209 

Set, 1, 18 ff. 

Set, complement of, 5 
Set, finite, 2 
Set, null, 2, 19 


Sets, difference of, 5 
Sets, family of, 8 
Sets, intersection of, 3, 8 
Sets, union of, 3, 8 
Shiftman, M., 374 
Shrinking a cover, 152 
Sierpinski space, 63 
Sierpinski, W., 49 
Sieve, 250 
Simplex, 171 
Simplex, degenerate, 336 
Simplex, geometric, 171 
Simplex, ordered, 336 
Simplex, spherical, 337 
Simplicial complex, abstract, 171 
Slices, in cartesian products, 103 
Slicing map, 404 
Slicing neighborhood, 404 
Spanier, E. H., 399 
Spectrum, inductive, 420 
Spectrum, projective, 427 
Spherical simplex, 337 
Splitting topology, 274 
Standard geometric realization, 172 
Star-finite covering, 177 
Star-finite refinement, 242, 255 
Star of set in covering, 167 
Star of vertex, 172 
Star refinement, 167 
Stationary covering homotopy, 393 
Stiefel fiber structures, 406 
Stone, A. H., 168, 178, 186, 196 
Stone, M., 243, 282 
Stone-Cech compactification, 243 
Stone-Weierstrass theorem, 282 
Stone-Weierstrass theorem for 
complex-valued functions, 283 
Stone-Weierstrass theorem for 
quaternion-valued functions, 284 
Strong deformation retract, 324, 330, 
331 

Subbasis for a topology, 65, 66 
Subcovering, 160 

Subdivision of geometric complex, 418 
Subordinate filterbase, 212 
Subordinate partition of unity, 170 
Subsequence, 210 
Subset, 2 
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Subset, proper, 2 
Subspace topology., 77, 79 
Successive approximations, Picard, 
306 

Support of function, 169 
Surjective map, 13 
Suspension, 127 
Suspension of w-sphere, 227 
System of representatives, 16 

T 

T 0 -space, 138 
T x -space, 138, 156 
jT 2 -space, 138 
Tg-space, 141 
T 4 -space, 144 
Terminal set, 210 
Thread, 428 

Tietze extension theorem, 149 
Topological space, 62 
Topologically complete space, 294 
Topology, 62 

Topology, basis for, 64, 67 
Topology, derived from uniformity, 
202 

Topology, discrete, 63 
Topology, euclidean, 63, 64 
Topology, indiscrete, 63 
Topology, quotient, 125 
Topology, subbasis for, 65, 66 
Topology, subspace, 77 
Topology, upper limit, 66 
Torus, 7 

Total ordering, 30 
Total space of fiber structure, 392 
Totally bounded gauge structure, 310 
Totally bounded metric, 298 
Totally disconnected, 111, 125 
Totally path wise disconnected, 119 
Tower, 32 

Transfinite construction, 40, 41 
Transfinite induction, 40 
Transgression, 123 
Transition map, 379 
Transitive relation, 15 
Triangle inequality, 181 
Triangulation, 337 


Triangulation of polytope, 418 
Trivial direct spectrum, 421 
Trivial inverse spectrum, 428 
Tychonoff fixed point theorem, 414 
Tychonoff space, 153 
Tychonoff theorem on cartesian 
products, 224 

Tychonoff theorem on linear spaces, 
413 

Type, homeomorphism, 88 
Type, homotopy, 365 

u 

Ultrafilter, 218 
Unicoherent, 364 
Uniform continuity, 201, 202, 234 
Uniform convergence on compact 
sets, 267 

Uniform isomorphism of gauge struc¬ 
ture, 310 

Uniform isomorphism of metric 
spaces, 303 
Uniform space, 203 
Uniform structure, 201 
Uniformity, 201 

Uniformity compatible with topol¬ 
ogy, 203 

Uniformity, topology derived from, 

202 

Uniformization theorem of Hurewicz, 
400 

Uniformizing family of coverings, 202 
Union, 3, 8 
Union, axiom of, 19 
Union, free, 127, 132 
Upper bound in preordered set, 30 
Upper bound of topologies, 90 
Upper limit topology, 66, 105, 107 
Upper semi-continuous, 84, 170 
Urysohn characterization of nor¬ 
mality, 146 

Urysohn metrization theorem, 195 

V 

Vector field, 342 

Vector space, basis for, 36, 412 
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Vector space, finite topology, 416 
Vector space, normed, 414 
Vector space, real, 410 
Vertex scheme, 172 
Vickery, 81 

w 

Wazewski, T., 407 
Weak topology, 131 
Weak topology in cartesian products, 
136 

Weakly locally contractible, 375 
Weakly normal space, 232 
Weierstrass approximation theorem, 
282 

Weierstrass M- test, 85 
Weight, 173 


Weil, A., 200 
Well-ordered set, 31 
Well-ordered set, adjoin last element 
to, 31 

Well-ordered set, ideal in, 36 
Well-ordered set, initial interval in, 36 
Well-ordered set, isomorphism of, 37 
Well-ordered set, monomorphism of, 
37 

Whitehead, J. H. C., 262, 368, 373, 
399, 419 

Z 

Zeller, K., 302 
Zermelo theorem, 31 
Zero-set, 291, 327 
Zorn’s lemma, 31, 35, 58 



